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Introduction
An accurate knowledge of the dark matter distribution in the Milky Way is of
crucial importance for galaxy formation studies and current searches for particle
dark matter.
During the last 70 years, a new paradigm has emerged in which the matter visible
to us in current telescopes only represents a small fraction of the total amount
present in the Universe. Most of the matter instead appears to be in some form
which does not emit light, or at least very little. This is what is referred to as
dark matter, that seems to be visible just for its gravitational effects. To this day,
the nature of this elusive component of the Universe remains a mystery.
The first detection of dark matter is attributed to Zwicky (1933), who measured the velocity dispersion of galaxies in the Coma cluster and found their
velocities to far exceed that which could be attributed to the luminous matter
in the galaxies themselves. The work of Zwicky on Coma was followed up by
Smith (1936), who worked on the Virgo cluster of galaxies, Babcock (1939), who
used optical spectroscopy to measure the rotation of th Andromeda galaxy (M31),
Kahan & Woltjer (1959) and many others.
In spite of all these evidence, only in the 1970s, dark matter became a wellrecognised concept. The rotational evidence for dark matter in M31 grew stronger
(e.g. Rubin & Ford 1970; Roberts & Whitehurst 1975) and kinematic investigations of other large disk galaxies (Einasto et al. 1974; Ostriker et al. 1974) gave
similar results. These observations indicated that dark matter was a common
feature among galaxies, but did not constrain its spatial distribution. Ostriker &
Peebles (1973) showed that galactic disks by themselves would be unstable and
suggested that they may be surrounded by massive, spherical halos. Hence, the
important concept of dark halos, today believed to be common to all galaxies,
was born.
The first conference devoted entirely to the dark matter problem was held in
vii
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Tallinn, Estonia in January 1975 (for a review, see e.g. Einasto 2004). Already
in these early days, a wide range of different candidates for the dark matter
were considered. The first suggested were baryonic, i.e. made up of particles
consisting of three quarks, like the protons and neutrons which contribute most of
the mass to the matter familiar to us from everyday life. Dark-matter candidates
in this category were ionised gas (Field 1972), very faint, low-mass stars (Napier
& Guthrie 1975) and collapsed objects, like stellar black holes (Thorstensen &
Partridge 1975). Cowsik & McClelland (1973) appear to have been the first to
suggest a non-baryonic particle, the neutrino, as a candidate for the dark matter.
Over the years, there was several proposes for dark matter particles, in addition to a rich spectrum of gravitational effects that seems to suggest its existence
and that impose important constraints on the amount of dark matter in the Universe. Nevertheless, so far there is no direct evidence of it.
In any case, once it is recognised that most of the matter in the Universe
is dark, this component is expected to dictate the conditions for the formation
of large structures like galaxies and galaxy clusters. Therefore, it’s clearly an
extremely important issue to establish the amount of dark matter, or at least to
put some constraints on it, specially in the Milky Way.
Indeed, the main purpose of this work is, using the rotation curve of the Milky
Way, to put new constraints on the local (near the Sun) dark matter density. As
already said, in our Galaxy, as in all spiral galaxies, there is a disagreement
between the observed rotation curve, that exhibit a characteristic flat behaviour
at large distances, and the theoretical expectation deduced from a model that
takes into account only baryonic matter.
In order to make these constraints more stringent (with respect to the constraints
already achieved over the years), we will assume several state-of-the-art models
for the distribution of baryons in the Galaxy and we will compare our models
with an updated and comprehensive compilation of rotation curve measurements.
In the second part of this thesis, instead, we will investigate the possibility
that the rotation curve, still in the case of the Milky Way, can be explained in
a framework of Modified Gravity models without excluding the existence of dark
matter.
The discovery of cosmic acceleration, around 20 years ago, in fact, implies that
our Universe is dominated by dark energy, which is either a tiny cosmological
constant or a mysterious fluid with large negative pressure, or that Einstein’s
successful theory of gravity needs to be modified at large scales/low energies.
viii
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Since then, independent evidence of a number of cosmological probes has firmly
established the picture of a Universe where dark energy or the effective contribution from a modification of gravity makes up about the 72% of the total energy
density. Whichever of the options mentioned above will turn out to be the right
one, a satisfying explanation for cosmic acceleration will likely lead to important
new insights in fundamental physics. The question of the physics behind cosmic
acceleration is thus one of the most intriguing open questions in modern physics.
In this thesis, we will take into account a scalar- tensor theory, as alternative
theory of gravity, capable of explaining the accelerate expansion or inflation or
even the coincidence problem. This theory, as other alternatives to GR (General
Relativity), are often use in order to explain the discrepancy between the observed
rotation curve and theoretical expectation, like an effect of the modified gravity,
so without taking into account dark matter.
The originality of this work is the idea of explaining the discrepancy still considering the presence of dark matter, but under the assumption that some modifications
of gravity are essential.
More precisely, the goal is to set new constraints on the dark matter distribution,
and, therefore, to understand how the local dark matter distribution will change
with respect to the GR case, and how strong will be the gravity’s modification.
Underlining once again the importance, if we learn more about the local dark
matter density in our Galaxy, we can have, at the same time, more information
about the local shape of the Milky Way’s dark matter halo (and therefore about
the dark matter halo in every spiral galaxy) and, of course, more important hints
for direct detection experiments that hope to find evidence of dark matter in
laboratory.
Thesis Outline Briefly, in summary, the thesis is organised as follows.
• Chapter 1 provides an overview of our Galaxy, the Milky Way, by focusing
on its structure and kinematics.
• Chapter 2 gives us a description of the Milky Way’s baryonic mass models
used to evaluate the baryonic contribute to the rotation curve.
• Chapter 3 describes the rotation curve problem, with an emphasis on the
Milky Way case. In this chapter we also look at the up-to-date compilation
of date used, and we compare these data with the baryonic contribution to
the rotation curve, evaluated by the models discuss in the previous chapter.
ix
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• Chapter 4 introduces dark matter as possible solution to the rotation curve
problem. In this chapter, it is also discussed about other evidences and
theoretical motivations for its existence, by questioning us on the possible
dark matter candidates too. Finally, we look at the local amount of dark
matter, taking into account a summary of 100-years-long measurements.
• Chapter 5 is dedicated to the our first attempt to solve the rotation curve
problem. In the first part of this Chapter, all the used dark matter models
are described, while, in the second part, the dark matter contribution added
to the baryonic contribution to the rotation curve will be compared with
data, in order to find new constraints on the dark matter distribution.
• Chapter 6 supplies an introduction of modified gravity theories, considering
some motivations, strong points and, of course, problems of these theories.
In the second part of this chapter, we pay specific attention to Scalar-Tensor
Gravity, used in our alternative solution to the rotation curve problem.
• Chapter 7, in analogy to chapter 5, is dedicated to the our attempt to
solve the rotation curve problem in a framework of modified gravity (scalartensor theory) but still taking into account dark matter, in order to find
new constraints on the local dark matter density.
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Chapter 1

The Milky Way
« Imagine yourself on a magic carpet, levitating away from Earth on a voyage
into deep space. As you begin your ascent, you can see ever enlarging vistas of
land and sea beneath you. Very soon, the terrestrial horizon begins to curve and
fall away. You can see your home shrinking ever smaller, and the starry sky enlarging to fill the expanse. As your flying tapestry propels you beyond the inner
Solar System, your view of the Sun also begins to take up less and less of the sky.
Somewhere, way beyond the orbit of Pluto, you look back to see that the planets
have all but disappeared into the inky darkness, with the Sun now only one of
many bright stars in the firmament.
You are now entering the realm of interstellar space.

Figure 1.1: Milky Way viewed from the International Space Station.
Credits: Nasa/Reid Wiseman; (Sept., 2014). Galactic Astronomy.
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You can see stars above you and below you. You are completely enfolded in
starlight. The familiar constellations are still there, including Ursa Major the Big
Bear, Orion the Hunter, and Leo the Lion. But there is something else that you
can now see as never before. A diaphanous band of eerie light completely encircles you like a hazy ring of muted fire. This irregular skein of milky luminescence
appears to connect with you somehow, and indeed, your initial impression is correct. Having removed yourself from the obstructing Earth and blinding Sun, you
have situated yourself in and amongst the stars that comprise the flattened disk
of the Milky Way Galaxy. Taking out your trusty binoculars, you confirm that
the encircling haze consists of stars upon stars extending away into the vastness
of space.
You are awash in the Milky Way, your cosmic home. . . »1
"Milky Way" is a translation of the Latin via lactea from the Greek galaxías
kýklos, "milky circle"; the descriptive "milky" is due to the appearance, from
Earth, of the Galaxy, like a band of light, seen in the night sky, formed from stars
that cannot be individually distinguished by the naked eye.
Our Galaxy is a typical spiral galaxy, and we are located within the disk, about
28 000 light-years2 from the galactic center; therefore, we see the Milky Way as a
band, because its disk-shaped structure is viewed from within. From this position
the Sun takes about 250 million years to orbit the Galaxy. So it has completed
about 18 orbits since its birth.
Making an estimate of the Milky Way’s age is not a simple job. Globular clusters
are among the oldest objects in the Milky Way, which thus set a lower limit on its
age. The age of individual stars can be estimated by measuring the abundance
of long-lived radioactive elements such as thorium-232 and uranium-238, then
comparing the results with estimates of their original abundance; this technique
is called nucleocosmochronology. Several individual stars have been found in the
1

based on "The Milky Way: An Insider’s Guide" of W. H. Waller[1]
The light-year is a unit of length used to express astronomical distances. The definition
given by the IAU, the International Astronomical Union is: "The distance a photon travels in
the empty space in the absence of a gravitational or magnetic field in a Julian year". Therefore because the speed of light in empty space is 299 792.458 km/s, a light-year correspond to
9.461 1012 km. In any case the unit usually used in professional astrometry is the parsec (pc),
about 3.26 light-years; that is the distance at which one astronomical unit (roughly the distance
from Earth to the Sun) subtends an angle of one second of arc. The parsec is the unit of length
used for the most in this text.
2
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Milky Way’s halo with measured age very close to the 13.80-billion-year age of the
Universe. The oldest known star in the Galaxy is HD 140283, that is 14.46 ± 0.8
billion years old. Due to the uncertainty in the value, this age may not conflict
with the age of the Universe determined by the Planck satellite, 13.799 ± 0.021
billion years old. Anyway, knows as the "Methuselah Star" by the popular press
due to its age, this star must have formed soon after the Big Bang and it is one
of the oldest stars known.
The Milky Way is not a isolated galaxy, but rather it is surrounded by ten or
so satellite galaxies 3 : the largest one is the Large Magellanic Cloud (far about 50
kpc). The nearest spiral galaxy is the Andromeda Galaxy, also known as Messier
31, M31.

Figure 1.2: Milky Way and Andromeda viewed from the Earth.
Credits: NASA, Space Telescope Science Institute (STScI) and NASA’s Goddard Space Flight Center. Galactic Astronomy

This galaxy, together with our Galaxy, rules the Local Group 4 . Our Galaxy,
indeed, is the second-largest galaxy in the Local Group, with its stellar disk
approximately 30 kpc (100 000 ly) in diameter, and, on average, approximately
0.3 kpc (1 000 ly) thick. As a guide to the relative physical scale of the Milky
3

A satellite galaxy is a galaxy that orbits a larger galaxy due to gravitational attraction.
The Local Group, the galaxy group that includes the Milky Way, comprises more than 50
galaxies, most of them dwarf galaxies. Its gravitational center is located somewhere between
the Milky Way and the Andromeda Galaxy. The Local Group has a diameter of 3.1 Mpc (about
1023 meters). The group itself is a part of the larger Virgo Supercluster, which may be a part
of the Laniakea Supercluster.
4

3
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1.1 Structure

Way, if the Solar System out to Neptune were the size of a US quarter (24.3 mm),
the Milky Way would be approximately the size of the continental United States.
The Milky Way contains between 200 and 400 billion stars and at least 100 billion
planets5 . The total mass of all the stars is estimated to be between 4.6 × 1010 M
and 6.43 × 1010 M , where M

is the solar mass, that is 1.989 × 1030 kg. In

addition to the stars (and planets), filling the space between them, there is the
so-called interstellar medium, that includes gas, dust and cosmic rays. Anyway,
the mass of the interstellar gas is between 10% and 15% of the total mass of the
Galaxy’s stars, while the interstellar dust accounts for an additional 1% of the
total mass of the gas.

1.1

Structure

The Milky Way consists of a bar-shaped core region surrounded by a disk of
gas, dust and stars. The mass distribution closely resembles the type SBc in
the Hubble classification 6 , which represents spiral galaxies with relatively loosely
wound arms.

Figure 1.3: Morphological classification scheme for galaxies.
5
As a comparison, the neighbouring Andromeda Galaxy contains an estimated one trillion
stars.
6
The Hubble sequence is a morphological classification scheme for galaxies invented by Edwin Hubble in 1926. Hubble’s scheme divides regular galaxies into 3 broad classes, ellipticals,
lenticulars and spirals, based on their visual appearance.
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Astronomers began to suspect that the Milky Way is a barred spiral galaxy,
rather than an ordinary spiral galaxy, in the 1990s. Their suspicions were confirmed by the Spitzer Space Telescope observations in 2005 that showed the Milky
Way’s central bar to be larger than previously thought. As all spiral galaxies, the
Milky Way consists of a central concentration of stars knows as the bulge, a flat
rotating disk and a halo.
In the following a brief qualitative description has been done, while in the next
Chapter we will discuss in greater details the mass profile of these three components, considering several data-based morphologies.
Bulge - It dominates the most inner part of our Galaxy (2-3 kpc of radius). It
has a triaxial shape, with estimates for its half-length and orientation spanning
from 1 to 5 kpc and 10 - 50 degrees relative to the line of sight from Earth to
the Galactic Center. It is also rotated with the respect to the galactic plane by a
small angle (. 1◦ ).
The bulge is a dense concentration of more than 10 million stars in a roughly
ellipsoidal shape; most of them are old red giant stars, but it is also rich in massive
stars. The Galactic Center is marked by an intense radio source named Sagittarius
A*. The motion of material around the center indicates that Sagittarius A*
harbours a massive, compact object. This concentration of mass is best explained
as a supermassive black hole (SMBH) with an estimated mass of 4.1 − 4.5 million
times the mass of the Sun.7 Anyway observations indicate that there are SMBH
located near the center of a large number of galaxies.
Disk - The Milky Way’s disc, approximately 50 kpc in diameter, has a rather
stratified vertical structure. It is usually considered to have two major components, with reference to vertical direction : a thin disc and a thick disc (e.g.
Gilmore & Reid 1983 [16]).
The star formation process rules in the region closer to the galactic plane, until
a scale height of 50 pc, and especially inside the spiral arms, where there is the
major concentration of young stars. How far we go from the galactic plane, the
number density of stars exponentially decreases, while the ratio of old stars to
7
Scientists at the Max Planck Institute for Extraterrestrial Physics in Germany, using Chilean
telescopes, have confirmed the existence of a supermassive black hole at the galactic center, on
the order of 4.3 million solar masses.
On 5 January 2015, NASA reported observing an X-ray flare 400 times brighter than usual, a
record-breaker, from Sagittarius A*. The unusual event may have been caused by the breaking
apart of an asteroid falling into the black hole or by the entanglement of magnetic field lines
within gas flowing into Sagittarius A*, according to astronomers.
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young ones increases. A process like this takes place also horizontally, inside the
disc; the gradual ageing is combined with their moving away from the spiral arms,
where these stars was born. So what we have is that the mass distribution in the
galactic disc is more homogeneous than the corresponding luminous distribution.
Unfortunately, evaluating the scale height is still a controversial question. The majority of the stars constitutes the so-called thin disc, with scale height zthin ' 325
pc e luminosity L ' 1.8 · 1010 L . Some observations, however, have shown that
the stellar population extend itself much more beyond this, constituting the socalled thick disc, with scale height zthick ' 1.4 kpc e luminosity L ' 2 · 108 L ;
in agreement with what we said before, the stars of the thick disc are on average
older than those in the thin disc.

Figure 1.4: Milky Way’s structure.
Credits: Addison Wesley

Halo - The galactic halo is a spread out, roughly spherical, component of our
Galaxy which extends beyond the main, visible component. It comprises several
distinct components:
• the stellar halo
• the gaseous halo
• the dark matter halo (this topic will be discuss in the next chapters)
The distinction between the halo and the main body of the galaxy is, obviously,
clearest in spiral galaxies, like our own, where the spherical shape of the halo
contrasts with the flatness of the disc.
The stellar disc is mostly composed by old stars and globular clusters, of which
6
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90% lie within 30 kpc (100 000 ly) of the Galactic Center; however, a few globular
clusters have been found farther, at more than 60 kpc (around 200 000 ly). As we
already said, active star formation takes place in the disk (especially in the spiral
arms, which represent areas of high density), but does not take place in the halo,
as there is little gas cool enough to collapse into stars.
In addition to the stellar halo, the Chandra X-ray Observatory, XMM-Newton,
and Suzaku have provided evidence that there is a gaseous halo with a large
amount of hot gas. The halo extends itself for hundreds of thousand of light
years, much further than the stellar halo and close to the distance of the Large
and Small Magellanic Clouds. The mass of this hot halo is nearly equivalent to
the mass of the Milky Way itself. The temperature of this halo gas is between 1
and 2.5 million K.

Figure 1.5: Huge Milky Way’s Halo.
Credits: NASA/CXC/M.Weiss; (Sept., 2012)

1.2

Kinematics

Disc galaxies, like the Milky Way, don’t rotate like a solid bodies, but rather rotate
differentially: the angular velocity in each point depend on the galactocentric
distance R. Therefore the disc’s kinematics is described by the function Θ(R),
called rotation curve.
7
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So giving a general definition, the rotation curve of a disc galaxy (also called a
velocity curve) is a plot of the orbital speeds of visible stars or gas in that galaxy
versus their radial distance from that galaxy’s centre.
The peculiar velocity 8 of almost all the nearest stars to the Sun is very much
less then the circular velocity Θ0 . Therefore, it is possible to neglect, to a first
approximation, the motion of these stars in the radial and vertical direction (i.e.
perpendicular to the disc’s plane), and to assume circular orbits. Since the Sun’s
neighbourhood doesn’t have some particular property, we can suppose that each
star of the galactic disc move around a almost circular orbit, centered in the
galactic center (this argument is valid for a generic spiral galaxy).
Furthermore, as it is know, in a circular motion, centripetal acceleration Θ(R)2 /R
is equal to gravitational acceleration; for this reason, we get to the conclusion that
the rotation curve provides also informations about the gravitational potential’s
configuration and, so, about the dynamics of the Milky Way.
We will look to the observational determination of the Milky Way’s rotation curve
in the next chapter; now we focus the attention to the kinematics bases of the
Oort’s strategy9 , that he has developed for this reason, already in the 1927.

Figure 1.6: Illustration of Oort’s argument.
Credits: M. Roncadelli. "Aspetti Astrofisici della Materia Oscura"[2]
8

See Appendix A
Jan Hendrik Oort (28 April 1900 - 5 November 1992) was a Dutch astronomer who made
significant contributions to the understanding of the Milky Way and who was a pioneer in the
field of radio astronomy; the New York Times called him "one of the century’s foremost explorers
of the Universe". Oort determined that the Milky Way rotates and overturned the idea that
the Sun was at its center. He also postulated the existence of the mysterious invisible dark
matter in 1932. He discovered the galactic halo. Additionally Oort is responsible for a number
of important insights about comets. The Oort cloud, the Oort constants, and the Asteroid, 1691
Oort, were all named after Jan Oort.
9
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Let S be a generic star observed in the direction of galactic longitude l and
assume that both S and the Sun, always supposed in O, move on circular orbits
in the galactic plane (in this approximation, the Sun is at rest in SLQ10 ). About
the motion of the point S, observations provide informations on both its radial
peculiar velocity vr and its transversal peculiar velocity vt 11 . Finally, let suppose
that it is possible to determine the distance between the star and the Sun, d ≡ SO.
Therefore, the goal is to express the circular velocity Θ(R), of S point, in terms
of these observable quantities: l, d, vr and vt .
Getting to the point, Oort’s argument is illustrated in Fig. (1.6) and it may be
rough out as follows.
According to Eq. (A.4), Eq. (A.5) and Eq. (A.6), see Appendix A, the peculiar
velocity v ≡ (vr , vt ) of the star is given by the difference between the velocity
of the point S in the SFQ, v1 , and the Sun’s velocity in the SFQ, v = v1 − v2 ;
therefore it is necessary to evaluate the radial and transverse components of these
speeds and subtract them. Introducing the angle α, see Fig. (1.6), and known
that v1 = Θ(R) and v2 = Θ0 , we get:
vr = Θ(R) cos α − Θ0 sin l ,

(1.1)

vt = Θ(R) sin α − Θ0 cos l .

(1.2)

In order to eliminate the auxiliary angle α, we introduce the so-called tangent point
Q, identified by the intersection between the line of sight and the perpendicular
line to it, passing through C. If we introduce the angular velocity ω(R) ≡ Θ(R)/R,
it is easy to find that Eq. (1.1) and Eq. (1.2) can be rewritten as:
vr = (ω(R) − ω(R0 )) R0 sin l ,

(1.3)

vt = (ω(R) − ω(R0 )) R0 cos l − ω(R) d .

(1.4)

These equations provide the desired relationship, which allows to build the
Milky Way’s rotation curve from the observations.

10

See Appendix A
Let do a clarification. vr is the peculiar velocity’s component of S along the line of sight,
more precisely it is radial with respect to the Sun, not with respect to the galactic center; while
vt is the corresponding component perpendicular to the line of sight.
11
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Chapter 2

The baryonic mass model of the
Milky Way
The complex structure of the Galaxy makes it extremely difficult and challenging
to model its mass distribution, particularly in the innermost region and for the
Galactic disk which play the most important role in the dynamics and evolution
of the Galaxy. To be thorough, it’s good to clarify that the black hole, Sagittarius
A* does not contribute so much in the plotted scale, and may be treated as an
independent object in the very central region within ∼ 1 pc. These characteristics
are commonly observed in most of external disk galaxies, and may be considered
to be the universal property. Therefore, the mass distributions, in any disk galaxies including the Milky Way are, thus, similar to each other. Hence, the same
functional forms used for the Galaxy may be applied to any other disk galaxies,
and vice versa, by modifying the parameters such as the masses and scale radii of
individual components.
The mass distribution in the various components of the Milky Way has still
been subject to significant uncertainties, but, nevertheless, substantial progress
has been made recently, and data-based models that encode the tree-dimensional
morphology of the baryonic distribution have become available in the literature
[40].
In order to bracket the uncertainties it has been decided to consider a different
and specific model into the three different Milky Way’s components discussed in
the 1st Chapter:

10
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1. the Stellar Bulge
2. the Stellar Disk
3. the Gas Halo
So, for each of these, we took into account a set of detailed data-based models
and considering all possible combinations of these models we have built up several
baryonic models for the Milky Way.
(In all this text, the symbol M identifies the Sun’s mass ≈ 1.989 × 1030 kg )

Figure 2.1: This image shows the structure of the Milky Way, including
the location of the spiral arms and other components such as the bulge’s
orientation.
Credits: NASA / JPL-Caltech / ESO / R. Hurt.
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2.1

2.1 Stellar Bulge

Stellar Bulge

There is a mounting evidence that the Galactic Bulge (GB) is a triaxial structure,
or a bar. This was first postulated by de Vaucouleurs (1964), based on similarities
between the kinematics of the gas observed towards the Galactic center and in
other barred galaxies. However the hypothesis that our Galaxy is a barred galaxy
was for a long time overshadows by "3 kpc expanding arm" hypothesis, despite
a number of papers arguing for bar’s presence (e.g. Peters 1975; Liszt & Burton
1980; Gerhard & Vietri 1986). Only recently has the view of our Galaxy as
a barred spiral gained momentum, mostly due to the work of Blitz & Spergel
(1991). They analyzed 2.4µm1 observations of the Galactic center and showed
convincingly that the observed asymmetry in the galactic longitude distribution
of surface brightness is naturally explained by the bar with the near side in the
first Galactic quadrant.
Binney et al. (1991) have constructed a dynamical model for gas in the inner
Galaxy, and their resulting bar has the same orientation as that suggested by
Blitz & Spergel (1991) in the sense that the closer part of the bar is at positive
galactic longitudes. COBE-DIRBE multi-wavelength observations of the Galactic
center (Weiland et al. 1994) confirmed the existence of the longitudinal asymmetry discussed by Blitz & Spergel (1991).
This data was used by Dwek et al. (1995) to constrain a number of analytical bar
models existing in the literature [33]. In this work, actually, two of those Dwek’s
models have been taken into accounts.
An other evidence for triaxial structure in the center of the Galaxy is the stars
counts. Nakada et al. (1991) analyzed the distribution of IRAS Galactic bulge
stars and found asymmetry in the same sense as Blitz & Spergel (1991). Also,
Whitelock & Catchpole (1992) found that observed stellar distribution could be
modelled with a bar inclined at roughly 45 deg to the line of sight. Weinberg
(1992) used AGB stars as star traces and mapped the Galaxy inside the solar
circle. He found evidence for a large stellar bar with semimajor axis of ≈ 5 kpc
and inclination placing the nearer side of the bar at positive galactic longitudes.
Finally, other two threads of evidence come from the gravitational microlensing
towards the Galactic bulge (Udalski et al. 1994; Alcock et al. 1995; Alard et al.
1995), and from the use of the red clump giants as distance indicator (Stanek et
1

This is the wavelength of the radiation, near-infrared.
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al. 1996) [34].
Definitively, the two alternative data-based configurations that we have implemented for the bulge are: Exponential E2 and Gaussian G2 [32, 33, 34]. In both,
the bulge is represented by a functional form, which is characterised by its axes
(x0 , y0 and z0 ), its normalisation constant (ρ0,bulge ) and its orientation, more precisely there are two rotation angles: in-plane rotation ϕ, out-of-plane tilt β. In our
calculation we take into an account just β, because all our theoretical expectation
have been averaged on ϕ in order to an easy comparison with data.

