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Introduction
Physics delves into the study of every system in nature. Complex systems are fairly
common since for every phenomenon can be described at various scales, moreover
to account for every case and event one needs many variables. Human brain is an
example of complex system. Building a model that can explain how it works has
been an hard challenge for many scientists in many fields. One of the first attempts
at schematizing it are neural networks. At their core, neural networks are a system of
neurons. Every neuron has many inputs. In the first models, the neurons computed
only a weighted sum of the inputs. More recent models, instead, use nonlinear functions.
Human brain is the most efficient calculator known to mankind. Even though the
progress growth in neurology has been exponential in the last century, we still cannot
grasp many of the processes that make our brain such a perfect machine.
In my thesis I will analyze, in particular the Resting State Networks (RSN). These
networks are patterns of activation of specific areas of the brain. The peculiarity,
though, is that they activate only when the brain in not doing any specific task (or
in the case of light sedation). Even if this may appear counterintuitive, the brain will
always remain active and resting state networks are a proof of this. Several studies
have demonstrated that some resting state networks replicate the patterns that are
visible in the brain while the subject is completing a task. In this way the brain is
always ready to complete a task if it is necessary.
Being able to distinguish these networks is useful to neuroanatomy and can be helpful
in the case of neurosurgery. Since RSN are extracted via short fMRI sessions, determining them could become a fast and painless procedure for the patient, in contrast
to other more invasive and longer procedures. Knowing which part of the brain belongs to a certain RSN could aid then, the surgeon in the task of choosing the areas
of the brain that would do less harm to the patient if removed. In fact, sometimes,
removing parts of the brain is fundamental in treating diseases like tumors.
Moreover the study of RSN has proven itself to be fruitful in the characterization
of diseases like Alzheimer’s, Attention-Deficit/Hyperactivity Disorder (ADHD) and
schizophrenia.
The method that will be used to tackle the pattern recognition is Deep Learning. Deep
Learning is a a term that indicate an Artificial Neural Network (ANN) provided with
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methods to train it to complete a particular task. Artificial neural networks were
born in the ’60 but their practical use has been stalled by the hardware. In the ’90,
though, the CPUs were finally ready to match the requirements needed to train and
implement large neural networks. Since then, neural networks applications have skyrocketed in all field of science and computer sciences in particular, with companies
such as Google, Netflix and Spotify , for example that are investing in this field.
Nowadays we are reaching a new dawn for ANN, since more and more data are accessible through smartphones, sensors and of course the internet. Neural Networks are
our main tool to wade the constant stream of data that we generate every second.
Being able to let a machine learn a model to fit a dataset by its own is a radical
change in mentality in science and therefore being able to understand the mechanism
that makes a ANN work is crucial.
My thesis will be composed of 4 chapters :
• in the first chapter I will explain concepts related to the recognition of patterns
in brain activity at all its scales and I will show examples of techniques that
have been used to study these networks;
• in the second chapter I will focus on resting state networks, explaining in greater
details what they are and their role in the dynamic of the brain. Moreover I
will give some notions of graph theory that will be helpful in order to analyze
the role of resting state networks in some brain diseases;
• in the third chapter I will give an overview about artificial neural networks,
explaining what they are, the training methods and other technical details that
should be take into consideration in the building of a ANN;
• in the last chapter I will show the results of my analysis made on a dataset of 110
healthy subjects. This dataset is available online at https://openfmri.org/.