Figure 2.2: Schematic figure of the bulge illustrating the notation convention used in this text.

2.1.1

Exponential E2
ρE2 (x, y, z) = ρ0,E2 exp (−rE2 ) ,

where
"
rE2 =

x
x0

2


+

y
y0

2


+

z
z0

(2.1)

2 # 21
,

(2.2)

and the coordinate system (x, y, z) is shown in Fig. (2.2), or for more details you
can take a look at Appendix A.
Adding the correction due to the bulge’s rotation with respect to the galactic
plane, β angle, see Fig. (2.2), we get
"
rE2 =

x cos βE2 − z sin βE2
x0

2


+

y
y0

2


+

x sin βE2 + z cos βE2
z0

2 # 21
.
(2.3)
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Fixed parameters of the model:


ρ0,E2 = 9.6 · 109 M kpc3






x
= 0.74 kpc

 0,E2
y0,E2 = 0.16 kpc





z0,E2 = 0.27 kpc




β = 0.6◦
E2

2.1.2

(Ref.[32])
(Ref.[34])
(Ref.[34])

(2.4)

(Ref.[34])
(Ref.[34])

Gaussian G2

where
rG2


2
ρG2 (x, y, z) = ρ0,G2 exp −0.5 rG2
,

(2.5)

1
"
#
  x 2  y 2 2  z 4  4
+
+
,
=
 x0
y0
z0 

(2.6)

and, adding the β angle correction, Eq. (2.6) became

rG2 =

"
  x cos β

G2



− z sin βG2
x0

2


+

y
y0

2 #2


+

x sin βG2 + z cos βG2
z0

1
4  4

.


(2.7)

Fixed parameters:



ρ0,G2 = 2.4 · 109 M kpc3






x
= 1.58 kpc

 0,G2
y0,G2 = 0.62 kpc





z0,G2 = 0.43 kpc




β = 0.7◦
G2
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(Ref.[34])
(Ref.[34])
(Ref.[34])
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Stellar Disk

The disk is the dominant stellar component, containing about three quarters of
all Galactic stars. The Milky Way’s disc is usually modelled as a flattened component with fastly decaying profile. In this text two alternative, and diametrically
opposed, morphologies have been chosen: Thin plus Thick Disks [35] and Single
maximal disc [11, 36, 37].
About the first one, the paradigm that the Milky Way disk is dual, originally
proposed by (Gilmore & Reid, 1983) has become recently matter of intense discussion. The separation into thin and thick disk was found by counting stars
toward the south Galactic pole. The density law, derived from the luminosity
function of stars fainter than Mv ∼ +4 was found following a single exponential
with scale height ∼ 300 pc below 1000 pc from the disk plane, and a second exponential with scale height ∼ 1450 pc above 1000 pc (see Fig. (2.3)). Gilmore &
Reid (1983) called the first structure the thin disk, and the second the thick disk.
This paradigm resisted for about 30 years, with variations only in the values of
the two scale heights.

Figure 2.3: Star counts toward the South Galactic pole as a function of the
distance from the Galactic plane, from (Gilmore & Reid, 1983).
Credits: Ref. [41]

Instead, regarding the second model, quite recently (Bovy et al., 2012) questioned
this paradigm and proposed that the Galactic disk has an unique vertical scale
length. Whether the disk possesses one or two scale lengths has crucial implica15
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tion for our understanding on how the disk built up, and therefore (Bovy et al.,
2012) claim had quite an impact and generated much discussion.

2.2.1

Thin plus Thick Disks

Here, the local vertical disk density profile has been modelled in accord with the
model of Zheng et al. (2002), by extending it to the whole Galactic disk and
assuming that the column density of the disk has a scale length H = 2.75 kpc,
as measured by Zheng et al. (2002). The local stellar column density has been
normalised to Σ0 = 36 M pc−2 , and this includes 28 M pc−2 in observable stars
and white dwarfs (Zheng et al. 2002; Gould, Bahcall, Flynn 1997) and another
8M

pc−2 , which is a rough estimate of the column density of brown dwarfs.

Definitely, the disk density profile in cylindrical coordinates is
ρT T

1
(R, z) = ρ0,T T
e
η(R)



R−R
− H 0

where


η(R) = max



|z|
− η(R)h

z
(1 − β) sech
+ βe
η(R)h1
2


R
+ 0.114, 0.670 ,
9025 pc

2

, (2.9)

(2.10)

and the other fixed parameters are: ρ0,T T = 0.0493 M pc−3 , β = 0.565, h1 =
270 pc, h2 = 440 pc, H = 2.75 kpc and R0 = 8.0 kpc (the distance between the
Sun and the Galactic center).

2.2.2

Single Maximal Disc

Stellar disks, including that of the Milky Way, are generally modelled as double
exponential disks, with volume densities given by
ρSM (R, z) = ρ0,SM e−R/hR e−|z|/hz ,

(2.11)

where (R, z) are the natural cylindrical coordinates of the axisymmetric single
maximum disk, and hR and hz are the scale length and scale height of the disk,
respectively. The integral column of disk mass (integrated to infinity) for such a
disk at any galactocentric radius R is Σ(r) = Σ0 e−R/hR , where Σ0 = 2ρ0 hz is the
central surface mass density. The total disk mass is then simply M = 2π Σ0 h2R .
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Here there are the fixed parameters of the model:



Σ = 51 M pc−2

 0
hR = 2.15 kpc



h = 400 pc
z

2.3

(Ref.[37])
(Ref.[37])

(2.12)

(Ref.[37])

Gas Halo

The presence of a interstellar gas component in our Galaxy was first suggest
by Spitzer (1956) as a means to confine the observed hight-latitude HI clouds.
Almost two decades later, Cox & Smith (1974) realized that the hot gas produced
by supernova (SN) explosions was likely to occupy a significant fraction of the
interstellar space. Based on this new idea, McKee & Ostriker (1977) constructed a
self-consistent SN-dominant model of the interstellar medium(ISM) and obtained
a hot gas filling factor as high as 70%.
Now there are convincing observational evidences that hot interstellar gas exists
in our Galaxy and its prevalent in the immediate vicinity of the Sun. However,
with the currently available data, it is not yet possible to infer the degree of
pervasiveness of this gas throughout the Galaxy.
The interstellar gas in our Galaxy is mainly composed of hydrogen, ' 9% by
number of helium, and negligible amounts of heavier elements; the hydrogen can
be found in one of the five following form: molecular, cold neutral, warm neutral,
warm ionised, or hot ionised.
To improve the accuracy of our model, the gas halo component has been divided
into three zones, the inner 10 pc, the inner 2 kpc, and above 2 kpc, and a more
appropriate model has been considered in each of these zones.

2.3.1

The inner 10 pc

The gas in the inner 10 pc has been modelled effectively like a point distribution.
In fact, for the purpose of this text this is enough, because our data start from
500 pc, as it will be discuss in Chapter 3. According to Ref. [42], then, the total
interstellar hydrogen mass of this region amounts to ≈ 7 × 105 M .
Most of this mass resides in the dense, molecular components, with nearly 70%
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in the molecular belt and nearly 30% in the CNR (Circumnuclear Ring)2 . The
radio halo3 encloses ≈ 2% of the mass, the Central Cavity4 ≈ 0.05% and the Sgr
A∗ East SNR (supernova remnant) a negligible ≈ 0.003%.

Figure 2.4: Schematic drawing of the spatial arrangement and morphology
of the different structural components of the interstellar gas, in the plane of
the sky. . Shaded in blue are the diffuse, mostly ionized components, which
include the Central Cavity (CC), the Sgr A East SNR and the radio halo.
Shaded in red are the denser, mostly molecular components, which include
the Circumnuclear Ring (CNR), the southern cloud (SC), the eastern cloud
(EC), the Molecular Ridge (MR), the Southern Streamer (SS), the Western
Streamer (WS) and the Northern Ridge (MR). The position of Sgr A∗ is
indicated with a plus sign at the center of each panel.
Credits: Ref. [42]

2
The CNR is generally interpreted as being part of an accretion disk around the central
massive black hole
3
This is probably composed of a mixture of warm ionised gas (thermal component) and
relativistic particles (non-thermal component)
4
It was originally identified as a filamentary HII region named Sgr A West.
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The inner 2 kpc

A number of significant advances were made in the last decade, which contributed
to improving our knowledge and understanding of the interstellar GB (Galactic
Bulge).5 Nonetheless, several aspects remain ambiguous or controversial, and
important pieces of the puzzle are still missing, mainly due to the severe interstellar extinction along the line of sight to the GC, to the existence of strongly
non-circular motions and to the lack of accurate distance information. Thus, to
date, no complete and fully consistent picture has emerged from the vast body of
existing observational data.
The outer parts of the GB, outside r ∼ 1.5 kpc, are largely devoid of interstellar
gas. Atomic gas is confined to a noticeably tilted layer extending (in projection)
out to r ∼ 1.5 kpc (Burton & Liszt 1978, 1980). This HI layer is sometimes
referred to as the HI nuclear disk (Morris & Serabyn 1996), but we will refer to
this as the HI GB disk, according to Ref. [39]. The GB disk also includes significant amounts of H2 , whose general distribution and kinematics were argued
to be similar to those of HI (Liszt & Burton 1978; Burton & Liszt 1992; but
see also Sanders et al. 1984; Combes 1991, for a different viewpoint). However,
molecular gas tends to concentrate in the so-called central molecular zone (CMZ),
an asymmetric layer of predominantly molecular gas extending (in projection) out
to r ∼ 200 pc (more exactly, r ∼ 250 pc at positive longitudes and r ∼ 150 pc
at negative longitudes). The CMZ itself contains a ring-like feature with mean
radius ∼ 180 pc, now known as the 180pc-molecular ring, and, deeper inside, a
thin sheet populated by dense molecular clouds, known as the GC disk population
or the GC molecular disk (Bally et al. 1987, 1988). The observed kinematics of
the 180-pc molecular ring indicate strongly non-circular motions, which in turn
suggest that either the ring is radially expanding (Kaifu et al. 1972; Scoville 1972;
hence the historically often used denomination of "expanding molecular ring") or,
more likely, that the gas travels along highly elongated orbits (e.g., Bally et al.
1988; Binney et al. 1991).
Definitely, on the above lines and according to Ref. [39], the total spaceaveraged density of hydrogen nuclei in the inner 2 kpc is given by the sum of the
5
Let’s note that the stellar contribution of this region has been already taken into account
in Section 3.1.
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partial contributions from the molecular, atomic and ionised media:
hnH i = 2hnH2 i + hnHI i + hnH+ i ,

(2.13)

where
hnH2 i = hnH2 iCM Z + hnH2 idisk ,

(2.14)

hnHI i = hnHI iCM Z + hnHI idisk ,

(2.15)

hnH + i = hnH + iW IM + hnH + iHIM + hnH + iV HIM .

(2.16)

So, assumed a total-to-hydrogen mass ratio of 1.453, the total space-averaged
mass density of interstellar gas in the interstellar Galactic Bulge is:
ρgasinner2kpc = 1.453 mp hnH i,

(2.17)

where mp is the proton rest mass.
Now, let’s go into more details. Eq. (2.14) represents the H2 space-averaged
density, respectively:
- in the CMZ
"
−3

hnH2 iCM Z = (150cm

p

X 2 + (2.5Y )2 − Xc
Lc

) exp −

!#

  
z
exp −
,
Hc
(2.18)

where Xc = 125 pc, Lc = 137pc, Hc = 18 pc and (X, Y ) are the CMZ
horizontal coordinates (see Appendix A);
- in the "holed" GB disk
"
hnH2 idisk = (4.8cm−3 ) exp −

!#
p
  
X 2 + (3.1Y)2 − Xd
Z
exp −
,
Ld
Hd
(2.19)

where Xd = 1.2 kpc, Ld = 438 pc, Hd = 42 pc and (X , Y, Z) are the spatial
coordinates in the GB disk frame (see Appendix A).
The Eq. (2.15), instead, represents the HI space-averaged density, respectively, again:
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- in the CMZ
"
−3

hnHI iCM Z = (8.8cm

) exp −

p

X 2 + (2.5Y )2 − Xc
Lc

!#

 

z
exp −
,
H 0c
(2.20)

!#

  
Z
,
exp −
Hd0
(2.21)

where H 0 c = 54 pc and Xc , Lc and (X, Y ) as before;
- and in the "holed" GB disk
"
−3

hnHI idisk = (0.34cm

p

) exp −

X 2 + (3.1Y)2 − Xd
Ld

where H 0 d = 120 pc and Xd , Ld and (X , Y, Z) as before.
Finally, Eq. (2.16) represents the H + space-averaged density, respectively:
- of the warm ionised medium (WIM), where hydrogen is entirely ionized and
helium completely neutral,
 2



x + (y − y 3 )2
(z − z3 )2
hnH + iW IM = (8.0 cm ) exp −
exp −
+
L23
H32
(2.22)
" 
2 #
 
r − L2
z
sech2
+
+ 0.009 exp −
L2 /2
H2




 
r
z
2
+ 0.005 cos π
u(L1 − r) sech
,
2L1
H1
−3



with y3 = −10 pc, z3 = −20 pc, H1 = 950 pc, H2 = 140 pc, H3 = 26 pc,
L1 = 17 kpc, L2 = 3.7 kpc and L3 = 145 pc;
- of the hot ionised medium (HIM), where hydrogen and helium are both fully
ionised
n
o1.5
hnH + iHIM = (0.009 cm−3 )2/3 − (1.54 × 10−17 cm−4 s2 ) [φ(r, z) − φ(0, 0)]
,
(2.23)
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where φ(r, z) is the Galactic gravitational potential of Wofire (1995):
φ(r, z) = −(225 km s−1 )2 ×
r



1+

C2
C1
r
√
−
C
ln
× r
+
3

2 a + r 2 + z 2
p


2
 r2 + a1 + z 2 + b2
1+
1

a23 +r2 +z 2
2
rh



− 1


a23 +r2 +z 2
2
rh



+ 1

,

(2.24)
with a1 = 6.5 kpc, a2 = 0.70 kpc, a3 = 12 kpc, b1 = 0.26 kpc, C1 = 8.887
kpc, C2 = 3.0 kpc, C3 = 0.325 and rh = 210 kpc;
- of the very hot ionized medium (VHIM)
−3

hnH + iV HIM = (0.29cm


  2
ζ2
x + η2
+ 2
,
) exp −
L2vh
Hvh

(2.25)

where Lvh = 162 pc, Hvh = 90 pc and about the coordinate system (η, ζ)
you can see Appendix A.

2.3.3

Above 2 kpc

According to Ref. [38], the space-averaged total interstellar mass density can be
expressed as a sum over the space-averaged number density of hydrogen nuclei in
the different forms of molecular gas, cold neutral medium (CM), warm neutral
medium (WNM), warm ionised medium (WIM), and the hot ionised medium
(HM), respectively denoted with the the subscripts m, c, w, i and h:
ρgasabove2kpc = 1.36mp (hnm i + hnc i + hnw i + hni i + hnh i) ,

(2.26)

where mp is the proton rest mass and the factor 1.36 accounts for the 9% by
number of helium.
The first term in the sum hnm i, then, represents the space-averaged number
density of hydrogen nuclei in molecular form:

(R − 4.5 kpc)2 − (R − 4, 5 kpc)2
hnm (R, Z)i = (0.58 cm ) exp −
× (2.27)
(2.9 kpc)2
"
#



2
Z
R −0.58
exp −
,
×
R
Hm (R)
−3
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R
R

0.58
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and R = 8.5 kpc.

While, the second and the third term in the sum Eq. (2.26), hnc i and hnw i,
represent the HI space-averaged density in the CM and in the WNM:
(
" 
2 #
Z
(0.340 cm−3 )
0.859 exp −
hnc (R, Z)i =
+
H1 (R)
α(R)2
" 
" 
2 #
2 #)
Z
|Z|
+ 0.047 exp −
+ 0.094 exp −
, (2.28)
H2 (R)
H3 (R)

(
" 

2 #
(0.226 cm−3 )
1.289
Z
hnw (R, Z)i =
1.745 −
exp −
+
α(R)
α(R)
H1 (R)
" 


2 #
0.070
Z
+ 0.473 −
exp −
+
α(R)
H2 (R)
" 

2 #)

|Z|
0.142
exp −
, (2.29)
+ 0.283 −
α(R)
H2 (R)
where H1 (R) = (127 pc)α(R), H2 (R) = (318 pc)α(R) and H3 (R) = (403 pc)α(R)
with


1
α(R) =
R
R

3.5 kpc ≤ R ≤ R
R ≤ R ≤ 20 kpc .

The fourth term hni i represents the hydrogen space-averaged density of the
WIM. For simplicity, it has been assumed that, in the WIM, hydrogen is completely ionised while helium is completely neutral, so it’s possible to identify hni i
with the free electron space-averaged density:




R2 − R2
|Z|
hni (R, Z)i = (0.0237 kpc ) exp −
exp −
+
(37 kpc)2
1 kpc




(R − 4 kpc)2 − (R − 4 kpc)2
|Z|
−3
exp −
.
+ (0.0013 kpc ) exp −
(2 kpc)2
150 pc
(2.30)
−3
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Finally, hnw i represents the hydrogen space-averaged density in HM:



R −1.65
|Z|
×
hnw (R, Z)i = (4.8 × 10 cm )
exp −
R
Hh (R)





R−R
(R − 4.5 kpc)2 − (R − 4.5 kpc)2
× 0.12 exp −
,
+ 0.88 exp −
4.9 kpc
(2.9 kpc)2
(2.31)
−4

where Hh (R) = (1.5 kpc)



−3

R
R



1.65

.

Summary of baryonic models. The models just described are those used
to evaluate the baryonic contribute to the rotation curve (as we can see in the
next Chapter). We have considered two configurations for the bulge, two for the
disk and one (in total) for the gas component; therefore we have implemented 4
different baryonic mass distribution models.

Figure 2.5: Table of baryonic models used.

There is, anyway, a significant number of morphologies in order to describe
the baryonic mass profile in our Galaxy, for a more exhaustive list you can take
a look at Ref. [11, 19, 40, 43].
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Rotation curve’s problem
In the Milky Way, as in all spiral galaxies, there is a disagreement between the
orbital velocity’s distribution of objects around the galactic center and the prediction provided by the viral theorem applied to the only visible distribution of
the mass.
The goal of this thesis is to investigate this discrepancy and try to explain it,
first considering some models of dark matter in the Milky Way, and then in a
framework of modified gravity theories without excluding, anyway, the existence
of dark matter.
In the following we will examine a the rotation curve’s problem in its entirety,
then pay specific attention to the Milky Way’s case. In Chapters 4-5, we will
focus only on the dark matter’s solution, taking a look at the other motivations
for the dark matter’s introduction too. In the same way, in Chapters 6-7, after a
brief description of the modified gravity theories, we will try to solve the rotation
curve’s problem, still considering dark matter, but also adding some modifications
of gravity.
Let’s start considering the simplest case: a spherical mass distribution.
A spherical mass distribution exerts on a body of mass m, located at distance r
from it, a gravitational force of intensity
F (r) = −

GmM (r)
,
r2

(3.1)

where G is the gravitational constant and M (r) is the content of mass in a spherical volume of radius r. If the mass distribution is continuous (or approximate as
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such), M (r) can be expressed in terms of density
Z

r

M (r) = 4π

ρ(r0 )r02 dr0 .

(3.2)

0

Applying the viral theorem, Eq. (4.2), to the body of mass m bound to move at
distance r from the distribution center, we get the value of its velocity:
r
v(r) =

GM (r)
.
r

(3.3)

This equation allows to estimate the mass content in a sphere of radius R0 , distance between the Sun and the galactic center; that is, M (R0 ) ' 1011 M , compatible with an estimate (by default) of the visible mass inside the solar orbit,
obtained under the assumption that all stars have the same brightness as the Sun
on average. Hence, let’s assume
M (r) ' M (R0 ) per r > R0 ,

(3.4)

and, using Eq. (3.3), it is possible to formulate a prediction about the orbital
velocity of celestial bodies farthest from the galactic center:
1
v(r) ∝ √ per r > R0 .
r

(3.5)

This result, as it has been already disclosed, is in sharp contrast with the observations. Orbital velocities follow an almost constant distribution up to 10 times
greater than the radius of the solar orbit.
Eq. (3.3) indicates that the constant trend of speeds can be explained by a mass
distribution at large distances from center
M (r) ∝ r

⇔

ρ(r) ∝

1
.
r2

(3.6)

It is, therefore, necessary to infer the existence of an unseen mass, distributed
until distances, at least, 10 times greater than the visible disk’s radius; by virtue
of Eq. (3.6), this mass should be higher than the visible at least of a factor 10.
This analysis suggests the existence, around the Milky Way, of a dark matter’s
halo with spherical symmetry, at least in a first approximation (as already said
this will be discussed in Chapters 4-5). Of course, in a context of modified gravity
theories we get to a different conclusion, as we can see in Chapters 6-7.
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The hypothesis of spherical symmetry of the total mass distribution, on which
our calculations have been based, may seem unnatural since the distribution of
visible matter in the Milky Way does not present such symmetry and furthermore,
it’s in contrast with the most accurate model discussed in the previous Chapter.
However, the assumption can be justified by gravity stability studies (Peebles and
Ostriker, 1973) [29]: the disks of spiral galaxies are stable only if they are included
in a spherical distribution of (non-visible) mass; otherwise, they would be destined
to break into rotating bar-shaped objects.
Let’s move on, improving our discussion. In the next two paragraphs of this
Chapter, it will be underline the just debated discrepancy, comparing the baryonic
contribution to the rotation curve, evaluated considering the mass distribution
discussed in the previous Chapter, with the observed rotation curve, provided by
a new and update compilation of data.

3.1

Baryonic contribute: vb

For each bulge, disk and gas model, discussed in the previous Chapter, it is
possible to compute the corresponding contribution to the rotation curve.
In full generality, the circular velocity vb (and, eventually, the angular velocity
ωb = vb /R), for each of these models, at given galactocentric distance r, reads
[19]
vb2 (r) =

X
i

2
(r) =
vb,i

X dΦi
r
(r, θ = π/2, ϕ) ,
dr

(3.7)

i

where i runs over all the mass components (bulge, disk and gas), Φi is the gravitational potential associated with the i component and (r, θ, ϕ) are galactic spherical
components, where θ = π/2 defines the plane of the galactic disk (See Appendix
A). All theoretical expectations for vb , presented in the following, have been averaged over ϕ, in order to an easier comparison with data.
Since the mass distribution of all models are rather complicated, and triaxial in
general, there is no simple expression for Φi ; therefore, the gravitational potential, due to an arbitrary mass distribution, has been computed by expressing the
solution of the Poisson equation as a series of multipoles up to order lmax = 2
[43].
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The result is:
Φ(r, θ, ϕ) =

r
X

δΦext +

a=0

= −4πG

X

∞
X

δΦint =
a=r

Ylm (θ, ψ)

l,m

2l + 1

where
Z

(3.8)
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π

r

ρlm (a) + r

l

Z

∞

r

dϕ Ylm ∗ (θ, ϕ)ρ(a, θ, ϕ) ,


da
ρlm (a) ,
al−1

(3.9)

0

and Ylm (θ, ψ) are the spherical harmonics1 . It’s possible to take a look at the full
computation in Appendix B.
All this computation, from the integrals, Eq. (3.8) and Eq. (3.9), to the derivate,
Eq. (3.7), has been done numerically, coding in Mathematica 2 .
Below, in Fig. (3.1) and Fig. (3.2) the resulting rotation curve for each
baryonic model are shown. A decreasing trend is clear, as predicted by the Virial
theorem.
It also can be noted relevant differences between the various models. This is
mainly due to the difference between the two disk models (TT, SM). In fact, as
mentioned in the previous Chapter, the two models are diametrically opposed and
we have a confirmation in Fig. (3.3).

1

For more details, see Appendix C
Wolfram Mathematica (usually termed Mathematica) is a mathematical symbolic computation program.
You can find more information on the website
https://www.wolfram.com/mathematica/
2
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Figure 3.1: The baryonic contribution to the rotation curve. Here, the
circular velocity v(km/s) is plotted against the galactocentric radius R(pc).

Figure 3.2: The baryonic contribution to the rotation curve. Here, the
angular velocity ω(km/s/kpc) is plotted against the galactocentric radius
R(pc).
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Figure 3.3: Contribute to the rotation curve due to the Thick plus Thin discs
model (Section 2.2.1) and the Single Maximal disc model (Section 2.2.2).

Figure 3.4: Contribute to the rotation curve due to the Exponential 2 model
(Section 2.1.1) and the Gaussian 2 model (Section 2.1.2).
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Figure 3.5: Contribute to the rotation curve due to the total Gas component
(Section 2.3).
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Measurements on the rotation curve of our Galaxy have been available for several
decades. However, the data are rather dispersed throughout the literature and
groups of references are often neglected. The compilation of data used in this
text [40, 43, 44], includes the decades-long observational effort to pinpoint the
rotation curve of the Milky Way. Therefore, a new, comprehensive compilation
of kinematic tracers across the Galaxy has been assembled; it comprises:
• gas kinematics, including HI terminal velocities [45, 46, 47], HI thickness
[48], CO terminal velocities [49, 50], HII regions [45, 51] and giant molecular
clouds [51];
• star kinematics, including open clusters [52], planetary nebulae, classical
cepheids [53] and carbon stars [54];
• masers Ref. [55, 56].
This literature survey is particularly exhaustive in the range of Galactocentric
radii R = 3 − 20 kpc. It intentionally leaves out traces with relevant random
motions, asymmetric drift or kinematic distances only in an effort to track Galactic
rotation as reliably as possible.
Definitely, the final compilation consists of 2780 objects across the range R =
0.5 − 25 kpc, of which 2174, 506 and 100 are contributed by gas kinematics,
star kinematics and masers, respectively. Each object, in this compilation, is
characterised by:
- its Galactocentric radius R = (d2 cos2 b + R02 − 2R0 d cos b cos l)1/2 , where (l, b)
los the line-ofare the Galactic coordinates, d is the heliocentric distance, vlsr

sight velocity in the local standard of rest (LSR) and R0 is the distance of
the Sun to the Galactic centre;
- the angular velocity ωd (R), found by inverting the expression
los
vlsr
= (R0 ωd − v0 ) cos b sin l ,

where v0 ≡ v(R0 ) is the local circular velocity;
- the circular velocity vd (R) ≡ R ωd (R).
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Each of these, matched with their own errors.

In Fig. (3.6) and Fig. (3.7), it is possible to see the data plotted with their
errors.

Figure 3.6: Compilation of rotation curve measurements: circular velocity vc (km/s) plotted versus the galactocentric radius R(pc), both with their
errors.

Figure 3.7: Compilation of rotation curve measurements: angular velocity
ωc (km/s/kpc) plotted versus the galactocentric radius R(pc), both with their
errors.
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3.3

Comparison: vb - vd

Comparing data, vd (or ωd ), with the rotation curve deduced from our baryonic
models, vb (or ωb ), a huge discrepancy is evident. In Fig. (3.8), the red data
points show the compilation of kinematic tracers with 1σ uncertainties, while the
grey band represents the envelope of the 4 baryonic models, and the black solid
line indicates the 1st baryonic model, used like representative model.

Figure 3.8: The rotation curve of our Galaxy. The compilation of rotation
curve measurements is shown by red data points, whereas the bracketing of
the 4 baryonic models implemented is spanned by grey band. The main
rotation curve predicted by a representative baryonic model (1st baryonic
model) is denoted by the black solid line. The two perpendicular dotted line
represents, respectively, R = 2.5kpc, under this distance the hypnotises of
circular orbits become fallacious, and R = R0 = 8kpc, distance between the
Galactic Center and the Sun.

Now we have shown the discrepancy, we move on and we will try to explain
this in terms of dark matter and then also modified gravity. The purpose is to
set new constrains on the local dark matter distribution, thanks to the exhaustive
compilation of measurements used and to the accuracy of the baryonic model.
The idea is also to understand how much this constraints will change with the
introduction of modified gravity.

34

Chapter 4

Dark Matter
In the 1930s, a Swiss astronomer, Fritz Zwicky made a discovery that will not be
taken seriously for more then 30 years. While he was studying the Come Cluster
1,

he noticed something weird about the way the galaxies inside it moved: they

were going way too fast, so fast that they should have been flying apart from each
others, because all the stars in all those galaxies had far too little gravity to hold
the cluster together.

Figure 4.1: A favorite picture of Swiss astronomer, Fritz Zwicky.
1

The Coma Cluster (Abell 1656) is a large cluster of galaxies that contains over 1 000 identified
galaxies. The cluster’s mean distance from Earth is 99 Mpc (321 million light years).
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Zwicky thought that something else must be binding them to each other, a mysterious missing component would have to weigh something like 50 times as much
as the stars themselves.
No one paid much attention to this wild notion, this is « just another of Zwicky’s
crazy ideas ».
In our solar system, the innermost planet, Mercury, moves much faster than
the outermost, Neptune. This makes sense: the harder you push or pull on
something, the faster it goes. The Sun’s gravity weakens with increasing distance,
so, the planets that are farther from the Sun move more slowly.
In the same way, everyone expected a similar behaviour in the galaxies. Most of
the stars are concentrated towards the center, so, their collective gravity pulls on
the other stars in the same way the Sun pulls on the planets.
In the 1970s, while the American astronomer Vera Rubin was studying the
Andromeda Galaxy, she discovered that the outer stars obeyed no such rule; in
fact, unlike the outer planets in the solar system, the outer stars in the galaxy
were all going almost at the same speed as the stars that were closer in. They
were moving way faster than expected.

Figure 4.2: Vera Rubin at the Vassar College in 1947.
Credits: Vassar College/ AIP Emilio Segrè Visual Archives

Taken aback by the discovery, Vera looked at 60 other galaxies, and she found that
all of them seemed to be violating the gravity’s law. After some initial healthy
skepticism, her colleagues looked for themselves, and found that Vera was right.
They drew this conclusion: it’s not that Isaac Newton had gotten the law of
gravity wrong, but the gravity of something massive and invisible was forcing the
stars to go fast. And then, someone remembered the crazy old Fritz Zwicky and
36

Chapter 4. Dark Matter
the unknown source of gravity in the Come cluster that he called dark matter,
back in the 1933.2
Vera Rubin had verified the existence of a new, much larger cosmos. Dark
Matter is completely unobservable, except for its gravitational effect, which makes
stars and galaxies move faster. Its nature is another deep mystery. The possible
candidates for dark matter’s particles will be discuss in the next paragraphs.
Vera Rubin had provided the evidence for an invisible Universe nearly 10 times
more massive than the one we thought we knew. It was as if we had been standing
on the seashore at night mistakenly believing that the froth on the waves was all
there was to the ocean. Vera Rubin looked at the stars, and she realized they were
merely the foam on the waves, and that the greatest part of the ocean remained
unknown, and dark.
In summary, dark matter is defined, in cosmology, like an hypothetical component of matter that is not directly observable, because, unlike the known matter,
does not emit electromagnetic radiation and it is manifested solely through gravitational effects. It is necessary to stress that the rotation curve problem is just
one of the experimental evidences and theoretical motivations of dark matter, we
will go into this in the next paragraph.
The latest measurements indicate that dark matter constitutes more than the
86% of the Universe’s mass. As declared in 2001 to the New York Times by
Bruce H. Margon, an astronomer at the Washington University, «it’s a fairly embarrassing situation to admit that we can not find almost the 90% (of matter) of
the Universe».
The situation is even more dramatic. Our Milky Way contains a few hundred billion stars, plus the clouds of gas and dust, the stuff of once and future
stars, and besides this there are about a hundred billion of other galaxies, all of
that, including those uncounted billions of trillions of planets, moons and comets,
amounts to only 5% of what is actually there; while, dark matter is around 27%.
There is a bigger unsolved mystery than dark matter, dark energy, who represents
the 68% of our Universe. This predominant component is an unknown form of
energy which is hypothesized to permeate all of space, tending to accelerate the
expansion of the Universe. Anyway dark energy will be not discuss in this text.
2

In truth, in the 1922, the German astronomer, Jacobus Kaptein developed, for the fist time,
the concept of dark matter. After him, in the 1932, also Jan Oort reached the same conclusion.
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Figure 4.3: Mass-Energy distribution in the Universe according to Planck
probe measurements, March 2013.
Credits: Margherita Lembo

4.1

Evidences and Theoretical Motivations

The evidence of Neptune’s existence has been supposed because of the anomalies
of Urano’s trajectory. In the same way, the presence of dark matter has been
predicted because of its gravitational effects, found in different contexts and using
several methodologies.
In this section, it will be considered some arguments for dark matter, in galactic,
cluster and cosmological scales, without attempting to be complete.

4.1.1

Galactic Scale

The most convincing and direct evidence for dark matter on galactic scales comes
from the observations of the rotation curve of galaxies.
As already said, observed rotation curves, also called velocity curve, usually exhibit a characteristic flat behaviour at large distances, i.e. out towards, and even
far beyond, the edge of the visible disk; in Newtonian dynamics, instead, the cir√
cular velocity, considering just the visible matter, is expected to be falling ∝ 1/ r
beyond the optical disc.
A solution of the problem can be the introduction of other invisible matter, called
dark matter. This has been done for the Milky Way, in the next Chapter. Of
course, there is a number of attempts to solve the problem of galaxy rotation by
modifying gravity without invoking dark matter, but this will be discussed in the
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Chapter 6.

Figure 4.4: Rotational curves of several spiral galaxies, with the contribution from luminous components (dashed), gas (dotted) and dark matter halo
(dash-dot). The square blocks are data. The solid line is dark matter model
fitting.
Credits: Begeman et al. (1991) [30]

Another argument for dark matter is the problem of the velocity dispersions.
In astronomy, the velocity dispersion (σ) is the statistical dispersion of velocities
about the mean velocity for a group of objects, such as a galaxy or galaxy cluster. By measuring the radial velocities of its members, the velocity dispersion of
a galaxy can be estimated and used to derive the galaxy’s mass from the virial
theorem.
The virial theorem is an essential tool for the study of self-gravitating cosmic systems, such as galaxies, bit also clusters and superclusters. This theorem provides
a general equation that relates the average over time of the total kinetic energy,
hT i, of a stable system consisting of N particles, bound by potential forces, with
that of the total potential energy, hVT OT i; the angle brackets represent the average
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over time of the enclosed quantity. Mathematically, the theorem states
N

hT i = −

1X
hFk · rk i ,
2

(4.1)

k=1

where Fk represents the force on the k th particle, which is located at position rk .
If the force between any two particles of the system results from a potential energy
V (r) = rn that is proportional to some power n of the inter-particle distance r,
the virial theorem takes the simple form
2hT i = nhVT OT i .

(4.2)

In the case of gravitational forces the previous becomes
1
hT i = − hVT OT i ,
2

(4.3)

since the gravitational potential generated by a point mass depends on the inverse
of the distance from it.
Now, using the virial theorem, it is possible to get the dispersion velocity σ.
Taking the kinetic energy (per particle) of the system as, T = (1/2)v 2 ∼ (3/2)σ 2 ,
and the potential energy (per particle) as, U ∼ (3/5)(GM/R), we can write
GM
= σ2 ,
R

(4.4)

where R is the radius at which the velocity dispersion is being measured, and
M is the mass within that radius. With some exceptions, velocity dispersion
estimates of elliptical galaxies do not match the predicted velocity dispersion
from the observed mass distribution, even assuming complicated distributions of
stellar orbits.
As with galaxy rotation curves, the obvious way to resolve the discrepancy is to
postulate the existence of non-luminous matter.
The last important evidence for dark matter, considered in this section, is
about gravitational lensing. One of the consequences of general relativity is that
massive objects should act as a lens to bend the light from a more distant source
around a massive object lying between the source and the observer. The more
massive an object, the more lensing is observed.
Therefore, supposing a mass distribution between the light source and the ob40
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server, the light rays emit from the faraway source could be deviated from the
straight propagation and then focused again in the observer’s position, because of
the gravitational field of the mass in the middle: the mass distribution acts like
a gravitational lens.
The light deviate just because of the strength of the gravitational field, regardless
of the wavelength.
So the idea is to evaluate the mass distribution, that acts like a lens, examining
the distortion of the light rays come from the source. Known or assumed the
mass distribution of the visible matter in a certain region, this is a powerful tool
to show the evidence of dark matter, and the amount of it, in that region. Clearly,
the gravitational lensing is very useful to provide evidences of dark matter also
at galaxy clusters scale.

4.1.2

Galaxy Clusters Scale

A first evidence at these scales, as it has been mentioned before, was shown, in
the 1933, from Zwicky, who was studying the nearest to us, and very large, cluster
of galaxies: the Coma cluster. He found that it was necessary to have an extra
amount of matter, that he called dark matter, to keep the cluster bound.
An other interesting evidence of dark matter came out in 2006, when a group
of astronomers, working on the Hubble Space Telescope and the Chandra X-ray
Observatory, released exciting information about an object known as the bullet
cluster.
This cluster is actually two galaxy clusters which have recently undergone
a high-speed collision, forcing the contents of each cluster to merge together.
Observations from the two telescopes allowed them to measure the location of
the cluster mass after the collision using two methods: optical observations of
X-ray emission and gravitational lensing. If the clusters were entirely comprised
of ordinary matter, the location of mass from the optical observations and the
location calculated from gravitational lensing in the bullet cluster should overlap.
Instead, the observations showed a glaring inconsistency. The optically visible
matter told them the mass should be concentrated near the center of the image
shown, highlighted in pink. The mass distribution from gravitational lensing,
highlighted in blue, shows that the concentration of mass is actually in two pieces,
just outside of the luminous matter in the galaxy. Invoking dark matter, this
behaviour is easy to explain as follows:
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• Dark matter interacts with its surroundings significantly less frequently than
ordinary matter;
• During the cluster collision, the dark matter of one cluster would have
slipped through all of the objects in the other cluster with relative ease;
• The luminous matter, on the other hand, would have bounced off of other
particles around it, causing it to slow and separate from the dark matter.

Figure 4.5: Composite image showing the galaxy cluster 1E 0657-56, better
known as bullet cluster. The pink overlay shows the X-ray emission (recorded
by Chandra Telescope) of the colliding clusters, the blue one represents the
mass distribution of the clusters calculated from gravitational lensing effects.
Credits: NASA/CXC/M. Weiss

4.1.3

Cosmological Scale

Although both dark matter and ordinary matter are "matter", they do not behave
in the same way. In particular, ordinary matter interacts with radiation, while
dark matter does not. They, therefore, leave different imprints on the Cosmic
Microwave Background.
The Cosmic Microwave Background (CMB) is the earliest photograph of our Universe. This photograph has been taken by Arno Penzias and Robert Wilson,
in 1964; using a radio antenna, they came across an unexpected non-directional
noise. The signal was called by the two radio astronomers cosmic microwave background.
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The patterns, that it is possible to see in observations of the CMB, were set up
by competition between two forces acting on matter: the force of gravity, causing
matter to fall inward and an outward pressure exerted by photons. This competition caused the photons and matter to oscillate into-and-out-of dense regions. But
if the Universe consisted partially of dark matter in addition to normal matter,
that pattern would be affected dramatically.
The existence of dark matter leaves a characteristic imprint on CMB observations,
as it clumps into dense regions and contributes to the gravitational collapse of
matter, but is unaffected by the pressure from photons.
We can predict these oscillations in the CMB with and without dark matter, which
we often present in the form of a power spectrum. The Wilkinson Microwave
Anisotropy Probe (WMAP) was the first instrument to measure the CMB power
spectrum, and showed that the existence of dark matter is favoured.

Figure 4.6: CMB pattern for a Universe without dark matter compared
with our Universe (Universe similarity 24%).
Credits: Generated by Margherita Lembo on the Planck CMB simulator.

An other prove that we talk about is the so-called Large-Scale Structure Formation problem. Structure formation refers to the formation of galaxies, galaxy
clusters and larger structures from small early density fluctuations.
The organisation of stars in galaxies, galaxies in clusters, clusters in superclusters, and so on can be explained as a formation due to a gravitational collapse of
large-scale structures. An expanding region with a mass density slightly higher
than the density of the surrounding regions, constitutes a fluctuation or a perturbation of density compared to the average value ρ0 . Such fluctuation is likely
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to increase because this region is undergone more intense gravitational activities,
that slow its expansion than the adjacent regions. The differential expansion of
the different regions increases the density’s differences, amplifying the fluctuation. If this fluctuation becomes comparable to the average background density,
the local gravitational effect exceeds Hubble’s speed: the region decouples from
the background expansion and begins to contract. Collapse then originates a new
object or celestial system: a star, a stellar cluster, a galaxy, or a cluster of galaxies
depending on the spatial extension of the initial fluctuation.
The Friedmann solutions 3 to general relativity describe a homogeneous Universe.
Later, small anisotropies gradually grew and condensed the homogeneous Universe into stars, galaxies and larger structures, with the mechanism describe before. Ordinary matter is affected by radiation, which is the dominant element of
the Universe at very early times. As a result, its density perturbations are washed
out and unable to condense into structure. If there were only ordinary matter in
the Universe, there would not have been enough time for density perturbations
to grow into the galaxies and clusters that we see today.
Instead, dark matter provides a reasonable explanation. Dark matter is unaffected
by radiation, therefore, its density perturbations can grow first.
All these independent pieces of evidence, when taken all together, provide a
compelling reason that dark matter must exist. Reading through each explanation
again, there is a common theme: gravity. Each pieces of the puzzle relies on the
way that dark matter affects things around it via the gravitational force.
Anyway, there is an alternative, a collection of theories, which are often
grouped together under the umbrella modified gravity theories. So far, these theories have had successes in describing one of these peculiarities: galactic rotation
curves, but have not yet provided an explanation for the complete set of observations like dark matter does. It will be discussed about this later.
3
The Friedmann equations are a set of equations in physical cosmology that govern the
expansion of space in homogeneous and isotropic models of the Universe within the context of
General Relativity. They were first derived by Alexander Friedmann in 1922 from Einstein’s
field equations of gravitation for the Friedmann-Lemaître-Robertson-Walker metric and a perfect
fluid with a given mass density ρ and pressure p.

44

Chapter 4. Dark Matter

4.2

4.2 Possible Candidates and Detection

Possible Candidates and Detection

As it has been shown in the previous paragraph, the evidence for dark matter is
compelling at all observed astrophysical scales. It is therefore natural to ask what
is dark matter made of ?. In this paragraph are presented some of the candidates
more discussed in the literature.
The "known" elementary particles interact through the three fundamental forces
of the Standard Model: the electromagnetic, weak, and strong interactions (plus
the much more weak, but still fundamental, gravitational interaction). On the
other hand, we do not know nothing about the "dark sector" from the point of view
of the elementary constituents. Anyway, it is not unreasonable to suppose that, as
the "visible sector", even the "dark one" is made up of microscopic fundamental
entities, or particles, that interact or through the fundamental interactions that
we know, or through new "dark" ones.
There are some criteria used to formulate new theoretical candidates of dark
matter particles. One of these is something like to kill two birds with one stone;
in other words, some of the dark matter candidates, like the sterile neutrino, the
axion or the so-called WIMP (Weakly Interacting Massive Particle), naturally
come to light in theories that are able to solve other open problems in Particle
Physics.

Figure 4.7: Summary of non-baryonic dark matter candidates.
Credits: Prof. Pierre Sikivie, University of Florida.
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The axion, for example, comes out free in theories solving the so-called "strong
CP-problem" of the QCD4 . This hypothetical elementary particle has been postulated by Roberto Peccei and Helen Quinn in 1977 [25]. The Peccei - Quinn
mechanism was a really elegant solution to the strong CP problem: the idea is
to add a new global symmetry (called a Peccei - Quinn symmetry) that becomes
spontaneously broken. This results in a new particle, as shown by Frank Wilczek
[26] and Steven Weinberg [27], that is called the axion. The characteristics of this
particle are closely related to the dynamics and the energy scale of the symmetry
breaking. All experiments conducted until the 1980s did not reveal convincing
evidence of axion’s existence.
When the first true GUT (Grand Unified Theory)5 was proposed by Howard
Georgi and Sheldon Glashow in 1974 [28], the Peccei - Quinn’s mechanism was
re-evaluated. The scale of the axial symmetry breaking was increased of 10 or 15
orders of magnitude, up to typical energies of the GUT symmetry breaking.
Therefore, the axion became invisible to be precise, since both the mass and the
cross sections were inversely proportional to the energy scale, they were reduced
beyond the limits of experiment detection. Astronomical observations, anyway,
have set an lower limit for the energy scale of Peccei - Quinn symmetry breaking.
In fact, axions, as well as neutrinos, could be produced at the temperatures in the
central region of the stars; and, observing dynamics of supernova 1987A, it was
possible to obtained a lower limit of 1012 GeV. The corresponding upper limit of
the axion’s mass is less then 0.01 eV.
An exotic particle so little massive does not really satisfy the requirements of a
good candidate for cold dark matter6 .
4

In particle physics, the strong CP-problem is the puzzling question of why quantum chromodynamics (QCD) does not seem to break CP-symmetry. CP stands for charge parity. According
to quantum chromodynamics there could be a violation of CP symmetry in the strong interactions. However, there is no experimentally known violation of the CP-symmetry in strong
interactions. As there is no known reason for it to be conserved in QCD specifically, this is a
"fine tuning" problem known as the strong CP problem
5
A Grand Unified Theory (GUT) is a model in particle physics in which at high energy,
the three gauge interactions of the Standard Model which define the electromagnetic, weak,
and strong interactions or forces, are merged into one single force. This unified interaction is
characterised by one larger gauge symmetry and thus several force carriers, but one unified
coupling constant. If Grand Unification is realized in nature, there is the possibility of a grand
unification epoch in the early Universe in which the fundamental forces are not yet distinct.
6
Let’s make a distinction between cold (CDM), warm (WDM) and hot (HDM) dark matter.
The terminology is not meant to invoke any association with temperature, but instead refer to
the size of the dark matter particles. In turn, the size of the particles determines the velocities
at which they travel at in an inverse relationship: HDM travels faster than CDM because the
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The sterile neutrinos, instead, appear in almost all theories that explain the
mass problem of the "known" neutrinos7 . These hypothetical particles interact
only via gravity and do not interact via any of the fundamental interactions of
the Standard Model. The adjective sterile is used to distinguish them from the
known active neutrinos in the Standard Model, which are charged under the
weak interaction. The term sterile neutrino refers to neutrinos with right-handed
chirality (right-handed neutrino), which may be added to the Standard Model.
The existence of right-handed neutrinos is theoretically well-motivated, and they
can explain the observed active neutrino masses in a natural way. The mass of the
right-handed neutrinos themselves is unknown and could have any value between
1015 GeV and less than one eV.
They were proposed as dark matter candidates in 1993 by Dodelson and Widrow
[20]. Stringent cosmological and astrophysical constraints on sterile neutrinos
come from the analysis of their cosmological abundance and from the study of
their decay products. Light neutrinos, with masses below a few keV, would be
ruled out as dark matter candidates.
Finally, an other promising candidate is the WIMP (Weakly Interacting Massive Particle), that appears in all supersymmetry theories and in some theories
that involve extra dimensions. By term WIMP, we state a class of hypothetical
particles, of different nature, with some characteristics in common: they should
be neutral, with mass and they should interact in a very weak way with the baryonic matter. Roughly 100 000 of these particles would pass through every square
centimetre of Earth each second, interacting only via the weak force and gravity
with surrounding matter.
If WIMPs exist, mathematical modelling shows that there must be about five
times more of these than normal matter, which coincides with the abundance of
dark matter that we observe in the Universe. This means, we should be able to
detect them through their collisions.
WIMPs have been the subject of a lot of extensive research, especially beyond the
Standard Model of physics, which independently predicted that such a particle
HDM particles are theorised to be lower mass; WDM is a sort of middle-ground type. Anyway,
we have not taken into account this distinction for our discussion.
7
This problem is related with neutrino oscillation, that is a quantum mechanical phenomenon
whereby a neutrino created with a specific lepton flavour (electron, muon, or tau) can later be
measured to have a different flavour. Neutrino oscillation implies that the neutrino has a nonzero mass, which requires a modification to the Standard Model of particle physics.
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must exist (a coincidence dubbed the "WIMP miracle").8
Because WIMPs may only interact through gravitational and weak forces, they
are extremely difficult to detect. However, there are many experiments underway to attempt to detect WIMPs both directly and indirectly. Indirect detection
refers to the observation of annihilation or decay products of WIMPs far away
from Earth. Indirect detection efforts typically focus on locations where WIMP
dark matter is thought to accumulate the most: in the centers of galaxies and
galaxy clusters, as well as in the smaller satellite galaxies of the Milky Way. These
are particularly useful since they tend to contain very little baryonic matter, reducing the expected background from standard astrophysical processes. Direct
detection refers to the observation of the effects of a WIMP-nucleus collision as
the dark matter passes through a detector in an Earth laboratory.
As you can see, there is no shortage of candidates for non-baryonic dark matter; anyway, at moment, it is practically impossible to indicate which one is more
"likely". So these candidates are more like guidelines for experimental investigation, that is the only way to attain informations about the nature of this new
(hypothetical) elementary constituent.
Prior to move on, it is proper to mention, an other possible candidate for dark
matter: MACHOs, Massive astrophysical compact halo objects.
A MACHO is a body composed of normal baryonic matter that emits little or no
radiation and drifts through interstellar space unassociated with any planetary
system. MACHOs include black holes or neutron stars as well as brown dwarfs
and unassociated planets. White dwarfs and very faint red dwarfs have also been
proposed as candidate MACHOs. They seems naturally a good dark matter candidate: they are (nearly) collision-less and stable (if sufficiently massive), they
have non-relativistic velocities, and they form very early in the history of the
Universe (typically less than one second after the Big Bang).
The hypothesis that dark matter was made up of MACHO (a term that at that
time did not exist), anyway, suffered a debacle in the 1980s, when cosmological
theories began to require the existence of "non-baryonic" dark matter. However,
it survived because there was no certainty that these theories were corrects, and
8