Chapter 1
Brain Networks
1.1

Techniques and their evolution

The first attempts to study the structure of the brain were made by anatomists such
as Cajal and Dejerine, who used staining and sectioning techniques in order to study
the nerve tissue. Cajal, in particular, was the first to describe the morphology of
the neurons and their synapses. Another outdated technique that provided us with a
glimpse on the connection of the brain was the physiological neuronography. In this
technique, strychnine was applied to a patch of the brain. This reduces its activity so
it allowed to investigate the axonal connectivity via the propagation of the decreased
activation. Nowadays we are able to perform less invasive observation by techniques

Figure 1.1: Drawing of a Purkinje cell in the cerebellum cortex done by Santiago Ramón
y Cajal
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such as electroencephalography (EEG) and magnetoencephalography (MEG), which
uses the fact that brain signals have an electromagnetic origin. The con to these
techniques is the spatial resolution (order of the centimeter) which does not allow for
a precise reconstruction of the areas, even though their temporal resolution is high
(millisecond range). Other noninvasive techniques are the PET (Positron Emission
Tomography) and the fMRI (functional Magnetic Resonance Imaging). These techniques possess a high spatial (millimiter range) and low temporal resolution (tens of
seconds to minute for a PET and hundreds of milliseconds for a MRI). It’s important,
though, to consider the fact that the brain is organized in various level of ever growing
complexity and it is impossible to think of an imaging method that can survey the
brain at every scale. In order to study the brain one has to integrate the information
coming from many sources.

1.2

Brain connectivity

There are three main classification to be made about brain connectivity
• Structural Connectivity It stands for the anatomical and physical connection
between neural elements. The connections ranges from single cells to interregional pathways. This kind of connectivity can be viewed as static for short
time intervals (seconds to hours) but due to neural plasticity (the capacity of
the brain to change its neural patterns) it does not remain constant through a
subject lifetime.
• Functional Connectivity It expresses the statistical correlation between different
and, sometimes, distant parts of the brain. It can change in the scale of hundreds
of milliseconds and has been observed with EEG, MEG and fMRI. Functional
connectivity is subject to vary wildly due to its task related nature. It should
be reminded that it is a purely statistical property and it does not account for
causal relationship between two events in the brain. For example Functional
Connectivity cannot discern between two events that are related by a cause effect relation or two events that are correlated by means of a third one that
causes the other two.
• Effective Connectivity It describes the network of causal effect between neural
elements. It is similar to Functional connectivity for its task dependence and
its time scale.

1.3

Brain Parcellization

One of main problems encountered in the production of reliable brain image is the
definition of the nodes via parcellization of brain areas. This is far from trivial since
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(a) Example of a PET brain scan

(b) Example of a fMRI brain scan

(c) Example of a EEG brain scan

a priori one cannot define for sure the extent of brain areas. Historically one of
the most accurate cortical maps were created by Broadmann and Campbell. They
succeeded in marking the regional differences between area of the brain via staining
techniques. Even though their maps provided the neuroanatomist with a strong
argument regarding the localization of function in the the brain, Broadmann has
always been an advocate for the distribution of brain function, since he believed that
complex function could only be achieved by the integration of multiple region of the
brain. The precision of their maps is so astounding that some have been used even
in modern days. However, nowadays there are more refined method of analysis. One
method developed by Johansen-Berg and Rushworth in 2009, employs the topological
pattern of corticortical connection. To put it simply, one can separate brain regions
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by classifying the connection map of the neurons that belong to that area. The idea
is that neurons, in coherent brain regions, share the same interregional projections
source and targets. Other techniques involve the use of structural and functional
connectivity data obtained with MRI to subdivide the cerebal cortex.

Figure 1.2: Connectivity based parcellization (a and b). Result of parcellating a sagittal
(a) and a axial (b) slice. On the left there are the correlation matrices. (c) Population
probability maps for putative Supplementary Motor Area (SMA) and pre-SMA

It has also been shown that it exists a significant overlap between structurally defined
regions and ones defined by patterns of neural activations in fMRI.
The aim of parcellization is to correlate functions to area of the brain. Now it is
common to acknowledge the idea that functions are performed with networks and
single areas can not perform a task on their own. Passingham in 2002 [45] concluded
that local structural differentiation and extrinsic connections contribute to define the
functional specialization of each cortical area. Moreover the distance between two area
in the structural space can be predictive of their degree of functional relatedness.