This theory is the so-called Super-Simmetry (SUSY), that proposed type of spacetime symmetry that relates two basic classes of elementary particles: bosons, which have an integer-valued
spin, and fermions, which have a half-integer spin. Each particle from one group is associated
with a particle from the other, known as its super-partner, the spin of which differs by a halfinteger.
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none of them excluded that both the "non-baryonic" component and the MACHOs existed; in particular, it was thought that "non-baryonic" matter could be
widespread in space between galaxies, while galactic haloes could still be largely
composed by MACHO.
Since MACHOs are not luminous, they are hard to detect. One way to observe
them is by monitoring the brightness of distant stars. As light rays bend when
they pass close to a massive object, light from a distant source may be focused by
a closer object to produce a sudden brightening of the distant object. This effect
is the already discussed gravitational lensing, that depends on how much matter,
both normal and dark, is in a galaxy.
In the early 1990s, it was possible to submit the "MACHO hypothesis" to an
experimental test. There was a systematic monitoring of some millions of stars
of the Magellanic Clouds. The purpose was to detect variations in the brightness
of these stars, due to the transit of a MACHO on our line of sight: these transits
have the effect of greatly increasing the brightness of the observed star, because
of the gravitational lens effect.
MACHO was originally the name of this tracking program, but it quickly began
to be associated with lensing events that they wanted to detect, and then, in
general, with all the objects that could produce one of these events.
The MACHO experiment was successful, revealing some events that are likely to
be due to gravitational lensing caused by the transit of a MACHO. However, these
events are far below what it would be expected if the galactic halo was composed
largely by MACHO [21].
The generally accepted conclusion is that the MACHOs exist, but their total mass
is much lower than the dark matter halo’s mass, so they are not important at the
cosmological level. Moreover, they are almost certainly negligible even at the level
of the internal dynamics of galaxies.
The nature of dark matter can only be really understood when it will be revealed and the exotic particles, of which is made of, will be identified.
Today, the research carried out in this way is divided into two main lines: the
investigation of not-visible cosmic matter and the study of high-energy processes
produced in accelerators.
The first approach is to sound out the dark mass in the cosmic region better
accessible to current experiments: the one wiped by Earth in its revolution. The
abundance of dark matter in this region was inferred from detailed studies of
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Milky Way’s dynamics. The research for exotic particles within this distribution
is based on direct and indirect detection procedures [22]. Direct investigations
take place through detecting devices, installed on satellites or located within terrestrial laboratories. Indirect investigations reveal ordinary particles, which are
believed to have been produced in annihilation processes or diffusion processes of
candidates.
The second approach, which is the typical method for searching the matter’s
constituents, exploits the high energies available in the modern accelerators. Recently, collision experiments have provided massive constraints for exotic particles in Standard Model extensions, and, as it has been mentioned before, the
most reliable candidates of dark matter emerge precisely within these extensions.
Therefore, knowledge about constraints on their mass allows us to operate a first
selection among them. This analysis procedure proved to be decisive, for example,
to exclude the MSSM sneutrino 9 from the scenario of possible candidates [23].

4.3

Local Dark Matter

The local dark matter density (ρ0 = ρdm (R0 )) is an average over a small volume,
typically a few hundred parsecs around the Sun. As already said, the purpose of
this work is to set new constrains on the local dark matter density, in a framework
on modified gravity or not.
The local dark matter density is of great interest for two reasons. Firstly, it encodes valuable information about the local shape of the Milky Way’s dark matter
halo near the disc plane. This provides interesting constraints on galaxy formation models and cosmology (e.g. Dubinski, 1994; Ibata et al., 2001; Kazantzidis
et al., 2004; Maccio et al., 2007; Debattista et al., 2008; Lux et al., 2012); on
the merger history of our Galaxy (e.g. Lake, 1989; Read et al., 2008, 2009);
and on alternative gravity theories (e.g. Milgrom, 2001; Knebe & Gibson, 2004;
Read & Moore, 2005; Nipoti et al., 2007). Secondly, ρ0 is important for direct
detection experiments that hope to find evidence for a dark matter particle in the
laboratory.
9
The Minimal Supersymmetric Standard Model (MSSM) is the simplest extension to the
Standard Model that realises supersymmetry. MSSM is the minimal super-symmetrical model
as it considers only "the minimum number of new particle states and new interactions consistent with phenomenology" [24]. Therefore, the sneutrino is the supersymmetric partner of the
neutrino.
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There are two main approaches to measuring, ρ0 . Local measures use the
vertical kinematics of stars near the Sun, called "tracers" (e.g. Kapteyn, 1922;
Oort, 1932; Hill, 1960; Oort, 1960, Bahcall, 1984; Bienayme et al., 1987; Kuijken
& Gilmore 1989,1991; Bahcall et al., 1992; Creze et al., 1998; Holmerg & Flynn,
2000; Siebert et al., 2003; Holmeberg & Flynn, 2004; Bienaymá et al., 2006;
Garbari et al., 2012; Smith et al., 2012; Bovy & Tremaine, 2012; Zhang et al.,
2013). Global measures extrapolate ρ0 from the rotation curve (e.g. Dehnem &
Binney, 1998; Fixh et al., 1989; Merrifield, 1992; Sofue et al., 2009; Weber &
Boer, 2010; Catena & Ullio, 2010; McMillan, 2011; Iocco et al., 2011).
Therefore, local measures are an average over a small volume, typically a few
hundred parsecs around the Sun; global measures are extrapolated from larger
scales and rely on assumptions about the shape of the MilkyWay dark matter
halo.
A summary of measurements of ρ0 from Kapteyn through to the present day
is given in Fig. (reffig:localDM1), where it has been marked also the latest limits
on ρ0 from the rotation curve assuming a spherically symmetric dark matter halo
(grey band); all data and references are given in Table 4.9.
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Figure 4.8: A century of measurements of ρ0 . In all cases, it has assumed the
same matter density and surface density of ρb = 0.0914 M pc−3 and Σb = 55
M pc−2 (Flynn et al., 2006). Values derived from a surface density rather
than a volume density have a blue filled circle; red data points indicate the
use of a "rotation curve" prior. The green data point is derived from Garbari
et al. (2012) assuming a stronger prior on Σb = 55 ± 1 M pc−2 . All error
bars represent either 1σ uncertainties or 68% confidence intervals. Overlaid
are: ρ0 (called in the Fig. like ρdm,ext extrapolated from the rotation curve
assuming spherical symmetry (grey band); the launch dates plus 5 years for
the Hipparcos and Gaia astrometric satellite missions; and the start date plus
5 years of the SDSS an RAVE surveys.
Credits: J. I. Read, Dep. of Physics, University of Surrey [74].
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Figure 4.9: Local (top) and global (bottom) measurements of ρ0 . The
columns show: label, references, description of study(for latest measurements
only), order of magnitude tracer sample size (for latest measurements only)
and ρ0 in M pc−3 and GeV cm−3 .
Credits: J. I. Read, Dep. of Physics, University of Surrey [74].

In this paragraph, inspired by Ref. [74], it has been presented a brief review
of nearly a century of measurements of the mean density of dark matter near the
Sun: ρ0 . We are about to enter a golden age when such measurements become
truly precise. Such accurate measures encode valuable dynamical information
about our Galaxy, and are also of great importance for "direct direction" dark
matter experiments.
It’s easy to understand, therefore, the importance of setting new and more accurate constrains on the local dark matter density.
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Dark Matter solution
As already said, the first attempt we made to solve the rotation curve’s problem,
highlighted in the Chapter 3, is the introduction of dark matter.
We make the common assumption of a spherical dark matter distribution, for
which the additional contribution to the rotation curve simply traces the total
dark mass enclosed within a given radius R, namely
2
(r)
vdm

GMdm (< r)
G
=
=
r
r

Z

r

dr0 4πr02 ρdm (r0 ) .

(5.1)

0

This then leads to a total circular velocity
vtot_1solution (r) =

q

2 (r) .
vb2 (r) + vdm

(5.2)

For the (spherical) dark matter density, Eq. (5.1), we use either the NavarroFrenk-White (NFW) profile and the Einasto profile. Stressing again that all the
baryonic models are fixed, we can say that this model, Eq. (5.2), has, in total,
2 or 3 free parameters due to the DM profile, ρ0 , the local DM density, and
rs , the scale radius of the profile, plus one extra for the Einasto profile, α, the
shape parameter. Actually, we have also taken into account the generalised NFW
profile, which have one more free parameter, γ, the inner slope for NFW profile.
These two profiles will be expounded, with more details, in the following.
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Navarro-Frenk-White profile
In 1997, J. Navarro, C. Frenk and S. White wrote a seminal paper in which they
showed that CDM haloes in N-body simulations have a universal density profile
[67], well fit by a double power-law
ρN F W (r) ∝

1
,
(r/rs )(1 + r/rs )2

(5.3)

where rs is a scale radius. This profile differs from the Hernquist (1990) model
[69] only in its asymptotic behaviour at r  rs (it tends to r−3 instead of r−4 ).
100

γ = 0.6
10

log Density

1

γ = 1.5

0.100

0.010

0.001

scale radius
1

5

10

50

100

log Radius

Figure 5.1: NFW profile, for different γ.

According to NFW profile, dark matter haloes have central cusps with ρ ∝ r−1 .
However, several studies claimed that simulated dark matter haloes have cusps
that are significantly steeper. A "popular" solution is a generalisation of the NFW
profile, proposed by Moore et al. (1998) [70]

ρN F W generalised (r) ∝

r
rs

−γ 

r −3+γ
1+
,
rs

(5.4)

with γ = 1.5, where γ defines the inner slope of the profile. At around the
same time, instead, numerous studies claimed that the observed rotation curves
55

Chapter 5. Dark Matter solution
of dwarf galaxies and low-surface brightness (LSB) disk galaxies indicate dark
matter haloes with central cores; i.e. γ ∼ 0 (e.g., Moore 1994) [71].
In this text, it has been chosen to use both the NFW profile and the generalised
one, both parametrised in term of local DM density ρ0 = ρ(R0 ). Therefore we
get
"

 
 #  −γ 

R0 γ
R0 3−γ
r
r −3+γ
ρN F W (r) = ρ0
1+
1+
rs
rs
rs
rs
!
3−γ
 γ
1 + Rrs0
R0
= ρ0
.
r
1 + rrs


(5.5)

Using Eq. (5.1) we can compute the contribution to the rotation curve due to
Eq. (5.5). If γ = 1, this computation can be done analytically
2
vN
F W (r) =

 


r
r
4πGR0 ρ0
(rs + R0 ) ln 1 +
−
,
r
rs
r + rs

(5.6)

and, therefore the total circular velocity will be
vtot_N F W solution (r) =

q
2
vb2 (r) + vN
F W (r) .

(5.7)

This model has 2 free parameters, the scale radius rs and the local DM density
ρ0 , i.e. vtot_N F W solution (r) ≡ vtot_N F W solution (r, ρ0 , rs ).
The computation for a generic value of γ is quite more complicated, therefore
it has been done numerically, coding again in Mathematica. In this model there
are 3 free parameters, in addition to ρ0 and rs , there is γ, the inner slope of the
profile.

Einasto profile
The Einasto profile is a mathematical function that describes how the density ρ
of a spherical stellar system varies with distance r from its center. Jaan Einasto
introduced his model at a 1963 conference in Alma-Ata, Kazakhstan. This model
can be used to describe many types of system, including galaxies and, of course,
dark matter halos. In fact, Navarro er al. (2004) [72], showed that dark matter
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haloes in simulations are better fit by an Einasto profile

ρE ∝ exp

−2
α



r
rs

α


−1

,

(5.8)

where rs is the scale radius and α is the shape parameter. The slope of this profile
is a power-law function of radius:
d lnρE
= −2
d lnr



r
rs

α
,

(5.9)

therefore the parameter α controls the degree of curvature of the profile; the larger
α, the more rapidly the slope varies with radius. The best-fit value of α typically
spans the range 0.15 < α < 0.45 [73].
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Figure 5.2: Einasto profile, for different α.

Using, again, Eq. (5.1) and Eq. (5.2), we get the total circular velocity for
this model
vtot_Esolution (r) =

q

2 (r) .
vb2 (r) + vE

(5.10)

The free parameters are three, ρ0 1 , rs , α. As in the previous case, the contribution
1

As in the NFW case, we have parametrised the normalisation of the Einasto profile in terms
of the local DM density ρ0 .
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to the rotation curve has been evaluated coding in Mathematica.

5.1

Results

The goal is to determine the best-fit parameters for dark matter distribution by
fitting the resulting total expected curve (baryons and dark matter), Eq. (5.7)
and Eq. (5.10), to the observational data vd , discussed in the Chapter 3.
This task is complicated by the sizeable error on r in the rotation curve data,
especially at intermediate and large r, as shown in Fig. (3.6) and Fig. (3.7).
Given the large amount of observations, a customary technique usually adopted
in the literature is that of binning data. Since binning entails loss of information,
we opt to do something different and use the full power of the data, taking proper
account of galactocentric distance errors.
Let’s consider χ2
χ2 =

N
X
(vd,i − vt,i )2
,
2
σ
v
,i
d
i=1

(5.11)

where N is the total number of data points, vt,i is the theoretical circular velocity,
deduced from our models, and evaluated in each r of the data, vd,i is the circular
velocity at different galactocentric distance r, included in the catalogue, and finally σvd ,i should be the error of each vd,i , on the assumption that the error on r
is negligible. This is not our situation, indeed, as it has been already said, σr,i is
quite relevant2 . In fact, evaluating the average relative error on r, we have found:

εr =

N
X
i=1

σr,i
ri

N

∼ 0.036 .

(5.12)

While the average relative error on v is ∼ 0.0475. So we can say that the circular
velocity’s error σvd ,i is mostly underestimated. To solve both these problems, we
have decided to put a minimum relative error of 5% (threshold ) for each v error.
Definitely, instead of σvd ,i in Eq. (5.11), we should write σv0 d ,i , that takes into
account all these considerations
N
X
(vd,i − vt,i )2
.
χ =
σv02d ,i
i=1
2

2

(5.13)

It has been checked that on a catalogue of 2780, almost the 35% of r errors are bigger then
0.01 kpc, of which ∼71% bigger then 0.01 kpc and more then 7% bigger then 1 kpc.
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It has been checked through Monte Carlo calculations that this statistic follows
closely a chi-square distribution [40, 43].
We have also performed all these calculation, considering a cut compilation,
r > rcut = 2.5 kpc3 . In fact, in the innermost regions of the Galaxy, probably,
axisymmetry breaks down and some tracers may present non-circular orbits.
Let’s go into more details. Looking at Eq. (5.13), it’s clear that, because vt,i
depends on DM profile parameters, the χ2 function depends itself on these parameters. Therefore, in order to find the best-fit parameters, those that minimise
the χ2 , we have used the so-called grid-search method.
The idea is to simply calculate a trial value of the theoretical circular velocity for
a given set of values of all model’s parameters, then calculate the chi-square χ2
for each combination of these values, until you find the minimum chi-square, the
best-fit χ2 . One can soon realise that the use of this method has been possible
because the number of free parameters is, at least, three; for a more than 4 (at
least 5) parameters this method became too much slow.
More precisely, we have evaluated the Likelihood function4 , as
1

L(a, b, c) = e− 2 χ

2 (a,b,c)

,

(5.14)

where a, b, c are generic free parameters. Therefore, minimising the χ2 is equivalent at maximising the likelihood.
Once L(a, b, c) has been found for a certain sets of value of each parameters, it’s
necessary to marginalise it, in order to remove the other nuisance parameters,
and look at the likelihood of a single parameter
Z Z
L(a) =

L(a, b, c) db dc .

(5.15)

This function L(a), basically, gives us the probability that the parameter a as3

There are 93 data points with r < rcut . Therefore the number of data points become:
N = 2780 − 93 = 2687.
4
In statistics, a likelihood function is a function of the parameters of a statistical model given
data. The likelihood of a parameter value (or vector of parameter values), θ, given outcomes x,
is equal to the probability (density) assumed for those observed outcomes given those parameter
values, that is
L(θ|x) = P (x|θ) ,
and, of course, is defined differently for discrete and continuous probability distributions. The
maximum likelihood method of parameter estimation consists in finding the parameters that
maximise the likelihood function.
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sumes a specific value of the initial value’s set, that we have chosen a priori, before
starting this procedure.
We have repeated all these calculations several time, each time changing the initial
set of value for each parameters, in order to find the best-fit chi-square. We have
stopped the research when the function L(a), plotted against the parameter a has
a shape like Fig. (5.4) and Fig. (5.5); this means that we have found the entire
confidential region for the parameter a. Of course, we did this manipulation, at
the same time, on all the parameters, a, b and c.
Once we get this, for each parameters, we can move on, and evaluate the contourplots for each couple of parameters (i.e. a − b, b − c, a − c), showing the contours
for the 68%, 95% and 99.7% confidence regions.
All computations in this procedure has been done numerically, coding in Mathematica; the initial set of value for each parameter is discrete and, therefore the
chi-square and the likelihood are not continuous functions, but, instead, a table
of points.
To be more concrete, we can consider this procedure, step by step, applied
to the NFW solution considering the representative baryonic model (E2 + TT +
Gas).
The theoretical circular velocity, deduced from this model is
vt (r, ρ0 , rs ) =

q

2
v12st BM (r) + vN
F W (r, ρ0 , rs ) ,

(5.16)

to be compare with vd . In this case, there are two parameters, the local DM
density, ρ0 and the scale radius of the profile, rs .
The first step is to choose the initial set of value of these two parameters.
Then, for these two set of values, we proceed to evaluate the chi-square function,
χ2 (ρ0 , rs ), according to Eq. (5.13), and so the likelihood function L(ρ0 , rs ), according to Eq. (5.14)5 .
At this point, we can obtain the best-fit value of ρ0 and rs : these are those values,
of the initial sets of values, for which we get
Abs [L(ρs,bf , rs,bf ) − 1] < 10−3 .
5

(5.17)




More precisely we evaluated the likelihood as exp −0.5 χ2 (a, b, c) − min[χ2 (a, b, c)] , in
order to have the best-fit likelihood function correctly normalised to 1.
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Truthfully, the right condition is = 0, but we are doing all the computation
numerically, so it’s necessary a less strong condition.
Putting this best-fit values in Eq. (5.16), we get the best-fit curve. Plotting this
curve with data, it’s possible to see graphically the goodness of our fit, as shown
in Fig. (5.3). Moreover, we have also evaluated the reduced chi-square with these
best-fit values

χ2 (ρs,bf , rs,bf )
= 1.022 ,
n

(5.18)

where n = N − nparamters , i.e. the number of data points minus the number of
free parameters of the model.
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Figure 5.3: Best-fit curve for the model described by Eq. (5.16), in red,
and data plotted in grey. The reduced chi-square is χ2 = 1.022.

The next step is the marginalisation of the likelihood function, L(ρ0 , rs ), with
respect to ρ0 and to rs . Then, plotting respectively L(ρ0 ) versus ρ0 and L(rs )
versus rs , we found the probability that the parameters ρ0 or rs assume a value
in the chosen initial sets, and, if these sets have been accurately chosen, we will
obtain the entire confidential regions of our parameters.
It’s possible also to compute the 3D-plot, in which the xy−plane is the 2D-space
of the two parameters and the z−axis is L(ρ0 , rs ), as you can see in Fig. (5.6).
By now, if looking at Fig. (5.4), Fig. (5.5) we realise we have found the entire
61

Chapter 5. Dark Matter solution

5.1 Results

confidential region, or at least some lower or upper constraints, and the value
of Eq. (5.18) is satisfying6 , we can proceed to evaluate the contour-plot for the
two parameters, ρ0 and rs . Of course, if it is not, we start again the procedure
changing the initial sets of values of the parameters.
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Figure 5.4: Marginalised likelihood L(ρ0 ) plotted against ρ0 .
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Figure 5.5: Marginalised likelihood L(rs ) plotted against rs .

Figure 5.6: 3D-plot: Likelihood L(ρ0 , rs ) plotted versus the ρ0 rs -plane.

6
In the sense that, if we change the initial sets of values and we perform again the all
calculation, in order to find the minimum of the chi-squared function, the found χ2 is greater
than the previous.
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The contour-plot has been computed coding in Mathematica, and it is shown
in Fig. (5.7).
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Figure 5.7: Contour-plot ρ0 − rs : the green line encloses the 68% confidence
region, the yellow one the 95% confidence region and the blue one the 99.7%
confidence region.

These results were compared with those obtained from the cut catalogue. The
results are attached in the following (see Fig. (5.8) and Fig. (5.9)). In the Table
in Fig. (5.10), the results for the both cases are summarised. As it’s possible to
see, removing the data points with r < rcut , and indeed preventing some problems
due to the strong axisymmetry existing in the innermost region, we have found
smaller values of the best-fit reduced chi-square. This is due to the fact that,
putting a threshold of 5% in order to increase the velocity errors, is a little bit
overdone in the case of the cut catalogue (because we are removing the region
in which the errors should be bigger due to the axisymmetry). In any case the
results are quite in agreement with those found using the entire catalogue.
This is more or less the procedure, and it has been done for each baryonic
model, considering both the catalogues of data, and, of course, for each DM
profile (NFW, generalised NFW and Einasto).
In the following, it will be shown, in details, only the results for the representative baryonic model (E2 + TT + Gas). The results for the other models
are summarised in the Table of Fig. (5.23). For more details, you can also check
Appendix E.
63

Chapter 5. Dark Matter solution

5.1 Results

400

v (km/s)

300

200

100

0

5

10

15

20

25

R (kpc)

Figure 5.8: Cut Case: Best-fit curve for the model described by Eq. (5.16),
in red, and data plotted in grey. The reduced chi-square is χ2 = 0.624
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Figure 5.9: Cut Case: Contour-plot ρ0 − rs : the green line encloses the 68%
confidence region, the yellow one the 95% confidence region and the blue one
the 99.7% confidence region.
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χ2 n

ρ0 (GeV cm-3 )

All catalogue

1.022

0.483 - 0.508

(0.469 - 0.522)

9.89 - 11.4

(9.16 - 12.4)

Cut catalogue

0.924

0.446 - 0.473

(0.433 - 0.488)

7.72 - 9.06

(7.18 - 9.77)

rs (kpc)

Figure 5.10: Table of results for the model described by Eq. (5.16), using
the entire catalogue and the cut one. Besides the best fit χ2 for both cases,
it’s also reported the profiled ranges of local dark matter density, ρ0 , and
scale radius, rs , covered by the 1σ confidence region (no parentheses) and by
the 3σ goodness-of-fit region (between parentheses).
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Let’s consider, therefore, the generalised NFW solution and indeed the model
described by
vt (r, ρ0 , rs , γ) =

q
2
v12st BM (r) + vN
F W generalised (r, ρ0 , rs , γ) .

(5.19)

This model has 3 free parameters, ρ0 , rs and γ. For practical reasons and inspired
by the work of F. Iocco, G. Bertone and M. Pato (2015) [40, 43], we have chosen
to reduce the number of free parameters, fixing the scale radius, rs = 20 kpc.
We have also decided to consider other two cases in which we have fixed the inner
shape, γ = 0.6, 1.4, in order to understand if, and eventually how, the scale radius
is related to the inner shape of the profile.
Computing the grid-search method, and step by step all the procedure discussed
above, we have found the following results:

1 st baryonic model

χ2 n

ρ0

All catalogue

1.041

Cut catalogue

GeV cm-3 )

rs (kpc)

γ

0.513 - 0.537
(0.502 - 0.550)

20.0 (fixed)

1.15 - 1.21
(1.12 - 1.24)

0.932

0.361 - 0.394
(0.351 - 0.404)

20.0 (fixed)

1.56 - 1.66
(1.54 - 1.69)

All catalogue

1.001

0.465 - 0.489
(0.452 - 0.503)

5.37 - 5.94
(5.07 - 6.31)

0.6 (fixed)

Cut catalogue

0.922

0.433 - 0.459
(0.419 - 0.473)

4.55 - 5.12
(4.28 - 5.43)

0.6 (fixed)

All catalogue

1.069

0.505 - 0.537
(0.490 - 0.553)

44.3 - 84.3
(35.3 - 143)

1.4 (fixed)

Cut catalogue

0.988

0.437 - 0.464
(0.422 - 0.479)

16.7 - 21.9
(14.7 - 25.9)

1.4 (fixed)

Figure 5.11: Table of results for the model described by Eq. (5.19), using
the entire catalogue and the cut one. Besides the best fit χ2 for both cases, it’s
also reported the profiled ranges of local dark matter density, ρ0 , scale radius,
rs and inner slope γ, covered by the 1σ confidence region (no parentheses)
and by the 3σ goodness-of-fit region (between parentheses).

65

Chapter 5. Dark Matter solution

5.1 Results

free parameters −→ ρ0 , γ

- rs = 20 kpc case
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Figure 5.12: Best-fit curve for the model described by Eq. (5.19) with
rs = 20kpc, in red, and data plotted in grey. The reduced chi-square is
χ2 = 1.041
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Figure 5.13: Contour-plot ρ0 −γ: the green line encloses the 68% confidence
region, the yellow one the 95% confidence region and the blue one the 99.7%
confidence region.
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free parameters −→ ρ0 , rs

- γ = 0.6 case
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Figure 5.14: Best-fit curve for the model described by Eq. (5.19) with
γ = 0.6, in red, and data plotted in grey. The reduced chi-square is χ2 = 1.001
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Figure 5.15: Contour-plot ρ0 −rs : the green line encloses the 68% confidence
region, the yellow one the 95% confidence region and the blue one the 99.7%
confidence region.
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free parameters −→ ρ0 , rs

- γ = 1.4 case
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Figure 5.16: Best-fit curve for the model described by Eq. (5.19) with
γ = 1.4, in red, and data plotted in grey. The reduced chi-square is χ2 = 1.069
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Figure 5.17: Contour-plot ρ0 −rs : the green line encloses the 68% confidence
region, the yellow one the 95% confidence region and the blue one the 99.7%
confidence region.
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Looking at the summarising table(Fig. (5.11)), these results are immediately
evident:
• the reduced χ2 for the cut catalogue’s case is again quite less than 1;
• the value of the local DM density, ρ0 , as before, is included within the range
(0.45 − 0.55) GeV cm−3 . This is true if we do not look at the cut case,
where ρ0 seems to be lower this limit, exactly as in the NFW cut case;
• the scale radius, rs , increases with the inner shape parameter, γ.
Now, let’s take into account the Einasto profile. So the theoretical circular
velocity is
vt (r, ρ0 , rs , α) =

q
2
v12st BM (r) + vEinasto
(r, ρ0 , rs , α) .

(5.20)

This model has again 3 free parameters, but as for the generalised NFW profile,
according to [40, 43], we have decide to fixed the scale radius to 20 kpc. The
procedure is the same as before, and in the following are attached the results
(Fig. (5.19) and Fig. (5.20)).
Checking the results in the summarising table, Fig. (5.18), we find that ρ0 is still
within the range mentioned before, (0.45 − 0.55) GeV cm−3 , and its value in the
cut case is lower. Also the reduced chi-square in the cut case is less than 1, as
before.

1 st baryonic model

χ2 n

ρ0

All catalogue

1.032

Cut catalogue

0.929

GeV cm-3 )

rs (kpc)

α

0.512 - 0.536
(0.502 - 0.547)

20.0 (fixed)

0.167 - 0.187
(0.158 - 0.197)

0.465 - 0.499
(0.455 - 0.510)

20.0 (fixed)

1.31 - 1.40
(1.29 - 1.43)

Figure 5.18: Table of results for the model described by Eq. (5.20), using
the entire catalogue and the cut one. Besides the best fit χ2 for both cases,
it’s also reported the profiled ranges of local dark matter density, ρ0 , scale
radius, rs and shape parameter α, covered by the 1σ confidence region (no
parentheses) and by the 3σ goodness-of-fit region (between parentheses).

69

Chapter 5. Dark Matter solution

5.1 Results

400

200

100

0
0

5

10

15

20

R (kpc)

Figure 5.19: Best-fit curve for the model described by Eq. (5.20) with
rs = 20 kpc, in red, and data plotted in grey. The reduced chi-square is
χ2 = 1.032
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Figure 5.20: Contour-plot ρ0 −α: the green line encloses the 68% confidence
region, the yellow one the 95% confidence region and the blue one the 99.7%
confidence region.
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It’s stressed again that the results shown here are only for the representative
baryonic model, and are summarised in Fiq. (5.21) and Fig. (5.22), considering
only the all catalogue’s case.
GeV cm-3 )

1 st baryonic model

χ2 n

ρ0

NFW

1.022

0.483 - 0.508

(0.469 - 0.522)

generalised NFW (rs = 20 kpc)

1.041

0.513 - 0.537

(0.502 - 0.550)

generalised NFW (γ = 0.6)

1.001

0.465 - 0.489

(0.452 - 0.503)

generalised NFW (γ = 1.4)

1.068

0.505 - 0.537

(0.490 - 0.553)

Einasto (rs = 20 kpc)

1.032

0.512 - 0.536

(0.502 - 0.547)

Figure 5.21: Summarising table of results for the representative baryonic
model(E2 + TT + Gas), using Eq. (5.16) (NFW), Eq. (5.19) (generalised
NFW) and Eq. (5.20) (Einasto). Besides the best fit χ2 for each cases, it’s
also reported the profiled ranges of local dark matter density, ρ0 , covered
by the 1σ confidence region (no parentheses) and by the 3σ goodness-of-fit
region (between parentheses).

As shown in Fig. (5.22) and from the values of the reduced chi-squared in
Fig. (5.21), all the models considered fit quite well data, especially in the region
r = 2.5 − 8.0 kpc; while, at larger galactocentric radius r, the differences between
the models are more evident. This is understandable if we think that in the central
region more measurements are available to us.
Let’s summarise the result obtain considering the first baryonic model (E2 +
TT + Gas) as the description of the visible mass distribution in the Milky Way.
Just to be thorough, to model the dark matter distribution, instead, it has been
considered the NFW profile, the generalised NFW profile (three cases: rs = 20
kpc fixed, γ = 0.6 fixed and γ = 1.4 fixed) and the Einasto profile (rs = 20 kpc
fixed).
First of all, let’s discuss about the local dark matter density. As already said,
the constraints that we have found, force ρ0 to be comprised between 0.45 and
0.55 GeV/cm3 . This result is in agreement with those discussed in Section 4.3,
but, furthermore, are even more stringent.
About the scale radius, the constraints available in literature, impose rs =
12 − 37 (A. Klypin, H. Zhao, and R.S. Somerville (2002); F. Prada, A. Klypin, J.
Flix, M. Martínez, and E. Simmoneau (2004); A. V. Macciò, A. A. Dutton, and
F. C. van den Blosch (2008)); while F. Iocco et al. (2015) [40] have found rs < 20
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kpc.
Our results, instead, provide, as favourite case, an even lower value for the scale
radius: rs . 10 kpc.
We have found a greater value of the scale radius when we have considered the
generalised NFW profile, with γ = 1.4, rs = 45 − 85 kpc. However considering
the cut catalog, this value decreases, rs = 17 − 22 kpc; so again almost rs . 20
kpc.
About the inner shape of the generalised NFW profile, the favourite value is
γ . 1: it’s preferred the generalised profile with respect to the simple one, if γ is
less than 1; for γ more than 1, instead, is preferred the simple NFW profile.
Regarding at the shape parameter of the Einasto profile, instead, we have
already said that the typical range is 0.15 − 0.45. Here, we have found a more
stringent constraint: 0.16 < α < 0.20.

Figure 5.22: Best-fit curves for the representative baryonic model considering the NFW solution, Eq. (5.16), the generalised NFW solutions, Eq. (5.19)
and Einasto solution, Eq. (5.20). Data are plotted in grey.

In conclusion, the first baryonic model seems to be the more suitable description of the baryonic mass distribution in our Galaxy, and combined with the
different DM profiles, it provides the greatest adherence to the data. Anyway,
this will be discussed in more details in the following.
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The results for the other baryonic models are summarised in Fig. (5.23), and, as
already said, for more details it’s possible to consult Appendix E.
At the end of this Chapter, the best-fit curves for each model are also given.

1st baryonic
model

2nd baryonic
model

3nd baryonic
model

4th baryonic
model

NFW

0.469-0.522
(1.022)

0.480-0.506
(1.477)

0.480-0.505
(1.066)

0.684-0.744
(1.320)

gNFW (rs =20 kpc)

0.502-0.550
(1.041)

0.573-0.634
(1.315)

0.655-0.699
(1.138)

0.719-0.774
(1.272)

gNFW (γ=0.6)

0.452-0.503
(1.001)

0.538-0.596
(1.369)

0.574-0.618
(1.029)

0.672-0.732
(1.236)

gNFW (γ=1.4)

0.490-0.553
(1.068)

0.350-0.369
(1.830)

0.622-0.680
(1.143)

0.616-0.635
(1.537)

Einasto (rs
= 20 kpc)

0.502-0.547
(1.032)

0.560-0.624
(1.307)

0.663-0.704
(1.133)

0.712-0.766
(1.242)

Figure 5.23: Summarising table of results for the 4 baryonic models, using
Eq. (5.16) (NFW), Eq. (5.19) (generalised NFW) and Eq. (5.20) (Einasto).
Besides the best fit χ2 for each case (between parentheses), it’s also reported the profiled ranges of local dark matter density, ρ0 , covered by the
3σ goodness-of-fit region.

The first thing that just leaps out is the similar trend in the results, between
the 1st and the 3rd baryonic models, and between the 2nd and the 4th ones. It’s
possible to see the similarity between the two couples of models itself already in
Fig. (3.1).
The explanation is linked to the different bulge models used: in the first couple, the
baryonic mass distribution in the bulge is implemented through the Exponential
2 model, while the second it has been chosen the Gaussian 2 model (see Section
2.1).
It’s quite evident that when the E2 model has been used, the best-fit curves better
follow the data. It can be concluded from the above, that the E2 model provides a
more refined description of the baryonic mass distribution in the innermost region
of our galaxy. This "preference" for the E2 model has been also found by K. Z.
Stanek (1996), who has modelled the mass distribution in the Galactic bar using
red clump giants [34].
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Figure 5.24: Best-fit curves for each baryonic model considering the NFW
profile as model of dark matter, Eq. (5.16). Data are plotted in grey.

Figure 5.25: Best-fit curves for each baryonic model considering the generalised NFW profile (with rs = 20 kpc, fixed) as model of dark matter, Eq.
(5.19). Data are plotted in grey.
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Figure 5.26: Best-fit curves for each baryonic model considering the generalised NFW profile (with γ = 0.6, fixed) as model of dark matter, Eq. (5.19).
Data are plotted in grey.

Figure 5.27: Best-fit curves for each baryonic model considering the generalised NFW profile (with γ = 1.4, fixed) as model of dark matter, Eq. (5.19).
Data are plotted in grey.
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Figure 5.28: Best-fit curves for each baryonic model considering the Einasto
profile (with rs = 20 kpc, fixed) as model of dark matter, Eq. (5.20). Data
are plotted in grey.

Looking at the summarising table in Fig. (5.23), another observation that we
can do, is the increase of the density in the third and fourth models with the
respect to the first and the second ones. The reason lies in the difference between
the two morphologies used to shape the galactic disk: Thick plus Thin Disk model
and Single Maximum Disk model. In Section 3.1, the remarkable gap between
the two models has been already discussed (see also Fig. (3.3)).
Examining the best-fit curves (Fig. (5.24), Fig. (5.25), Fig. (5.26), Fig.
(5.27), Fig. (5.28)) and the summarising table (5.23), we can acknowledge the
first baryonic model as the more suitable one. This is followed by the third, in
with as already said we still use the E2 model.
Regarding at the different DM profiles used, the one that gives us the lower
values for the reduced χ2 is the generalised NFW profile, with γ = 0.6. This is
followed by the simple NFW and the Einasto profiles.
Overall, the value of the local DM density seems to be comprised between
0.350 and 0.750 GeV/cm3 . This is in perfect agreement with the results discussed
in Fig. (4.8) (see Section 4.3). Even more, if we accept the first baryonic model
(E2 + TT + Gas) as the best (considered) representation of the baryonic mass
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distribution in the Milky Way, the constraints on the amount of dark matter in
the Sun’s neighbourhood are more stringent: 0.470 . ρ0 . 0.550 GeV/cm3 .
For more details and comments on the scale radius, rs , the inner slope of the
generalised NFW profile, γ and the shape parameter of the Einasto profile, α, as
already said, you can check the Appendix E.
Other considerations on the local DM density, instead, will be made in the conclusive Chapter, compering these results with those obtained in the MG framework.
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The General Theory of Relativity (GR) is an astounding accomplishment: together with quantum field theory, it is considered to be one of the two pillars of
modern physics. GR is formulated in the language of differential geometry, and
was a pioneer for the use of modern mathematics in physical theories, leading, for
example, the way for gauge theories that have followed. We can also say, without
overstating it, that GR set a new tone for what a physical theory can be, and has
truly revolutionised our understanding of Universe.
One more striking fact is that, after almost an entire century, GR remains completely unchanged: the field equations that Einstein communication to the Prussian Academy of Sciences in November 1915 are still our best description of how
space-time behaves on macroscopic scales. These are (in c = 1 unit)
Gµν = 8πG Tµν ,

(6.1)

where Gµν is the Einstein tensor, Tµν is the energy-momentum tensor1 , G is
Newton’s constant. This field equation can be derived from the Einstein-Hilbert
action plus the matter contribution,
Z
SGR =

d4 x

√

−gLEH + Sm [gµν , χ] ,

LEH = R ,

(6.2)

1
More precisely the tensor object Tµν is called dynamical or metric energy-momentum tensor.
Looking at the left-hand side of the Einstein equations, it’s easy to understand that this tensor
plays the role of source for the space-time curvature, and therefore the attribute "dynamical".
The attribute "metric", instead, refers to its origin: Tµν has to be computed by varyin the
matter action with respect to the metric gµν . Such a definition automatically guarantees the
symmetry property Tµν = Tνµ .
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where R is the Ricci scalar, Sm is the action of the matter fields χ and gµν is the
metric tensor. Through these equations we are discovering about the expansion
of the Universe, the behaviour of black holes, the propagation of gravitational
waves, and the formation of all structures in the Universe from planets and stars
all the way up to the clusters and super-clusters of galaxies.
The great success of General Relativity, however, has not stopped alternatives
being proposed: there is a surge in interest in gravity theories. These theories are
collectively known as modified gravities.
The reasons and motivations that lead to the consideration of alternatives to GR
are manifold and have changed over the years. Some theories are motivated by
theoretical reasons while others are more phenomenological. We might even say,
on one hand, that there is a "pure academic interest", in the attempt to understand the structure of different types of field equations and to build a full picture
of how gravity works in the broadest sense. On the other hand, the dark universe
may be one of the signals that we need to go beyond Einstein’s theory.
Let’s make a comparison. Once Newtonian gravity was formulated, more Earth
based experiments were constructed to test this theory. When all the experiments
returned the same results and agreed with the predictions from Newton’s gravitational theory, we can say, in confidence, that the theory is correct in the physical
scenarios in which the law was empirically deduced. This confidence was then
extended and Newtonian gravity was used to generate predictions for physical
scenarios in which the law was not empirically deduced.
For instance, the orbits of the planets in the Solar System: the closest planet to
the Sun, Mercury, had a "wobble" in its orbit and, the orbit of Uranus had orbital
discrepancies. In the context of Newton’s gravity theory , an explanation for these
discrepancies was to invent two extra planets. Vulcan was predicted to exist close
to the Sun, and Neptune was predicted to exist in the vicinity of Uranus.
Neptune was subsequently searched for and found, but Vulcan was not found.
Vulcan actually does not exist, because it was merely the expectation of Newtonian’s understanding of gravity. Newtonian gravity was deduced on the Earth
which is a low-curvature environment, and fails in hight-curvature environments
such as those around the Sun. Einstein constructed his theory of GR and used
it to predict the dynamics of Sun-Mercury system, and GR prediction matched
observation spectacularly well. The key is that Newtonian gravity is not designed
to be applied in extreme gravitational fields, whereas GR is.
In the same sense, the limits of General Relativity have again come into focus
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with the emergence of the dark universe scenario. For almost 30 years there sre
existed evidence that, if gravity is governed by Einstein’s field equations, there
should be a substantial amount of dark matter in galaxies and clusters. More
recently, dark energy has also been found to be required in order to explain the
apparent accelerating expansion of the Universe. Indeed, if General Relativity is
correct, it now seems that around 96% of the Universe should be in the form of
energy densities that do not interact electromagnetically.
Let’s get to the point: applying the Newtonian gravitational theory to a system
it was never tested in had the consequence of requiring an entire planet to invented;
today applying GR to cosmological scales has meant that 96% of the Universe
must be invented. Therefore, perhaps GR is not the gravitational theory that
should be applied on cosmological scales. Instead, some new "modified" gravity
theory might be the solution.
However, it is necessary that this new gravitational theory has Newtonian and
GR limits.
The popular way to construct a modified gravity theory is to provide extra
terms or extra fields to the gravitational Lagrangian density, that usually contains
geometrical terms (such as the Ricci scalar), any extra gravitational mediators
and all matter fields (which are usually collected into a matter Lagrangian Lm ).
Therefore, modified gravity theories provide alternative field equations: the metric
will respond differently to the same matter content.
A vast range of modified theories now exist in the literature. These attempts can
be split into four broad categories:
• Straightforward alternatives to general relativity (GR), such as the Cartan,
Brans-Dicke and Rosen bimetric theories;
• Those that attempt to construct a quantized gravity theory such as loop
quantum gravity;
• Those that attempt to unify gravity and other forces such as Kaluza-Klein;
• Those that attempt to do several at once, such as M-theory.
This text deals only with straightforward alternatives to GR. Some of these have
extra scalar, vector or tensor fields in their gravitational sector.
In the attempt to brief review some modified gravity theories, we begin considering theories which only use the metric to mediate gravity: these are called
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tensor gravity theories. Of course, Einstein’s general relativity is the simplest
plausible theory of gravity that can be based on just one symmetric tensor field
(the metric tensor). The Lagrangian of tensor theory is of the general form
L = L (gµν , ∂α gµν , ∂α ∂β gµν , . . . ) .

(6.3)

The simplest tensor theory, after GR, is the cosmological constant, whereby the
gravitational Lagrangian density is
L = R − 16πG (Lm − Λ) ,

(6.4)

and, therefore, the gravitational filed equations are
Gµν = 8πG (Tµν + Λgµν ) .

(6.5)

The new constant parameter Λ is usually called "cosmological constant" because,
originally, it was introduced by Einstein in order to allow solutions characterised
by a time-independent geometry, and therefore in order to implement a model of
"static" Universe. By solving Eq. (6.5) with the appropriate sign an the appropriate numerical value of Λ one finds that the effective repulsive forces induced by
Λ are able to counteract the gravitational attraction sourced by the matter (described by Tµν ), and to keep the Universe in a configuration of static equilibrium.
More recently, the importance (and even the necessity) of such a term has been
reassessed, not only in the context of the inflationary models for the primordial
Universe, but also for the present Universe (in view of the Supernovae observations attesting a state of accelerated expansion). In both cases the role of the
repulsive forces generated by Λ is no longer that of ensuring a static geometry,
but that of an expanding geometry, by overtaking the braking forces due to the
other gravitational sources.
An other type of modified gravity theory, which generalises Einstein’s general
relativity, is f (R) gravity. This theory is actually a family of theories, each one
defined by a different function of the Ricci scalar. Therefore, the gravitational
action is:
L = R + f (R) − 16πGLm ,
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whose gravitational field equations are
1
Gµν = 8πGTµν + (Rµν + gµν ∇α ∇α − ∇µ ∇ν ) f 0 − f gµν ,
2

(6.7)

where f 0 ≡ df /dR.
The simplest case is just the function being equal to the scalar: this is, again
general relativity with cosmological constant. f (R) gravity was first proposed in
1970 by Hans Adolph Buchdahl, although it has become an active field of research
following work by Starobinsky on cosmic inflation. Starobinsky gravity has the
Lagrangian
L=

√

R2
−g R +
6M 2



.

(6.8)

One can then begin to envisage a generalisation of such gravitational theories,
where not only an arbitrary function of Ricci scalar appears, but in general arbitrary functions of curvature invariants,


L = R + f R, Rµν Rµν , Rµναβ Rµναβ − 16πGLm .

(6.9)

A further example of these theories are the Gauss-Bonnet gravities, where the
gravitational Lagrangian is:
L = L (R, G) ,

G = R2 − 4Rµν Rµν + Rµναβ Rµναβ .

(6.10)

where G is called the Gauss-Bonnet term.
Definitely, f (R) gravity in all its forms remains an active area of research. In fact,
beside fundamental physics motivations, all these theories acquired a huge interest
in cosmology due to the fact that they naturally exhibit inflationary behaviours
able to overcome the shortcomings of Standard Cosmological Model (based on
GR). The related cosmological models seem realistic and capable of matching with
the Cosmic Microwave Background Radiation observations (Starobinsky, 1980;
Duruisseau & Kerner, 1983).
The next type of modified gravity theory we consider contains extra mediators
of gravity. The simplest such "extra mediator" is a scalar field, φ, so that we talk
of scalar-tensor gravity theories. The Lagrangian will be of the form
L = L (gµν , ∂α gµν , ∂α ∂β gµν , . . . , φ, ∂µ φ, . . . ) .
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Scalar-Tensor theories include Thiry (1948), Jordan (1955), Brans and Dicke
(1961), Bergman (1968), Nordtveldt (1970), Wagoner (1970), Bekenstein (1977)
and Barker (1978). These all contain at least one free parameter, as opposed to
GR which has no free parameters. These theories will be described in further
detail in the next section.
Pursuing discussions in more recent theories, you can’t not mention the tensorvector-scalar gravity theories (TeVeS), developed by Jacob Bekenstein in 2004, is
a relativistic generalisation of Milgrom’s Modified Newtonian dynamics (MOND)
paradigm.
Modified Newtonian dynamics (MOND) is a theory that proposes a modification
of Newton’s laws to account for observed properties of galaxies, created in 1983
by Israeli physicist Mordehai Milgrom. The basic premise of MOND is that while
Newton’s laws have been extensively tested in high-acceleration environments (in
the Solar System and on Earth), they have not been verified for objects with
extremely low acceleration, such as stars in the outer parts of galaxies. This led
Milgrom to postulate a new effective gravitational force law (sometimes referred
to as "Milgrom’s law") that relates the true acceleration of an object to the acceleration that would be predicted for it on the basis of Newtonian mechanics. This
law, the keystone of MOND, is chosen to reduce to the Newtonian result at high
acceleration but lead to different ("deep-MOND") behaviour at low acceleration:

FN = mµ

a
a0


a,

(6.12)

where FN is the Newtonian force, m is the object’s (gravitational) mass, a is its
acceleration, µ(x) is an as-yet unspecified function (known as the "interpolating
function"), and a0 is a fundamental constant which marks the transition between
the Newtonian and the deep-MOND regimes. Two common choices for the µ
function are the "simple interpolating function"

µ

a
a0


=

1
,
1 + (a0 /a)2

(6.13)

and the "standard interpolating function"

µ

a
a0

s


=

1
.
1 + (a0 /a)2

.
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Going back to the TeVeS theories, it’s straightforward to understand that these
kind of theories containing tensor, vector and scalar fields and can be written as
L = L (gµν , ∂α gµν , ∂α ∂β gµν , . . . , φ, ∂µ φ, . . . , Aµ , ∂ν Aµ . . . ) .