1.4 Variability, Specificity and Randomness
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Variability, Specificity and Randomness

In biology one should always observe a certain degree of variability between individuals. In macaque brain case, Van Essen and Dierker (2007) [54] recognized four
different kind of variability : the variability of the macroscopic cortical folding pattern,
the positioning of areas relative to these folds, variability in areal size and connection
pattern. The last two consitute variability in macro-circuitry and they suggest that
this may have an influence on individual variation in cognition and behavior. Even
though variability plays an important role, it is clear that each individual can do the
same basic tasks. Thus, the brain presents a strong tendency to homeostasis defined
as the maintenance of each function with different network architecture. This can be
achieved through coordinative network processes.
Another interesting characteristic of a network is its "randomness". So one would like
to know how much the brain structure has been influenced by randomicity. In 1998
Braitenberg and Schüz [7] described the cortex as a mixing device whose connection
are random and shaped by learning. New techniques, though, has partially discredited this idea, in fact they have provided evidence that cells of different types are
responsible for the formation and maintenance of specific connection pattern. Computational studies (Stiefel and Sejnowski, 2007 [52]) support the idea that specific
cell morphology aids specific elementary computation. One has to consider also, that
it is unlikely that a structural detail reveals to be useless or without function at all.
So in a sense the randomicity that one find in brain architecture may be caused also
by our incomplete knowledge of brain structure and way of functioning. Anyway,
randomicity plays a role in the development of the brain such as the one proposed
by Jontes and Smith (2000) [30] in which the synapses at first expand in a random
direction and then they are destroyed or consolidated based on their usage.

Chapter 2
Resting State Networks
In a sense, RSNs represent
exploration by the brain of what
is possible.
— John Griffiths

2.1

A New Paradigm

Resting state networks have been recently discovered and since the seminal paper
of Biswal et al. 1995 [6] , their employment in the brain analysis has skyrocketed.
The reason behind their massive leap forward is that they have brought forth a new
paradigm in the neurology. Before the observation of these networks it was common
belief that a region of the brain could be activated only by external stimuli. Thanks
to the studies of Buzsàki, 2006 [10] and others we can now, surely state that the brain
remains active even when it is not involved in cognitive functions. Even though the
tests are performed while the patient is at rest, most studies have shown that it exists
a correlation between some patterns of spontaneous brain activity and the functional
architecture of the sensory cortex (MacLean et al., 2005 [37]). Other studies (Arieli
et al.,1995 [3] ,Kenet et al. , 2003 [31], Tsodyks et al., 1999 [53])have pointed out that
the spontaneous dynamic patterns are shaped by intracortical structural networks.
Arieli proposed that this pattern are used to predict the external inputs that the
brain receives. This idea has been tested during experiments on animals by Kennet,
who saw that the spontaneous neural firing was weakly modified by visual stimuli
These experiment were, mostly, performed observing neurons in visual cortex, while
in recent studies large-scale patterns of functional connectivity have been observed
and have contributed to strengthen the idea that these patterns are widespread in
the brain.

2.2 Default Mode Network
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Default Mode Network

One of the most puzzling aspects of Resting Mode Networks is the Default Mode
Network. As a matter of fact, there were discovered other networks, which correlate
with functional networks of the brain active during cognitive tasks such as the motor
network and the visual network. Default mode network, instead, does not reflect
any cognitive function, but is visible only when the subject is at rest. Shulman and
coworkers in 1997 [50], were among the early observers of this network. In their experiment they noticed a task induced decrease in certain parts of the brain even under
a control condition as visual fixation. These parts of the brain were recognized to be
the precuneus/posterior cingulate cortex, medial frontal cortex and lateral parietal
cortex. Raichle, via PET studies, pinpointed a "Default Mode" brain function, that
is suspended during attention-demanding goal-directed cognitive task. Greicius hypothesized that these regions of the brain formed a network. More and more studies
showed also, that the resting state networks, already found, are consistent in each
subject. This begs the question of the origin of these correlation of default mode
network. There is no definitive answers but, according to some theories, the reason
behind the networks has to be searched in the structural brain connectivity, more
precisely in the cortical anatomy.