(6.15)

Therefore, in the simplest version of TeVeS the action is given by
Z
S = 16πGSm [gµν , χ, ∇µ χ] +

p
d4 x −g̃ [Lg + LA + Lφ ] .

(6.16)

There are two metrics: the matter sector only couples to gµν , and the gravitational sector is constructed from g̃µν , which is related to the matter metric via a
"disformal" transformation,
gµν = e−2φ (g̃µν + Aµ Aν ) − e2φ Aµ Aν .

(6.17)

In addition to its ability to account for the flat rotation curves of galaxies (which is
what MOND was originally designed to address), TeVeS is claimed to be consistent
with a range of other phenomena, such as gravitational lensing and cosmological
observations.
Others quite relevant are the Moffat’s theories. Moffat is best known for his
work on gravity and cosmology, culminating in his non-symmetric gravitational
theory and scalar-tensor-vector gravity (now called MOG), and summarised in his
2008 book for general readers, Reinventing Gravity. His theory explains galactic
rotation curves without invoking dark matter.
Finally, and I make no claim that the list is complete, we can mention the socalled bimetric gravity or bigravity, that refers to a class of modified mathematical
theories of gravity in which two metric tensors are used instead of one, non-local
theories like the so-called infinite derivative gravity, developed by Biswas, Mazumdar and Siegel (2005), in order to remove ghosts in the modified propagator, and
the Horndeski’s theory, whose huge Lagrangian covers a wide variety of gravitational theories, like GR with a minimally coupled scalar field, Brans-Dicke theory,
f (R) gravity, Covariant Galileons theories and many others [57].

84

Chapter 6. Modified Gravity Theories

6.1

6.1 Scalar - Tensor Gravity Theories

Scalar - Tensor Gravity Theories

The scalar-tensor theories of gravity are some of the most established and well
studied alternative theories of gravity that exist in the literature. They are often
used as the prototypical way in which deviations from General Relativity are
modelled, and are of particular interest as the relatively simple structure of their
field equations allow exact analytic solutions to be found in a number of physically
interesting situations. Scalar-tensor theories arise naturally as the dimensionally
reduced effective theories of higher dimensional theories, such as Kaluza-Klein2
and string models.
The Lagrangian for scalar-tensor theories (in unit κ2 =

√

8πG = 1) is given

by [62]
L=

√




1
1
µ
−g f (ϕ, R) − ζ(ϕ)∇µ ϕ∇ ϕ + Lm (gµν , χ) ,
2
2

(6.18)

where f is a general function of the scalar field ϕ and the Ricci scalar R, ζ is a
function of ϕ, and Lm is a matter Lagrangian that depends on the metric gµν and
matter field χ.
Making different choices for f and ζ, the action can includes a wide variety of
theories such as f (R) gravity and Brans-Dicke theory. Regarding the first, it has
already been discuss about it in the previous paragraph, and it easy to see that
we get the same Lagrangian as before, Eq. (6.6), if we choose f (ϕ, R) = f (R)
and ζ = 0. The Brans-Dicke theory, instead, is probably the simplest example of
modified gravity models and as such one of the most intensely studied alternatives
to GR. We get its Lagrangian by choosing f = ϕR and ζ = ωBD /ϕ, where ωBD is
called the Brans-Dicke parameter, or also referred to as the "coupling parameter".
A generalisation of Brans-Dicke theory can be implemented by adding the field
potential U (ϕ) to the original Lagrangian. So let us consider theories of the type
f (ϕ, R) = F (ϕ)R − 2U (ϕ) .

(6.19)

Therefore the Lagrangian of this scalar-tensor theory can be rewritten as:
L=

√




1
1
µ
−g
(F (ϕ)R − 2U (ϕ)) − ζ(ϕ)∇µ ϕ∇ ϕ + Lm (gµν , χ) ,
2
2

(6.20)

2
Kaluza-Klein theory (KK theory) is a unified field theory of gravitation and electromagnetism built around the idea of a fifth dimension beyond the usual four of space and time. It is
considered to be an important precursor to string theory.
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Z
S=

d4 x L .

(6.21)

This action can be transformed to the Einstein frame3 under the conformal transformation, with the choice
Ω2 = F ≡

∂f
,
∂R

(6.22)

where F is positive in order to ensure that gravity is attractive.
After some calculation, we obtain the action in the Einstein frame:
Z
SE =

4

d x

p






1
1 ˜ ˜µ
−g̃ R̃ − ∇µ φ∇ φ − V (φ) + Sm g̃µν F −1 , χ ,
2
2

where we have introduced a new scalar field
s 

Z
ζ
3 F 0 (ϕ) 2
+ ,
φ = dϕ
2
F
F

(6.23)

(6.24)

in order to make the kinetic term canonical, and, also, the potential V (φ) is given
by
V (φ) =

U
.
F2

(6.25)

3

The Lagrangian in scalar-tensor theory can be expressed in the Jordan frame in which the
scalar field or some function of it multiplies the Ricci scalar, or in the Einstein frame in which
Ricci scalar is not multiplied by the scalar field. In other words, we might say that the first
is the frame in which matter universally couples to the gravitating metric, while the second is
the frame in which matter couples to a different metric. Cleary, performing calculations with
the Einstein frame action will be much simpler than calculations with the Jordan frame action
because the Ricci scalar appears only linearly and uncoupled to any extra fields in the Einstein
frame action. However, theories usually "present themselves" in Jordan frame form. There exist
various transformations between these frames, but the conformal transformation is
gµν → g̃µν = Ω2 gµν

in n-dimensions,

(where a tilde represents quantities in the Einstein frame). Therefore the measure and the Ricci
scalar transform as
p
√
√
−g → −g̃ = −gΩn ,


Ω
1
R → R̃ = Ω−2 R − 2(n − 1)
− (n − 1)(n − 4) 2 ∇µ Ω∇µ Ω .
Ω
Ω
Specifically in n = 4-dimensions
p
√
−g̃ = −gΩ4 ,



R̃ = Ω−2 R − 6Ω−1 Ω .
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In order to describe the strength of the coupling with the non-relativistic
matter, following the notation of [62], we introduce the quantity
" 
#−1/2

F 0 (φ)
F 0 (ϕ) 3 F 0 (φ 2
ζ
Q≡−
=−
+
.
2F
F
2
F
F

(6.26)

If Q is a constant, from Eq. (6.24) and Eq. (6.26)
F =e

−2Qφ

,



dφ
ζ = (1 − 6Q )F
dϕ
2

2
.

(6.27)

Then the action Eq. (6.21) in the Jordan frame yields
Z
S=

4

d x

√




1
1
2
µ
−g F (φ)R − (1 − 6Q )F (φ)∇µ φ∇ φ − U (φ) + Sm [gµν , χ] .
2
2
(6.28)

In the limit Q → 0 the action reduces to the one for a minimally coupled scalar
field φ with potential U (φ).
In conclusion, can be instructive to compare the action Eq. (6.28) with the action
of Brans-Dicke theory with potential U (ψ)
Z
S=

4

d x

√




1
ωBD
µ
−g ψR −
∇µ ψ∇ ψ − U (ψ) + Sm [gµν , χ] .
2
2ψ

(6.29)

Setting ψ = F = e−2Qφ , it can be easily found that the action in Eq. (6.28) and
the action in Eq. (6.29) are equivalent if:
3 + 2ωBD =

1
.
2Q2

(6.30)

Under this condition, the theories given by Eq. (6.30) are equivalent to BransDicke theory with potential U , and, therefore, the GR limit Q → 0 is equivalent
to ωBD → ∞, as expected.
There are, obviously, theories that give rise to varying coupling Q. Anyway,
in the following we shall focus on the constant coupling model.
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Field equations

Taking the variation of Eq. (6.29) with respect to gµν and ψ leads to the following
field equations:
Gµν =

1
1
1
Tµν − gµν U (ψ) + (∇µ ∇ν ψ − gµν ψ)+
ψ
ψ
ψ


1
ωBD
µ
+ 2 ∂µ ψ∂ν ψ − gµν ∇µ ψ∇ ψ ,
ψ
2

(3 + 2ωBD )ψ + 4U (ψ) − 2ψU 0 (ψ) = T .

6.1.2

(6.31)

(6.32)

Solution of modified Poisson equation

Let us now consider matter perturbations around a general FLRW background,
in this scalar-tensor theory, Eq. (6.28), i.e. Brans-Dicke theory with potential
U (φ) and coupling F (φ) = e−2Q(φ) . We adopt the perturbed metric:


ds2 = a2 (τ ) −(1 + 2Φ)dτ 2 + (1 − 2Ψ)dxi dxi .

(6.33)

In standard gravity the anisotropic stress is
η=

Ψ
= 1.
Φ

(6.34)

Instead, in general modified gravity theory, the two potential obey the Poisson
equations in Fourier space
3
k 2 (Φ + Ψ) = − Y (1 − η)a2 H 2 Ωm δm
2
3 2 2
2
k Φ = − Y a H Ωm δm ,
2

(6.35)
(6.36)

where H is the Hubble parameter, Ωm = ρm /ρc 4 , and

η = h2
4

1 + k 2 h4
1 + k 2 h5




,

Y = h1

1 + k 2 h5
1 + k 2 h3


,

(6.38)

ρc is the critical density, defined as:
ρc =

3H 2
.
8πG
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with h1−5 constant in a first approximation.
Then, we setting
Q2 ≡

h5 − h3
,
2h3

Q̂2 ≡

h4 h3
,
2h3

m2 ≡

1
,
h3

(6.39)

we find the following expression
Y η = h1 h2

2Q̂2 k 2
1+ 2
m + k2

!



2Q2 k 2
Y = h1 1 + 2
,
m + k2

,

(6.40)

which have the form of Yukawa potentials with strengths Q2 , Q̂2 and mass m2 .
The equation Eq. (6.36) can be rewritten as
k 2 Φ = −4πGa2 Y (k)ρm (k) ,

(6.41)

and convert it to real space
r−2

∂ 2∂
r
Φ = 4πGa2 σ(r) ,
∂r ∂r

where
−3

σ(r) = (2π)

Z
V

d3 keikr Y (k)ρm (k) ,

(6.42)

(6.43)

is the anti-Fourier transform of Y (k)ρm (k).
A general solution of Eq. (6.42) is
Z
Φ(r) = −2πG
0

∞

0

1 + 2Q2 e−m|r −r|
ρ(r0 )r02 dr0 dz
|r0 − r|

(6.44)

where z = cos θ. It’s clearly visible that for Q = 0 we recover the gravitation
potential in GR.
For the purpose of this text this is enough, but it is possible to find a solution
also for Ψ(r), Eq. (6.35) and Eq. (6.36), and therefore to consider a prediction
for η(r) = Ψ(r)/Φ(r) in modified gravity theory such as considered here.
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Modified Gravity plus Dark
Matter solution
As it has been already said in the previous chapter, there are several attempt to
solve problems of the Standard Model of Cosmology, without introducing dark
energy and also dark matter, from the rotation curve problem [2, 17, 20, 22, 23,
30, 36, 37, 40, 43] to deeper problems like accelerating expansion of the Universe
[62, 63, 64, 65, 66].
In this text, we have focused our attention only on the rotation curve’s problem, and we have tried to solve it considering, as a first attempt, a dark halo surrounding the Milky Way (see Chapter 5). Here, instead, the idea is to approach
this problem considering a modified gravity theory. More precisely a scalar tensor theory with constant coupling, Q, has been taken into account, Eq. (6.28).
Solving the modified Poisson equation we got Eq. (6.44)
Z
Φ(r) = −2πG
0

∞

0

1 + 2Q2 e−m|r −r|
ρ(r0 )r02 dr0 dz ,
|r0 − r|

(7.1)

where z = cos θ.
The originality of this work is that these modifications of gravity are felt from
dark matter: Q defines the coupling between "dark energy" (like effect of modified
gravity), and dark matter. In other words, the goal is to explain, to solve, the
rotation curve’s problem in the framework of this modified gravity model without
excluding the existence of dark matter.
We should remember about the story of Vulcan and Neptune; one of the two was
actually there, it has been discovered because of its effects. In the same sense,
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dark matter can be really a new type of matter, distinct from baryonic matter,
invisible to the entire electromagnetic spectrum. We can only see its gravitational
effects, such as the motions of visible matter, gravitational lensing, its influence
on the Universe’s large-scale structure, on galaxies, and its effects in the cosmic
microwave background.
So the idea can be considering a modified gravity theory, that replace dark energy, and, therefore, that can explain, for example, accelerating expansion of the
Universe, but still considering the existence of dark matter.
Let’s go into more details. The modified gravity (MG) part of equation Eq.
(7.1), can be analytically integrated for a NFW profile Eq. (5.3):
ΦM Gpart (r) =

4πGQ2 ρs 3 n −m(rs +r)
rs e
[ Ei(mrs ) − Ei[m(rs + r)] ] +
r
o

(7.2)

− em(rs +r) Ei[−m(rs + r)] + em(rs −r) Ei(−mrs ) ,
where Ei(z) = −

R∞

−z dt

e−t
t

is the ExpIntegral function. For a full computation

you can take a look at Appendix D. As you can easily check, the limit for m → 0
is the NFW potential (times 2Q2 ).
Let’s consider, also, that ρs is the normalisation constant of the NFW profile. As
in the previous solution (see Chapter 5), we choose to parametrise the normalisation of this profile in terms of the local dark matter density ρ0 = ρN F W (R0 ),
therefore
ρs = ρ0 (R0 )

1
R0 (rs + R0 )2 .
rs3

(7.3)

Computing the derivative of Eq. (7.2), and using Eq. (7.3), we get
dΦM Gpart (r)
4πGQ2 ρ0
=−
R0 (rs + R0 )2 ·
(7.4)
2
dr
r

2r
·
+ em(r+rs ) (mr − 1)Ei[−m(rs + r)]+
rs + r

o
+ e−m(rs +r) (1 + mr) e2mrs Ei(−mrs ) + Ei(mrs ) − Ei[m(r + rs )] .
At this point, it’s easy to evaluate the contribution to the rotation curve
2
2
vN
F W inM G (r) = vN F W (r) + r

dΦM Gpart (r)
.
dr

(7.5)

It’s straightforward that for Q = 0 we recover NFW profile in GR as Eq. (5.7).
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Definitely, this leads to the total circular velocity
vtot_2solution (r) =

q

2
vb2 (r) + vN
F W inM G (r) .

(7.6)

Let’s note that this model has, in total, 4 free parameters, two due to the
DM profile, ρ0 and rs (only a NFW profile, not generalised, has been consider for this solution 1 ), and two that define the "relevance" of the modification
from GR in our Galaxy (only felt from DM), β = 2Q2 and γ = 1/m; this is,
2
2
vtot_N
F W inM Gsolution (r) = vtot_N F W inM Gsolution (r, ρ0 , rs , β, λ).

7.1

Results

Considering only the representative baryonic model, the theoretical model used
as solution is
vt (r, ρ0 , rs , β, λ) =

q

2
v12st BM (r) + vN
F W inM G (r, ρ0 , rs , β, λ) .

(7.7)

Therefore, as it has already said the free parameters of this model are 4: ρ0 , rs , β
and λ. The method used to get the best-fit values is the same described in Chapter
5. It is easy to understand that, considering the complexity of the equations in
this model, the use of the grid-search method requires a huge amount of time.
To save some time, we have chosen to reduced the number of free parameters,
fixing λ, to 5 kpc , 10 kpc and 15 kpc, that are the usual values for the galaxy’s
distances.
Therefore, precisely following the procedure described in Section 5.1, we have
found the following results. As before, only the results for the the representative
baryonic model are shown in details. More specifically, only the λ = 5 kpc case is
shown item by item, and this is the case in which the modification of gravity are
more evident.
The other results, of the other baryonic models, are summarised in the tables and
plots below. Actually, only the results of the third baryonic model are shown.
Indeed, the best-fit situation of the second and the fourth one seems to suggest a
no modified gravity situation. By the way, in Chapter 5, we have recognised the
first and the third baryonic models as a better answer.
1

The next step can be to consider a NFW generalised profile and also Einasto profile; anyway
these future developments will be discuss later.
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- λ = 5 kpc case
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Figure 7.1: Marginalised likelihood L(ρ0 ) plotted against ρ0 .
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Figure 7.2: Marginalised likelihood L(rs ) plotted against rs .
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Figure 7.3: Marginalised likelihood L(β) plotted against β.
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Figure 7.4: Best-fit curve for the model described by Eq. (7.7), in red, and
data plotted in grey. The reduced chi-square is χ2 = 1.012.
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Figure 7.5: Contour-plot ρ0 − β: the green line encloses the 68% confidence
region, the yellow one the 95% confidence region and the blue one the 99.7%
confidence region.
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Figure 7.6: Contour-plot rs − β: the green line encloses the 68% confidence
region, the yellow one the 95% confidence region and the blue one the 99.7%
confidence region.
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Figure 7.7: Contour-plot ρ0 − rs : the green line encloses the 68% confidence
region, the yellow one the 95% confidence region and the blue one the 99.7%
confidence region.

95

Chapter 7. Modified Gravity plus Dark Matter solution

7.1 Results

Figure 7.8: Best-fit curves for the 1st baryonic model considering the NFW
profile in GR, Eq. (5.16) and the NFW profile with MG, Eq. (7.7), with
λ = 5 kpc fixed. Data are plotted in grey.

Figure 7.9: Best-fit curves for the 1st baryonic model considering the NFW
profile in GR, Eq. (5.16) and the NFW profile with MG, Eq. (7.7), with the
three different values of λ. Data are plotted in grey.
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1 st baryonic model

χ2 n

ρ0best-fit value (GeV cm-3 )

βbest-fit value

NFW

1.022

0.495

0

modif grav

NFW

λ

5 kpc

1.012

0.213

3.24

modif grav

NFW

λ

10 kpc

1.01

0.445

0.10

modif grav

NFW

λ

15 kpc

1.011

0.490

0

Figure 7.10: Summarising table of results for the 1st baryonic model, considering the only dark matter scenario, described by Eq. (5.16), and the
modified gravity plus dark matter scenario, Eq. (7.7). Besides the best fit χ2
for each cases, it’s also reported the best-fit values for the local dark matter density, ρ0 , and for the parameter β, that measures the strength of the
gravity’s modification.

Figure 7.11: Best-fit curves for the 3rd baryonic model considering the
NFW profile in GR, Eq. (5.16) and the NFW profile with MG, Eq. (7.7),
with λ = 15 kpc fixed. Data are plotted in grey.
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Figure 7.12: Best-fit curves for the 3rd baryonic model considering the
NFW profile in GR, Eq. (5.16) and the NFW profile with MG, Eq. (7.7),
with the three different values of λ. Data are plotted in grey.

3 rd baryonic model

χ2 n

ρ0best-fit value (GeV cm-3 )

βbest-fit value

NFW

1.066

0.618

0

modif grav

NFW

λ

5 kpc

1.095

0.453

0.50

modif grav

NFW

λ

10 kpc

1.093

0.340

0.56

modif grav

NFW

λ

15 kpc

1.093

0.195

1.24

Figure 7.13: Summarising table of results for the 3rd baryonic model, considering the only dark matter scenario, described by Eq. (5.16), and the
modified gravity plus dark matter scenario, Eq. (7.7). Besides the best fit χ2
for each cases, it’s also reported the best-fit values for the local dark matter density, ρ0 , and for the parameter β, that measures the strength of the
gravity’s modification.
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Looking at the summarising tables in Fig. (7.10) and in Fig. (7.13), we can
observe that at the growth of the gravity’s modification, expressed by the parameter β, corresponds a decrease of ρ0 , the local dark matter density. As we can
see, while for the first baryonic model the increase of the β seems to be relate
with a small λ, for the third model the situation seems to be the opposite. To be
thorough, λ is the parameter that measures the range of the gravity modification.
This reverse behaviour can be attributed to the difference between the two morphologies used to shape the galactic disk. The Thick plus Thin Disk model and
the Single Maximum Disk model are, in fact, two opposite poles in the description
of the baryons’ distribution in the Milky Way’s disk. The remarkable gap between
the two has been already discussed in Section 3.1.
It behoves, therefore, to point up the need for a more exhaustive knowledge of
the baryons’ distribution in our Galaxy. The current huge uncertainty on the fundamental Galactic parameters and on the proper morphology makes challenging
to get new and more precise information on the dark matter profile’s parameters
or on the gravity’s modification.
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Several works in the last few years devoted to measure fundamental probes of
contemporary cosmology have suggested the existence of a delocalised dominant
component (the "dark energy"), in addition to the several-decade-old evidence
for "dark matter" other than ordinary baryons, both assuming the current description of gravity to be correct. Either we are faced to accept the ignorance
of at least 95 % of the content of the universe or consider a deep change of the
conceptual framework to understand the data. Thus, the situation seems to be
completely favourable for a Kuhnian paradigm shift in either particle physics or
cosmology.
Thomas S. Kuhn (1922-1996), in his book The Structure of Scientific Revolutions,
discussed, in a long essay style, the basic concepts and operating mechanisms of
the scientific enterprise, quite often resorting to a normative viewpoint. He has
seen scientific progress mainly as a succession of paradigm shifts between periods
of "normal science", inside which the task of the scientists is rather to confirm and
reinforce the existing paradigms. The boundaries of these "normal science" periods have been termed by him scientific revolutions, truly extraordinary episodes
in the research history, triggered by the repeated failure in solving a (big) problem(s) in the field and/or a new discovery shaking the very field foundations and
not easily fitted into the existing paradigm.
We have not yet observed dark matter directly. It doesn’t interact with baryonic matter and it’s completely invisible to light and other forms of electromagnetic radiation, making dark matter impossible to detect with current instruments. Nevertheless, the scientific community is confident it exists because of the
gravitational effects it appears to have on galaxies and galaxy clusters.
For instance, according to standard physics, stars at the edges of a spinning,
spiral galaxy should travel much slower than those near the galactic center, where
a galaxy’s visible matter is concentrated. Observations, instead, show that stars
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orbit at more or less the same speed regardless of where they are in the galactic
disk. This puzzling result makes sense if one assumes that the boundary stars are
feeling the gravitational effects of an unseen mass, dark matter, in a halo around
the galaxy. This is the path followed in Chapter 5.
Dark matter could also explain certain optical illusions that astronomers see in
the deep universe. For example, pictures of galaxies that include strange rings
and arcs of light could be explained if the light from even more distant galaxies is
being distorted and magnified by massive, invisible clouds of dark matter in the
foreground-a phenomenon known as gravitational lensing.
Scientists have a few ideas for what dark matter might be. Several scientific
groups, including one at CERN’s Large Hadron Collider, are currently working
to generate dark matter particles for study in the laboratory.
As we have seen in Chapter 4, the experimental evidences and theoretical motivations are as many as the possible candidates for dark matter particle. By the way,
the nature of dark matter can only be really understood when it will be revealed
and the exotic particles, of which is made of, will be identified.
These considerations once again reinforce the need to set new constraints on the
local dark matter density, that is important, first of all, for direct detection experiments.
Moving beyond, dark energy is even more mysterious, and its discovery in
the 1990s was a complete shock. Previously, physicists had assumed that the
attractive force of gravity would slow down the expansion of the universe over
time, but, when two independent teams tried to measure the rate of deceleration,
they found that the expansion was actually speeding up. One scientist likened
the finding to throwing a set of keys up in the air expecting them to fall back
down-only to see them fly straight up toward the ceiling.
The existing belief is that the accelerated expansion of the universe is driven by a
kind of repulsive force generated by quantum fluctuations in otherwise "empty"
space. What’s more, the force seems to be growing stronger as the universe
expands. For lack of a better name, scientists call this mysterious force dark
energy. Unlike for dark matter, scientists have still no plausible explanation for
dark energy, the unknown type of fundamental force, which fills the Universe like
a fluid.
Many scientists have also pointed out that the known properties of dark energy
are consistent with a cosmological constant, a mathematical Band-Aid that Albert
Einstein added to his theory of general relativity to make his equations fit with
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the notion of a static universe. According to Einstein, the constant would be a
repulsive force that counteracts gravity, keeping the universe from collapsing in on
itself. Einstein later discarded the idea when astronomical observations revealed
that the universe was expanding, calling the cosmological constant his "biggest
blunder."
A valid alternative solution, more and more the "leading hypothesis", is considering an alternative theory of gravitation. General Relativity (GR) is an amazing achievement, and, after more than 100 years, is still our best description of
how space-time behaves on macroscopic scales.
Nevertheless, either for pure academic interest or for theoretical and more phenomenological reasons, several alternatives to GR has been proposed over time.
These theories are collectively known as modified gravity theories. A brief introduction to these theories has been discussed in Chapter 6.
By the way, using the simplest of these theories, the scalar-tensor theory, in this
work, has been tried to build a model in with dark matter and modified gravity
coexist. As test bed of this model has been used the well-known rotation curve
problem.
The usual ways to solve this problem is either to invoke a dark matter or to
introduce some modification of gravity. In this thesis, we have focused the attention only on the Milky Way, and first of all, we have considered only a dark halo
surrounding the Galaxy.
In this work, we have found that the first baryonic model is the most suitable
for describing the distribution of baryons in the Milky Way; it provides the bestfit curves that better follow the data. The third model comes immediately after.
These two models share the same bulge morphology, the Exponential 2 model.
This can allow us to conclude that the E2 model provides a more refined description of the baryonic mass distribution in the innermost region of our Galaxy.
Therefore, regarding only the first baryonic model (in following, I will refer to it
as the representative baryonic model), the constraints that we have found on the
local dark matter density are extremely stringent: 0.45 . ρ0 . 0.55 GeV/cm3 .
Among all the considered dark matter profiles, the one that provides the greater
agreement between theoretical expectation and data is the generalised NavarroFrenk-White profile with γ = 0.6 and/or γ ' 1 (almost the normal NFW profile).
The best-fit values for the first baryonic model are:
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ρ = 0.477 GeV/cm3
0
ρ = 0.495 GeV/cm3
0