2.3

RS networks role

So far it seems like the default mode network serves no purpose to the brain’s functions. This is not the case, though. Some studies pointed out that brain’s endogenous
activity shapes the reaction to external stumuli. O’Donovan (1998) [43] and Bekoff
(2001) [4] observed this phenomenon in a chicken embryo and concluded that the
motility, caused by spontaneous neural activity, is useful to calibrate the development
of the sensorimotor circuits and to generate correlated sensory inputs. This suggests
that spontaneous neural activity aids neuroplasticity (brain capacity to modify itself)
even during adulthood. Default mode network has been correlated with area of the
brain involved in social cognitive processes. Other theories proposed the separation of
the brain in two systems, the "extrinsic system" and the "intrinsic system". The first is
responsible of analyzing the external inputs, while the latter delves with self-related
signal and processing. New researches brought to surface that some resting state
patterns are present even during cognitive tasks and affect the behavioral outcome.
Actually it was observed that these patterns were produced by spontaneous fluctuations of the BOLD (Blood Oxygen Level Dependent) signal, which highly correlates
with behavioral variables. This generate a diverse dynamic in the brain, where the
external inputs are not the only factors to account for in the response process, but are
modulated by an internal network state The activity correlated with default mode
network has been described by some authors as the physiological basis of conscious
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Figure 2.1: Structural and Functional connectivity of the brain. In (A) it is shown the
previous idea that functional network are evoked only when there is a stimulus. In (B) it is
shown the new paradigm, namely, the brain while in idle, expresses multiple patterns that
can strenghten during task-related activities

spontaneous cognition as manifested in daydreaming and mind wandering (Mason et
al.,2007 [38]). Default mode network seems to remain active even when the patient
is unconscious, though (Larson-Prior er al., 2009 [32], Greicius et al., 2008 [24], Vincent et al., 2007 [56]). These findings bring forth the idea that these patterns are
important for the maintenance of the cognitive architecture of serve to prepare the
brain for external stimuli, by replaying the past or imaging the future (Schacter et
al., 2007)

2.4
2.4.1

Graph Theory
Definitions and relevant measures

A graph G is an ordered pair of two ensemble, G = (V, E), where V is the ensemble
of the vertices, the points of the graph, and E is a subset of the powerset P(V 2 ) and
it represent the connections between two nodes. A connection is called edge. If E
is composed of ordered pair the edge is oriented, otherwise the graph is called not
oriented. An edge can also be weighted, if a weight is associated with a connection.
In this case the graph is defined by the ordered triple G = (V, E, W ) , where W is the
ensemble that contain all the weights. If the graph is not weighted it is also called
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binary.
A useful tool in graph theory is the Adjacency Matrix. If a graph has N nodes this
matrix is N xN and each element of the matrix represent a connection between two
nodes. If the graph is binary a matrix element can assume only the values 0 or 1,
while if the graph is weighted each element represents the weight of the connection
between the nodes. In the latter case the matrix is also called Weight Matrix.
Another concept at the basis of graph theory is the degree of a node. The degree k
of a node is defined as the number of edges that link the node to the others. If A is
the adjacency matrix of a graph with N nodes and aij one of its elements, then one
can define the degree of the node i as
ki =

N
X

aij

(2.1)

j=1

If the graph is oriented, one can define an in degree and and an out degree. The first
is the number of the connections entering the node, while the latter is the connections
that go out of the node.
For a weighted graph the concept of degree of a node is substituted with the strenght,
whose definition is the same as in 2.1, where aij now represents the weight of the
connection i to j.
It is also possible to construct a function called Degree Distribution P (k) that tells
the occurence of a node having a determined degree. In particular this function is
constructed by counting the number of nodes with a certain degree and dividing the
number obtained by the total number of nodes. Clearly, the distribution can be
interpreted as a probability distribution, so one can compute the average degree of
the grah
hki =