(with γ = 0.6)
(with γ = 1.0)

In the cold dark matter paradigm, the innermost regions of the Milky Way
are expected to harbour a significant amount of dark matter. Testing such expectation with the help of observations has historically been difficult due to the
uncertainties on both the baryonic distribution and the rotation curve. In this
thesis, we have tried to overcome those difficulties by combining state-of-the-art
baryonic models with a new and comprehensive collection of rotation curve measurements. For the representative baryonic model and regarding at the two best
DM profiles discussed before, we have found that the amount of dark matter at
the galactocentric distances R = 2.5 − 1.0 − 0.5 kpc is:



ρ2.5






ρ2.5




ρ
1.0

ρ1.0






ρ0.5




ρ
0.5

= 3.30 GeV/cm3

(with γ = 0.6)

= 3.19 GeV/cm3

(with γ = 1.0)

= 9.32 GeV/cm3

(with γ = 0.6)

= 10.18 GeV/cm3

(with γ = 1.0)

= 17.05 GeV/cm

3

(with γ = 0.6)

= 22.23 GeV/cm

3

(with γ = 1.0)

It’s easy to recognise take the differences between the two profiles become evident
at a short distance from the Galactic centre.
By the way, as of today, the precision allowed by kinematic measurements is
entirely overshadowed by the current uncertainty on the baryonic morphologies.
Of course, this makes difficult identifying the favoured range of the parameters of
different dark matter profiles.
However, going back to the need of an alternative to GR and moving forward
to the second part of the thesis, as already said, we have considered a scalartensor theory with constant coupling Q, where Q defines the coupling between
"dark energy" (like effect of modified gravity), and dark matter. In other words,
we are considering a modified gravity’s theory framework, in which the gravity’s
modifications are felt just from dark matter.
The originality of this work lies therein. The goal, therefore, has been to set new
constraints on the local dark matter density, understanding about how they move
away from the previous.
104

CONCLUSION

CONCLUSION

We have found that the growth of the gravity’s modification is linked with
the decrease of the local dark matter density. Taking into account only the best
baryonic models (between those we have considered), the first and the third one,
we have recognised an opposite behaviour between them: in the first model, the
bigger β corresponds to a the lower λ, in the third one, the vice versa.
Once more, handling a better knowledge of our Galaxy seems to be of primary
importance.
By the way. the comparison of our theoretical rotation curves with the rotation
curve of the Milky Way indicates that the scalar-tensor theories with dark matter
is able to explain or to contribute to the explanation of their flatness.
The new constraints on the local dark matter density may leave the way open for
a new age of measurements, increasingly precise. And, such accurate measures
will encode valuable dynamical information about our Galaxy, and will be also of
great importance for "direct detection" dark matter experiments.
Nobody can deny that there is still a long way to go. Certainly, a first update
of this model can be considering a scenario in which both baryons and dark
matter feel the modification from GR. Secondly, testing the model in a different
framework will be necessary, for example expanding the idea to a galaxy cluster
scales.
The predictions of general relativity are in impressive agreement with experiments whose characteristic length scale ranges from microns (µm) to about an
astronomical unit (AU). On the other hand, the theory is expected to break down
near the Planck length, lp ≈ 10−35 m, and a quantum theory of gravity is needed
in order to adequately describe phenomena for which such small length scales are
relevant. There are really no gravitational experiments that give us access to the
region between the Planck length and the micron, so one has to admit that we
have no direct evidence about how gravity behaves in that region. Perhaps, as
fully discussed, general relativity can only fit combined cosmological and galactic
and extragalactic data well if there is a non vanishing cosmological constant and
about six times more dark matter than visible matter. Moreover, the value of
the cosmological constant has to be very small, in striking disagreement with any
calculation of the vacuum energy of quantum fields, and mysteriously the associated energy density is of the same order of magnitude as that of matter currently.
These puzzles have triggered the study of alternative gravitational theories, that
come to replace the cosmological constant and tenting to consider a scenario where
those deviations account for dark energy and/or dark matter. After all, we do
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only detect these dark component through gravity.
Probably, we are indeed at the boundaries for the "normal science" period
discussed by Kuhn, and we are waiting for a scientific revolution. There are no
direct evidence of the existence of dark matter or dark energy, what we only can
see are their gravitational effects. Maybe the answer is the end of the supremacy
of General Relativity, in favour of the new Modified Gravity Theories. But, maybe
the answer is also Dark Matter, whose existence is able to explain not only the
rotation curve problem but also a variety of gravitational effects (already discussed
in Section 4.1) that are not completely described in the framework of modified
gravity.
As the philosopher Felicitè-Robert Lamennais said, "Science does not need to
give us an idea of how extended our ignorance is". Therefore our purpose is to
find always new models able to provide a better description of Universe, setting,
for example, better and better constraints and, therefore, making easier the direct
detection of dark matter particles.
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Coordinate Systems in the Milky
Way
Galactocentric Cartesian and Spherical coordinate system - In the Galactocentric cartesian coordinates (x, y, z), the x-axis is pointing toward the
Sun, the y-axis in the direction l = +90◦ and the z-axis toward the North
Galactic Pole (NGP). While in the Galactocentric spherical coordinates
(r, ϕ, θ), r is the galactocentric radius, the colatitude or azimuth angle ϕ
increasing in the direction of Galactic rotation and the polar angle or inclination angle θ measured from the NGP, i.e. θ = 0 identified the NGP,
while θ = 90◦ identified the Galactic plane.

Figure A.1: The (x, y, z) and (r, ϕ, θ) Galactocentric coordinate systems.
On the right, the two-dimensional view looking down from the North Galactic
Pole. On the left, the full three-dimensional view.
Credits: Ref. [39], modified by Margherita Lembo.
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The latter is the coordinate system used in all the calculation of this text,
as you can see in Chapter 3.
Galactic coordinate system (l,b) - This system is a celestial coordinate system in spherical coordinates; it is heliocentric, the Sun is supposed to be
in the center. The fundamental plane is the galactic plane; the primary
direction is aligned with the approximate center of the Milky Way. It uses
the right-handed convention, meaning that coordinates are positive toward
the north and toward the east in the fundamental plane. In the galactic coordinate system a generic point P is represented by a couple of angles (l,b).
Longitude (symbol l ) measures the angular distance of an object eastward
along the galactic equator from the galactic center. Analogous to terrestrial
longitude, galactic longitude is usually measured in degrees (◦ ). Galactic
latitude (symbol b) measures the angle of the object above the galactic
plane, and analogous to terrestrial latitude, galactic latitude is usually measured in degrees (◦ ).

Figure A.2: Galactic coordinate system.

FSR and LSR - The Fundamental standard of Rest (FSR) is used when describing the Milky Way, that is in the center (galactocentric), as a whole.
Since the Milky Way is approximately rotationally symmetric, this system
adopt a cylindrical coordinate system (R, θ, z); let z be distance above the
plane of the Milky Way, R be the distance from the galactic center in the
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galactic plane, and θ be the azimuthal coordinate, measured in the direction of the Milky Way’s rotation. The convention is, then, to indicate the
corresponding velocity components of a generic point P, like:
Π≡

dR
,
dt

Θ≡

dθ
,
dt

Z≡

dz
,
dt

(A.1)

where Π is direct in the radial direction, Z is perpendicular to the galactic
plane and Θ is orthogonal both to Π and Z. So this coordinate system is
also called galactic velocity coordinate system.

Figure A.3: Galactic velocity coordinate system.
Credits: D. Mihalas, J. Binney. (1981). Galactic Astronomy [19].

It is believable to suppose, at least to a first approximation, an axial symmetry (with respect to rotation axis) for the mass distribution in the Milky
Way’s disc, and that it is in a global steady state. This means, taking a
generic point P in the galactic disc Fig. (A.3), in this point the gravitational field has radial direction (towards the galactic center) and it is time
independent. Therefore, there is a circular orbit, in the galactic plane, centered in the galactic center and passing through P : the speed components
of a star moving on this orbit are
Π = 0,

Θ = Θ(R),

Z = 0,

(A.2)

with respect to FSR. Now let consider the Sun like a star on this orbit. It
is possible to choose an heliocentric reference frame, moving, in the FSR,
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with speed
ΠLSR = 0,

ΘLSR = Θ0 ,

ZLSR = 0 ,

(A.3)

This system is called Local standard of rest system (LSR). So, basically, the
LSR is an inertial reference frame centered on the Sun and travelling at
speed Θ0 1 in the direction of the Galactic rotation. The speed of a generic
star, in this system, is called peculiar velocity, and its components are
u ≡ Π − ΠLSR = Π ,

(A.4)

v ≡ Θ − ΘLSR = Θ − Θ0 ,

(A.5)

w ≡ Z − ZLSR = Z .

(A.6)

Coordinate system in the GB - Here, it is discussed the coordinate systems
used in the gas halo’s model (see Chapter 2, Section 2.3). The first one is the
CMZ (Central Molecular Zone) coordinate system (X, Y ), that is related to
the Galactic coordinates (x, y) through:

X
Y

= (x − xc ) cos θc + (y − yc ) sin θc

(A.7)

= −(x − xc ) sin θc + (y − yc ) cos θc

with xc = −50 pc, yc = 50 pc and θc = 70◦ .
The second one is the GB (Galactic Bulge) disk coordinate system (X , Y, Z),
that is related to the Galactic coordinates (x, y, z) through:



X








Y









Z

= x cos β cos θd − y (sin α sin β cos θd − cos αθd )+
−z (cos α sin β cos θd + sin α sin θd )
= −x cos β sin θd + y (sin α sin β sin θd + cos α cos θd )+
+z (cos α sin β − sin α cos θd )
= x sin β + y sin α cos β + z cos α cos β

with α = 13◦ .5, β = 20◦ and θd = 48◦ .5.

1

Θ0 ≡ Θ(R0 ) = (220 ± 20) km s−1 , circular speed at the solar radius R0 .
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Figure A.4: Face-on view of our CMZ. (x, y, z) are the Galactocentric coordinates and (X, Y ) the CMZ horizontal coordinates. The CMZ is elliptical,
500 pc ×200 pc in size, centered on (xc , yc ) = (−50 pc, 50 pc) and inclined
by θc = 70◦ to the line of sight.
Credits: Ref. [39]

Figure A.5: Three-dimensional view of our holed GB disk. (x, y, z) are the
Galactocentric coordinates, (X , Y, Z) the GB disk coordinates, and (x, y 0 , z 0 ),
(x00 , y 0 , z 00 ) auxiliary coordinates. The holed GB disk is elliptical, 3.2 kpc
long and (3.2 kpc)/3.1 ' 1.03 kpc wide, and its inner boundary has half the
dimensions of its outer boundary. Relative to the Galactic plane, its principal
plane is tilted by α = 13◦ .5 about the x-axis and inclined by β = 20◦ about
the y 0 -axis, and its major axis is oriented at θd = 48◦ .5 to the x00 -axis.
Credits: Ref. [39]
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Finally, there is the coordinate system (η, ζ) introduced for convenience,
because the major plane of the ellipsoid is seen edge-on from the Sun and
tilted clockwise by 21◦ with respect to the Galactic plane. These coordinates
are related to the Galactic coordinates (y, z) through:

η
ζ

= y cos αvh + z sin αvh
= −y sin αvh + z cos αvh

with αvh = 21◦ .
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Multipole expansion
There is a huge number of axisymmetric, and of course symmetric, density distributions that give rise to potentials of known form. However, for many purposes
one requires a systematic procedure for calculating the potential of an arbitrary
density distribution to whatever accuracy one pleases.
In this section, it is shown this procedure, namely the mathematical technique to
get Eq. (3.8) [19]. This technique, based on spherical harmonics, works best for
systems that are neither very flattened nor very elongated. Hence it is a good
method for calculating the potentials of bulges and dark matter halos.
The first step is to obtain the potential of a thin spherical shell of variable surface density. Since the shell has negligible thickness, the task of solving Poisson’s
equation ∇2 Φ = 4πGρ reduces to that of solving Laplace’s equation ∇2 Φ = 0
inside and outside the shell, subject to suitable boundary conditions at infinity,
at the origin, and on the shell. Now in spherical coordinates Laplace’s equation
is (see Eq. (C.22))
1 ∂
r2 ∂r


r

2 ∂Φ

∂r



1
∂
+ 2
r sin θ ∂θ



∂Φ
sin θ
∂θ


+

1
∂ 2 Φ2
= 0.
r2 sin2 θ ∂φ

(B.1)

This may be solved by the method of separation of variables. We are looking for
a special solutions that are the product of functions of one variable only:
Φ(r, θ, φ) = R(r)P (θ)Q(φ) .
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Substituting Eq. (B.2) into Eq. (B.1) and rearranging, we obtain
sin2 θ d
R dr





sin θ d
dP
1 d2 Q
2 dR
r
+
sin θ
=−
.
dr
P dθ
dθ
Q dφ2

(B.3)

The left side of this equation does not depend on φ, and the right side does not
depend on r or θ. It follows that both sides are equal to some constant, say m2 .
Hence
−
sin2 θ d
R dr

1 d2 Q
= m2 ,
Q dφ2

(B.4)





sin θ d
dP
2 dR
r
+
sin θ
= m2 .
dr
P dθ
dθ

(B.5)

Eq. (B.4) may be immediately integrated to
imφ
−imφ
Q(φ) = Q+
+ Q−
.
me
me

(B.6)

We require Φ to be a periodic function of φ with period 2π, so m can take only
integer values. Since Eq. (B.4) and Eq. (B.5) depend only on m2 , we could restrict
our attention to non-negative values of m without loss of generality. However, a
simpler convention is to allow m to take both positive and negative values, so the
second exponential in Eq. (B.6) becomes redundant, and we may write simply
Q = Qm eimφ

(m = . . . , −1, 0, 1, . . . ) .

(B.7)

Eq. (B.5) can be written
1 d
R dr


r

2 dR



dr

m2
1
d
=
2 − P sin θ dθ
sin θ



dP
sin θ
.
dθ

(B.8)

Since the left side of this equation does not depend on θ and the right side does
not depend on r, both sides must equal some constant, which we write as l(l + 1).
Thus Eq. (B.8) implies
d
dr



2 dR
r
− l(l + 1)R = 0 ,
dr

(B.9)

and in terms of x ≡ cos θ,
d
dx




 dP
m2
1−x
−
P + l(l + 1)P = 0 .
dx
1 − x2
2
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Two linearly independent solutions of Eq. (B.9) are
R(r) = Arl

R(r) = Br−(l+1) .

and

(B.11)

The solutions of Eq. (B.10) are associated Legendre functions Plm (x) (see
Appendix C). Physically acceptable solutions exist only when l is an integer.
Without loss of generality we can take l to be non-negative, and then physically
acceptable solutions exist only for |m| ≤ l. When m = 0 the solutions are simply
polynomials in x, called Legendre polynomials Pl (x).
Rather than write out the product Plm (cos θ)eimφ again and again, it is helpful
to define the spherical harmonic Ylm (θ, φ), which is equal to Plm (cos θ)eimφ times
a constant chosen so the Ylm satisfy the orthogonality relation (see Eq. (C.17))
Z

0

d2 Ω Ylm ∗ (Ω)Ylm
0 (Ω) ≡

Z

π

Z
dθ sin θ

0

0

2π

0

dφ Ylm ∗ (θ, φ)Ylm
0 (θ, φ) =

(B.12)

= δll0 δmm0 ,
where we have used Ω as a shorthand for (θ, φ) and d2 Ω for sin θ dθ dφ. The
spherical harmonics with l ≤ 2 are listed in Eq. (C.24).
Putting all these results together, we have from Eq. (B.2), Eq. (B.7), and Eq.
(B.11) that


Φlm (r, Ω) = Alm rl + Blm r−(l+1) Ylm (Ω)

(B.13)

is a solution of ∇2 Φ = 0 for all non-negative integers l and integer m in the range
−l ≤ m ≤ l.
Now let us apply these results to the problem of determining the potential of
a thin shell of radius a and surface density σ(Ω). We write the potential internal
and external to the shell as
Φint (a, Ω) =

∞ X
l

X


Alm rl + Blm r−(l+1) Ylm (Ω)

(r ≤ a) ,

(B.14)

(r ≥ a) .

(B.15)

l=0 m=−l

and
Φext (a, Ω) =

∞ X
l

X


Clm rl + Dlm r−(l+1) Ylm (Ω)

l=0 m=−l

The potential at the center must be non-singular, so Blm = 0 for all l, m. Simi116
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larly, the potential at infinity must be zero, so Clm = 0 for all l, m. Furthermore,
Φext (a, Ω) must equal Φint (a, Ω) because no work can be done in passing through
an infinitesimally thin shell. Hence from Eq. (B.14) and Eq. (B.15) we have
∞ X
l
X

Alm a

l

Ylm (Ω)

=

l=0 m=−l

∞ X
l
X

Dlm a−(l+1) Ylm (Ω) .

(B.16)

l=0 m=−l

The coefficients Alm al etc. of each spherical harmonic Ylm on the two sides
of Eq. (B.16) must be equal, as can be shown by multiplying both sides of the
0∗

equation by Ylm
(Ω), integrating over Ω, and using the orthogonality relation,
0
Eq. (B.12). Therefore, from Eq. (B.16) we have
Dlm = Alm a2l+1 .

(B.17)

Now let us expand the surface density of the thin shell as
σ(Ω) =

∞ X
l
X

σlm Ylm (Ω) ,

(B.18)

l=0 m=−l

where the σlm are numbers yet to be determined. To obtain the coefficient σl0 m0 ,
0∗

we multiply both sides of Eq. (B.18) by Ylm
(Ω) and integrate over Ω. With Eq.
0
(B.12) we find
Z

0∗

d2 Ω Ylm
(Ω) σ(Ω) = σl0 m0 .
0

(B.19)

√
√
Since Y00 = 1/ 4π, a00 = M/(2a2 π), where M is the mass of the shell.
Gauss’s theorem 1 applied to a small piece of the shell tells us that


∂Φext
∂r




−
r=a

∂Φint
∂r


= 4πG σ(Ω) ,

(B.20)

r=a

1
The Gauss’s theorem states that the integral of the normal component of ∇Φ aver any
closed surface equals 4πG times the mass contained within that surface:
Z
Z
d3 x∇2 Φ = d2 S · ∇Φ .
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so inserting Eq. (B.14), Eq. (B.15) and Eq. (B.18) into Eq. (B.20), we obtain
−

∞ X
l

X


(l + 1)Dlm a−(l+2) + lAlm al−1 Ylm (Ω) =

(B.21)

l=0 m=−l

= 4πG

∞ X
l
X

σlm Ylm (Ω) .

l=0 m=−l

Once again the coefficients of Ylm on each side of the equation must be identical,
so with Eq. (B.17) we have
Alm = −4πGa−(l−1)

σlm
2l + 1

Dlm = −4πGal+2

;

σlm
.
2l + 1

(B.22)

Collecting these results together, we have from Eq. (B.14) and Eq. (B.15) that
Φint (r, Ω) = −4πGa

l
∞   X
X
r l

a

l=0

Φext (r, Ω) = −4πGa

m=−l

σlm m
Y (Ω) ,
2l + 1 l

∞  
l
X
a l+1 X

r

l=0

m=−l

σlm m
Y (Ω) ,
2l + 1 l

(B.23)

(B.24)

where the σlm are given by Eq. (B.19).
Finally we evaluate the potential of a solid body by breaking it down into a
series of spherical shells. We let δσlm (a) be the σ-coefficient of the shell lying
between a and a + δa, and δΦ(r, Ω; a) be the corresponding potential at r. Then
we have by Eq. (B.19)
π

Z
δσlm (a) =

Z
dθ sin θ

0

2π

dφ Ylm ∗ (Ω)ρ(a, Ω)δa ≡ ρlm (a)δa .

(B.25)

0

Substituting these values of σlm into Eq. (B.23) and Eq. (B.24) and integrating
over all a, we obtain the potential at r generated by the entire collection of shells:
Φ(r, Ω) =

r
X

δΦext +

∞
X

δΦint =

(B.26)

a=r

a=0


Z ∞
X  1 Z r
da
l+2
l
= −4πG
da a ρlm (a) + r
ρ (a) .
l−1 lm
rl+1 0
r a
l,m

This equation gives the potential generated by the body as an expansion in
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multipoles: the terms associated with l = m = 0 are the monopole terms, those
associated with l = 1 are dipole terms, those with l = 2 are quadrupole terms,
and those with larger l are 2l -poles. Similar expansions occur in electrostatics
(e.g., Jackson 1999) [31]. The monopole terms are the same as in the equation
for the potential of a spherical system. Since there is no gravitational analog of
negative charge, pure dipole or quadrupole gravitational potentials cannot arise, in
contrast to the electrostatic case. In fact, if one places the origin of coordinates at
the center of mass of the system, the dipole term vanishes identically outside any
matter distribution. While the monopole terms generate a circular-speed curve
p
vc (r) = GM (r)/r that never declines with increasing r more steeply than in the
Keplerian case (vc ∝ r−1/2 ), over a limited range in r the higher-order multipoles
may cause the circular speed to fall more steeply with increasing radius.
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Special functions
Complete descriptions of the special functions of mathematical physics are given in
many books (Morse & Feshbach 1953; Abramowitz & Stegun 1964; Jackson 1999;
Gradshteyn & Ryzhik 2000; Arfken & Weber 2005); here it has been reported just
what is necessary for this text. Throughout this appendix, x and z represent real
and complex variables respectively.

Figure C.1: The three main coordinate systems: Cartesian (x, y, z), cylindrical (r, φ, z), and spherical (r, θ, φ).
Credits: J. Binney, S. Tremaine. "Galactic Dynamics". Princeton University
Press, 2013 [19].
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C.1

C.1 Legendre functions

Legendre functions

The Legendre functions of the first and second kinds, Pλµ (z) and Qµλ (z), are linearly independent solutions of the differential equation


d
µ2
2 dω
(1 − z )
−
ω + λ(λ + 1)ω = 0 .
dz
dz
1 − z2

(C.1)

For Re(λ) > 0, the Legendre functions of the first kind diverge (∝ z λ ) as |z| → ∞,


while the functions of the second kind vanish ∝ z −(λ+1) . As z → 0


d ln Pλµ (z)
dz





d ln Qµλ (z)
dz



1
 


(λ + µ) ! 12 (λ − µ) !
1
2
 1
 , (C.2)
= 2 tan π(λ + µ)  1
2
2 (λ + µ − 1) ! 2 (λ − µ − 1) !
1
 



(λ + µ) ! 12 (λ − µ) !
1
2
 1
 .
= 2 exp
πi sgn [Im(z)]  1
2
2 (λ + µ − 1) ! 2 (λ − µ − 1) !
(C.3)


z=0

z=0

Here sgn(x) = +1 if x > 0 and −1 if x < 0.
For many applications we are interested in the Legendre functions with real
arguments, z = x, in the interval −1 ≤ x ≤ 1. Unless µ is an even integer,
Pλµ (x + i) and Pλµ (x − i) are different for real x and  as  → 0. Thus it is
conventional to redefine the Legendre functions for −1 ≤ x ≤ 1 by
i
h
1
lim eπiµ/2 Pλµ (x + i ||) + e−πiµ/2 Pλµ (x − i ||) ,
2 →0
i
h
1
Pλµ (x) ≡ e−iπµ lim eπiµ/2 Pλµ (x + i ||) + e−πiµ/2 Pλµ (x − i ||) .
→0
2

Pλµ (x) ≡

(C.4)
(C.5)

For µ = 0 and λ a non-negative integer, the Legendre functions are polynomials given by the formula
Pl (x) ≡ Pl0 (z) =

1 dl 2
(x − 1)l .
2l l! dxl

(C.6)

These Legendre polynomials are also generated by the relation
∞

X
1
√
=
Pl (x)tl
1 − 2xt + t2
t=0

|t| < 1, |x| ≤ 1 ,

(C.7)

which leads to an expression for the inverse distance between the points x and x0 ,
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C.1 Legendre functions

∞

X rl
1
<
P (cos γ) ,
=
l+1 l
|x − x0 |
r>

(C.8)

l=0

where r< = min(|x| , |x0 |), r> = max(|x| , |x0 |), and γ is the angle between the
two vectors.
For integer m > 0 and integer l ≥ 2 the Legendre functions are sometimes
called associated Legendre functions, and are given by1
Plm (x) = (−1)m (1 − x2 )m/2

2 m/2 dl+m P 0 (x)
dm Pl0 (x)
m (1 − x )
l
=
(−1)
.
dxm
2l l!
dxl+m

(C.9)

Note that Plm (x) vanishes for m > l, and that Plm (x) is even in x if l − m is even,
and odd if l − m is odd. We have
Plm (0) = (−1)(l+m)/2

2l

(l + m)!
 1

2 (l − m) ! 2 (l + m)

1

(l − m even) ,

(C.10)

and zero if (l − m) is odd. For integer m > 0,
Pl−m (x) = (−1)m

(l − m)! m
P (x) .
(l + m)! l

(C.11)

The associated Legendre functions are orthogonal in the sense that
Z

1

2 (l + m)!
δln ,
2l + 1 (l − m)!

(C.12)

1 (l + m)!
dx
Plm (x) Plk (x) =
δmk .
2
m (l − m)!
−1 1 − x

(C.13)

Z

−1
1

dx Plm (x) Pnm (x) =

The associated Legendre functions can be written most compactly using the
substitution x = cos θ; since −1 ≤ x ≤ 1 we take 0 ≤ θ ≤ π and let c = cos θ,
1

This convention for associated Legendre functions with real x between −1 and +1 follows
Abramowitz & Stegun (1964), Press et al (1986), Gradshteyn & Ryzhik (2000), and software
such as Mathematica, but differs from Morse & Feshbach (1953), Arfken & Weber (2005).
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C.2 Spherical harmonics

s = sin θ:
P0 (c) = 1

(C.14)
P11 (c)

P1 (c) = c
1
P2 (c) = (3c2 − 1)
2
1
P3 (c) = (5c3 − 3c)
2

C.2

= −s

P21 (c) = −3cs

P22 (c) = 3s2

3
P31 (c) = − s(5c2 − 1)
2

P32 (c) = 15cs2

P33 (c) = −15s3 .

Spherical harmonics

A spherical harmonic is defined by the expression
s
Ylm (θ, φ) =

2l + 1 (l − m)! m
P (cos θ)eimφ
4π (l + m)! l

(m ≥ 0) .

(C.15)

For most purposes, the indices of the spherical harmonics can be restricted to
l = 0, 1, 2, . . . and m = −l, −l + 1, . . . , l − 1, l. The variables lie in the range
0 ≤ θ ≤ π and 0 ≤ φ ≤ 2π and usually represent the angular coordinates in a
spherical coordinate system (see Fig. (C.1)). Note that
Yl−m (θ, φ) = (−1)m Ylm ∗ (θ, φ) ,

(C.16)

where the asterisk denotes complex conjugation.
The most important feature of the spherical harmonics, which is easily proved
using Eq. (C.12), is that they are orthonormal in the sense that
I

2

d

Ω Ykn ∗ (Ω)Ylm (Ω)

Z
=

π

Z
dθ sin θ

0

2π

dφ Ykn ∗ (θ, φ)Ylm (θ, φ) = δkl δnm .

0

(C.17)
An arbitrary function of position f (r) can be written in spherical coordinates
as a series of spherical harmonics,
f (r) = f (r, θ, φ) =

∞ X
l
X

flm (r)Ylm (θ, φ) .

(C.18)

n=0 m=−l

Multiplying by Ykn ∗ (θ, φ), integrating over solid angle, and using Eq. (C.17), we
find

Z
fnk (r) =

d2 Ω Yln ∗ (θ, φ)f (r) .
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C.2 Spherical harmonics

The addition theorem for spherical harmonics states that if the directions
(θ, φ) and (θ0 , φ0 ) are separated by an angle γ, then
l
X
4π
Pl (cos γ) =
Ylm ∗ (θ0 , φ0 )Ylm (θ, φ) .
2l + 1

(C.20)

m=−l

Together with Eq. (C.8), this leads to an expression for the inverse distance
between the points x = (r, θ, φ) and x0 = (r0 , θ0 , φ0 ):
∞ X
l
l
X
1
4π r<
Y m ∗ (θ0 , φ0 )Ylm (θ, φ) ,
=
l+1 l
|x − x0 |
2l + 1 r>

(C.21)

l=0 m=−l

where r< = min(r, r0 ) and r> = max(r, r0 ).
Using Eq. (C.1) and writing the Laplacian in spherical coordinates (r, θ, φ),
according
∇2 =

1 ∂
r2 ∂r



r2

∂
∂r


+

1
∂
r2 sin θ ∂θ



∂
1
∂2
sin θ
+ 2 2
,
∂θ
r sin θ ∂φ2

(C.22)

we find that
∇

2

[f (r)Ylm (θ, φ)]



1 d
= 2
r dr


r

2 df



dr


l(l + 1)
−
f (r) Ylm (θ, φ) .
r2

(C.23)

The first few spherical harmonics are:
Y00 (θ, φ) =

√1
4π

Y10 (θ, φ) =

q

3
4π

Y20 (θ, φ)

q

5
2
16π (3 cos θ

q
3
Y1±1 (θ, φ) = ∓ 8π
sin θe±iφ

cos θ

(C.24)
=

− 1)

Y1±1 (θ, φ)

q
15
= ∓ 8π
sin θ cos θe±iφ

Y2±2 (θ, φ) =
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q

15
32π

sin2 θe±2iφ .

Appendix D

Computation potential (7.1) for a
NFW profile
Let’s consider again the solution of the modified Poisson equation in real space
Eq. (7.1)
Z
Φ(r) = −2πG
0

∞

0

1 + 2Q2 e−m|r −r|
ρ(r0 )r02 dr0 dz
|r0 − r|

(D.1)

where z = cos θ. The modified part can be analytically integrated for a NFW
profile
ρN F W (r) = ρs

rs /r
,
(1 + r/rs )2

(D.2)

where rs is the scale radius and ρs is the normalisation constant of the profile. In
fact, considering only the MG part of Eq. (D.1), i.e. the part ∝ Q2
0

∞

e−m|r −r|
Φ(r) = −4πGQ
ρ(r0 )r02 dr0 dz =
0 − r|
|r
0
Z ∞
Z 1 −m√r02 +r2 −2rr0 z
e
√
= −4πGQ2
ρ(r0 )r02 dr0
dz =
r02 + r2 − 2rr0 z
0
−1
Z ∞
= −4πGQ2
ρ(r0 )r02 dr0 F (r, r0 ) ,
2

Z

(D.3)
(D.4)
(D.5)

0

where F (r, r0 ) has two parts
0

0

e−m(r −r) − e−m(r +r)
F1 (r, r ) =
,
mr0 z
0
0
em(r −r) − e−m(r +r)
F2 (r, r0 ) =
,
mr0 z
0
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r0 > r

(D.6)

r0 < r .

(D.7)
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Then we have
2

Z

∞

Φ(r) = −4πGQ

= −4πGQ2

0Z

ρ(r0 )r02 dr0 F (r, r0 ) =

r

ρ(r0 )r02 dr0 F2 (r, r0 ) +

(D.8)
Z

(D.9)

r

0

=


∞
0 02 0
0
ρ(r )r dr F1 (r, r ) =

4πGQ2 ρs 3 −m(rs +3r)  2mr
rs e
e
Ei(mrs )+
 r


(D.10)

Ei[−m(rs + r)] − e2mr Ei[m(rs + r)]+
o
− e2m(rs +r) Γ(0, mrs ) + e2m(rs +r) Γ[0, m(rs + r)] ,

+

e2m(rs +r) − e2m(rs +2r

where Ei(z) is the ExpIntegral function
Z

∞

e−t
,
t

(D.11)

dt ta−1 e−t .

(D.12)

Ei(z) = −

dt
−z

and Γ(a, z) is the incomplete Gamma function
Z

∞

Γ(a, z) = −
z

It’s easy to check Γ(0, z) = − Ei(−z). Therefore we get
Φ(r) =

4πGQ2 ρs 3 n −m(rs +r)
rs e
[ Ei(mrs ) − Ei[m(rs + r)] ] +
r
o
− em(rs +r) Ei[−m(rs + r)] + em(rs −r) Ei(−mrs ) .
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Appendix E

Other Results DM solution
In this section, we will explore the other results found in the first part of the
thesis, when only dark matter has been taken into account. In the following there
are all the dark matter models used and then all the results for each baryonic
models.

NFW profile

−→ 2 parameters
vt (R, ρ0 , rs ) =

Einasto profile

2 (R) + v 2
vBM
N F W (R, ρ0 , rs )

(E.1)

−→ 3 parameters

NFW generalised profile
vt (R, ρ0 , rs , γ) =

q

q

2 (R) + v 2
vBM
N F W generalised (R, ρ0 , rs , γ)

(E.2)

−→ 3 parameters
vt (R, ρ0 , rs , α) =

q

2 (R) + v 2
vBM
Einasto (R, ρ0 , rs , α)
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2nd baryonic model

E.1

NFW profile
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Figure E.1: Best-fit curve for the model described by Eq. (E.1), in red, and
data plotted in grey. The reduced chi-square is χ2 = 1.477.
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Figure E.2: Contour-plot ρ0 −rs : the green line encloses the 68% confidence
region, the yellow one the 95% confidence region and the blue one the 99.7%
confidence region.
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NFW generalised profile
- rs = 20 kpc (fixed)
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Figure E.3: Best-fit curve for the model described by Eq. (E.2), in red, and
data plotted in grey. The reduced chi-square is χ2 = 1.315.
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Figure E.4: Contour-plot ρ0 −rs : the green line encloses the 68% confidence
region, the yellow one the 95% confidence region and the blue one the 99.7%
confidence region.
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- γ = 0.6 (fixed)
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Figure E.5: Best-fit curve for the model described by Eq. (E.2), in red, and
data plotted in grey. The reduced chi-square is χ2 = 1.369.
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Figure E.6: Contour-plot ρ0 − γ: the green line encloses the 68% confidence
region, the yellow one the 95% confidence region and the blue one the 99.7%
confidence region.
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- γ = 1.4 (fixed)
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Figure E.7: Best-fit curve for the model described by Eq. (E.2), in red, and
data plotted in grey. The reduced chi-square is χ2 = 1.830.
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Figure E.8: Contour-plot ρ0 − γ: the green line encloses the 68% confidence
region, the yellow one the 95% confidence region and the blue one the 99.7%
confidence region.

131

E.1 2nd baryonic model

Appendix E. Other Results DM solution

Einasto profile
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Figure E.9: Best-fit curve for the model described by Eq. (E.3), in red, and
data plotted in grey. The reduced chi-square is χ2 = 1.307.
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Figure E.10: Contour-plot ρ0 −α: the green line encloses the 68% confidence
region, the yellow one the 95% confidence region and the blue one the 99.7%
confidence region.
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Comments and Conclusions
GeV cm-3 )

2 nd baryonic model

χ2 n

ρ0

NFW

1.477

0.488 - 0.498

(0.480 - 0.506)

generalised NFW (rs = 20 kpc)

1.315

0.590 - 0.617

(0.573 - 0.634)

generalised NFW (γ = 0.6)

1.369

0.554 - 0.580

(0.538 - 0.596)

generalised NFW (γ = 1.4)

1.83

0.356 - 0.363

(0.350 - 0.369)

Einasto (rs = 20 kpc)

1.307

0.575 - 0.609

(0.560 - 0.624)

Figure E.11: Summarising table of results for the 2nd baryonic model (G2
+ TT + Gas), using Eq. (E.1) (NFW), Eq. (E.2) (generalised NFW) and
Eq. (E.3) (Einasto). Besides the best fit χ2 for each cases, it’s also reported
the profiled ranges of local dark matter density, ρ0 , covered by the 1σ confidence region (no parentheses) and by the 3σ goodness-of-fit region (between
parentheses).

Figure E.12: Best-fit curves for the 2nd baryonic model (G2 + TT + Gas)
considering the NFW solution, Eq. (E.1), the generalised NFW solutions,
Eq. (E.2) and Einasto solution, Eq. (E.3). Data are plotted in grey.
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E.1 2nd baryonic model

As you can see from Fig. (E.12) with the respect to Fig. (5.22) (results of the
first model), the second baryonic model provides a worse fit, especially for R < 3
kpc. Moreover, all the best-fit curves (that differ for the various DM profiles)
assume a really different trend at large radius. This behaviour is not the same of
the first baryonic case, where all the curves, for each DM models, follow a similar
trend also a large distance.
In order to understand the reason of this quite strong disagreement, it has been
considered the cut catalog’s case; the best-fit curves are shown in Fig. (E.14).
The trend is similar to the previous one and, as you can see in the table in Fig.
(E.13), neither the constraints on the local dark matter density are changed.
Looking at the contourplots (Fig. (E.2), Fig. (E.4), Fig. (E.8), Fig. (E.6),
Fig. (E.10)), it’s easy to see that the value of the scale radius, rs , is greater than
the first model’s case. Here, in fact, the scale radius seems to be only lowerbounded: rs > 20 kpc, or even more.
As already said in the discussion for the result of the first baryonic model, F. Iocco
et al. have found the constraint rs < 20 kpc, but, more generally, the constraints
on the scale radius are rs = 12 − 37 kpc.
In any case, the values of the scale radius found with the second baryonic model
are a little over the average in literature; this situation is caused by the inadequate
description of the baryonic mass distribution provided by the second model.
Regarding at the inner slope of the generalised NFW profile, γ, instead, it
seems to be preferred a small γ (. 0.6), as well as in the cut case.
Finally, considering the shape parameter of the Einasto profile, α, we have
found, with this baryonic model, a higher value (0.70 − 0.85) with the respect to
the typically best-fit value that spans the range 0.15 − 0.45.
Overall, we can say that this second baryonic model, combing with each DM
profiles, provides a worse adherence with data.
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GeV cm-3 )

2 nd baryonic model - cut case

χ2 n

ρ0

NFW

0.94

0.497 - 0.507

(0.489 - 0.515)

generalised NFW (rs = 20 kpc)

0.842

0.552 - 0.586

(0.538 - 0.601)

generalised NFW (γ = 0.6)

0.863

0.529 - 0.561

(0.514 - 0.576)

generalised NFW (γ = 1.4)

1.023

0.369 - 0.376

(0.363 - 0.382)

Einasto (rs = 20 kpc)

0.734

0.546 - 0.583

(0.530 - 0.600)

Figure E.13: Cut Case: Summarising table of results for the 2nd baryonic
model (G2 + TT + Gas), using Eq. (E.1) (NFW), Eq. (E.2) (generalised
NFW) and Eq. (E.3) (Einasto). Besides the best fit χ2 for each cases, it’s
also reported the profiled ranges of local dark matter density, ρ0 , covered
by the 1σ confidence region (no parentheses) and by the 3σ goodness-of-fit
region (between parentheses).

Figure E.14: Cut Case: Best-fit curves for the 2nd baryonic model (G2 +
TT + Gas) considering the NFW solution, Eq. (E.1), the generalised NFW
solutions, Eq. (E.2) and Einasto solution, Eq. (E.3). Data are plotted in
grey.
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3rd baryonic model

E.2

NFW profile
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Figure E.15: Best-fit curve for the model described by Eq. (E.1), in red,
and data plotted in grey. The reduced chi-square is χ2 = 1.066.
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Figure E.16: Contour-plot ρ0 − rs : the green line encloses the 68% confidence region, the yellow one the 95% confidence region and the blue one the
99.7% confidence region.

136

E.2 3rd baryonic model

Appendix E. Other Results DM solution

NFW generalised profile
- rs = 20 kpc (fixed)
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Figure E.17: Best-fit curve for the model described by Eq. (E.2), in red,
and data plotted in grey. The reduced chi-square is χ2 = 1.138.
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Figure E.18: Contour-plot ρ0 − rs : the green line encloses the 68% confidence region, the yellow one the 95% confidence region and the blue one the
99.7% confidence region.
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- γ = 0.6 (fixed)
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Figure E.19: Best-fit curve for the model described by Eq. (E.2), in red,
and data plotted in grey. The reduced chi-square is χ2 = 1.029.
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Figure E.20: Contour-plot ρ0 −γ: the green line encloses the 68% confidence
region, the yellow one the 95% confidence region and the blue one the 99.7%
confidence region.
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- γ = 1.4 (fixed)
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Figure E.21: Best-fit curve for the model described by Eq. (E.2), in red,
and data plotted in grey. The reduced chi-square is χ2 = 1.143.
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Figure E.22: Contour-plot ρ0 −γ: the green line encloses the 68% confidence
region, the yellow one the 95% confidence region and the blue one the 99.7%
confidence region.
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Einasto profile
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Figure E.23: Best-fit curve for the model described by Eq. (E.3), in red,
and data plotted in grey. The reduced chi-square is χ2 = 1.133.

0.130

α

0.125

0.120

0.115

0.110
-0.180 -0.175 -0.170 -0.165 -0.160 -0.155 -0.150

Log10 (

3
0 (GeV/cm ))

Figure E.24: Contour-plot ρ0 −α: the green line encloses the 68% confidence
region, the yellow one the 95% confidence region and the blue one the 99.7%
confidence region.
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Comments and Conclusions
GeV cm-3 )

3 rd baryonic model

χ2 n

ρ0

NFW

1.066

0.488 - 0.498

(0.480 - 0.505)

generalised NFW (rs = 20 kpc)

1.138

0.665 - 0.688

(0.655 - 0.699)

generalised NFW (γ = 0.6)

1.029

0.584 - 0.607

(0.574 - 0.618)

generalised NFW (γ = 1.4)

1.143

0.634 - 0.668

(0.622 - 0.680)

Einasto (rs = 20 kpc)

1.133

0.673 - 0.694

(0.663 - 0.704)

Figure E.25: Summarising table of results for the 3rd baryonic model (E2
+ SM + Gas), using Eq. (E.1) (NFW), Eq. (E.2) (generalised NFW) and
Eq. (E.3) (Einasto). Besides the best fit χ2 for each cases, it’s also reported
the profiled ranges of local dark matter density, ρ0 , covered by the 1σ confidence region (no parentheses) and by the 3σ goodness-of-fit region (between
parentheses).

Figure E.26: Best-fit curves for the 3rd baryonic model (E2 + SM + Gas)
considering the NFW solution, Eq. (E.1), the generalised NFW solutions,
Eq. (E.2) and Einasto solution, Eq. (E.3). Data are plotted in grey.
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E.2 3rd baryonic model

The third baryonic model, as already said in Section 5.1, provides results
similar to the first one. All the DM profiles allow to get best-fit curves, following
the data with a great agreement, especially in the region between 3 and 8 kpc.
Furthermore, the discrepancy at large distances is not evident like in the previous
case.
About the scale radius, the constraints, in this case, impose r < 25 kpc, so,
similar to the Iocco’s constraint.
Regarding, the inner slope, it is preferred γ > 0.6, close to 1: the NFW profile
is favourite to the generalised one.
The shape parameter, instead, falls within the typical range, discussed previously and in Chapter 5.
The third baryonic model, as the first one, seems to supply a good description
of the visible mass distribution in our Galaxy. Combined with the DM profiles,
especially the generalised NFW with γ = 0.6 and the Einasto profile, this allows
to get best-fit curve close-fitting to data.
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4th baryonic model

E.3

NFW profile
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Figure E.27: Best-fit curve for the model described by Eq. (E.1), in red,
and data plotted in grey. The reduced chi-square is χ2 = 1.320.
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Figure E.28: Contour-plot ρ0 − rs : the green line encloses the 68% confidence region, the yellow one the 95% confidence region and the blue one the
99.7% confidence region.
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NFW generalised profile
- rs = 20 kpc (fixed)
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Figure E.29: Best-fit curve for the model described by Eq. (E.2), in red,
and data plotted in grey. The reduced chi-square is χ2 = 1.272.
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Figure E.30: Contour-plot ρ0 − rs : the green line encloses the 68% confidence region, the yellow one the 95% confidence region and the blue one the
99.7% confidence region.
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- γ = 0.6 (fixed)
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Figure E.31: Best-fit curve for the model described by Eq. (E.2), in red,
and data plotted in grey. The reduced chi-square is χ2 = 1.236.
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Figure E.32: Contour-plot ρ0 −γ: the green line encloses the 68% confidence
region, the yellow one the 95% confidence region and the blue one the 99.7%
confidence region.
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- γ = 1.4 (fixed)
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Figure E.33: Best-fit curve for the model described by Eq. (E.2), in red,
and data plotted in grey. The reduced chi-square is χ2 = 1.537.
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Figure E.34: Contour-plot ρ0 −γ: the green line encloses the 68% confidence
region, the yellow one the 95% confidence region and the blue one the 99.7%
confidence region.
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Figure E.35: Best-fit curve for the model described by Eq. (E.3), in red,
and data plotted in grey. The reduced chi-square is χ2 = 1.242.
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Figure E.36: Contour-plot ρ0 −α: the green line encloses the 68% confidence
region, the yellow one the 95% confidence region and the blue one the 99.7%
confidence region.
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Comments and Conclusions
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generalised NFW (rs = 20 kpc)
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0.731 - 0.762

(0.719 - 0.774)

generalised NFW (γ = 0.6)

1.236
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(0.672 - 0.732)

generalised NFW (γ = 1.4)
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0.621 - 0.629

(0.616 - 0.635)
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1.242
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Figure E.37: Summarising table of results for the 4th baryonic model (G2
+ SM + Gas), using Eq. (E.1) (NFW), Eq. (E.2) (generalised NFW) and
Eq. (E.3) (Einasto). Besides the best fit χ2 for each cases, it’s also reported
the profiled ranges of local dark matter density, ρ0 , covered by the 1σ confidence region (no parentheses) and by the 3σ goodness-of-fit region (between
parentheses).

Figure E.38: Best-fit curves for the 4th baryonic model (G2 + SM + Gas)
considering the NFW solution, Eq. (E.1), the generalised NFW solutions,
Eq. (E.2) and Einasto solution, Eq. (E.3). Data are plotted in grey.
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This baryonic model gives us similar results with the respect to the second
one. We found again a strong disagreement between the data and our best-fit
curves for R < 3 − 4 kpc. In this case, however, at large distance, all the DM
profiles provide the same trend: an evident increase of the circular velocity at
large distance, instead of a flat behaviour.
As for the second baryonic model, we have again considered the cut catalog,
see Fig. (E.40); and one more time, the results differ only slightly from the
previous.
We found again the constraints rs > 20 kpc, γ between 0.6 and 0.8 and the
best-fit value for α is 0.35, so, again, in the typical range.
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Figure E.39: Cut Case: Summarising table of results for the 4th baryonic
model (G2 + SM + Gas), using Eq. (E.1) (NFW), Eq. (E.2) (generalised
NFW) and Eq. (E.3) (Einasto). Besides the best fit χ2 for each cases, it’s
also reported the profiled ranges of local dark matter density, ρ0 , covered
by the 1σ confidence region (no parentheses) and by the 3σ goodness-of-fit
region (between parentheses).
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Figure E.40: Cut Case: Best-fit curves for the 4th baryonic model (G2 +
SM + Gas) considering the NFW solution, Eq. (E.1), the generalised NFW
solutions, Eq. (E.2) and Einasto solution, Eq. (E.3). Data are plotted in
grey.
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