N
X

P (ki )ki

(2.2)

i=1

In many of graph theory’s applications one is interested in measuring a "distance"
between two nodes of the graph. Nevertheless, before defining a meaningful concept
of distance one has to define other primitive entities
1. A walk from node i to node j is an alternate sequence of nodes and edges that
starts with the node i and terminates with the node j. Every node and every
edge can be present more than once in the sequence.
2. A path is a walk that has no node or edge repetition in its sequence. A path
can connect a node with itself and every path with this feature that has more
than 2 edges in its sequence is called a cycle.
In a binary graph the length of a walk is defined by the number of edges contained
in it, while in a weighted graph the length is the sum of the reciprocal of the weights
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Figure 2.2: Example of a binomial degree distribution

of each edge in the walk.
It is possible now, to formulate a proper definition of distance between a node i and
a node j. Let P be the set containing the lengths of all the possible paths between i
and j. The distance dij is the minimum of this ensemble and the path that realizes
this condition is called minimum length path.
It is often the case, that some nodes present a lot of connections between themselves,
thus generating a "cluster". This allows for a more robust network and for a stronger
contribution of each node to the flow of the information in the network. For these
reasons, it is enticing to quantify the amount of "clustering" for each node. There are
two relevant coefficient for this purpose:
• Clustering coefficient, it measures the number of times two nodes j and m,
adjacent to the node i, are adjacent or in other words the number of triangles
having the node i as one of the vertices.
P

ci =

aij ajm ami
ki (ki − 1)

j,m

(2.3)

In the equation aij is an element of the adjacency matrix. One can define also
a clustering coefficient for the entire graph
C=

N
1 X
ci
N i=1

(2.4)

• Transitivity; The clustering coefficient has a problem in its definition, though.
If a node has a small degree the clustering coefficient can explode. In order to
eliminate this problem one can use another measure of clustering such as the
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transitivity. One need two ingredients to define it
ti =

1X
aij ajm ami
2 j,m

(2.5)

1X
aij aim
2 j,m

(2.6)

tri =

The last one is the number of triples connected in i. The transitivity is defined
by
P
ti
3 N
(2.7)
T = PNi=1
i=1 tri
In each cluster there can appear recurrent connections between three or more nodes.
These connections are called motifs. These are important, because the abundance
of them is a sign of the non-randomicity of the network. The significance of the
occurrence of a motif M is quantified by a coefficient called Z-value. To calculate this
coefficient one has to construct a statistical sample of random network having the
same degree distribution as the one that is been analyzed. Then one has to compute
the average number of motifs M of this sample and its variance. The Z-value is then
defined by
nM − hnrand
M i
ZM =
(2.8)
rand
σM
Modularity is another concept that enriches graph’s topology. A module is a group of
strongly connected nodes and clusters that are more or less segregated from the other
nodes. Obviously as in the other cases one has to define a measure of modularity.
For this purpose one has to partition the network in modules first. There are several
algorithms that accomplish this aim. Here we cite the spectral partitioning, hierarchical clustering algorithm and the GN method which is the most used. Another useful
measure is the characteristic length
L=

X
1
dij
N (N − 1) i,j;i6=j

(2.9)

where dij is the distance between i and j. This measure alas, can diverge. As a
matter of fact if two nodes are not connected their distance is ∞. To circumvent this
problem one can define the efficiency
E=

X 1
1
N (N − 1) i,j;i6=j dij

(2.10)

In this case if dij → ∞ its reciprocal will go to zero. These measures indicate how
fast information can travel through the network.
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Let’s focus now on the nodes. In a graph a node can be more central than other. A
clear example can be drawn from the web. If we consider each web page as a node
in the network clearly Google is far more important node than, let’s say, a blog in
Wordpress. In graph theory these special nodes are called hubs and they are classified
though features such as the centrality, degree, participation in minimum length paths.
An estimator for the presence of a hub is the participation coefficient
Pi = 1 −

N
M
X
s=1

kis
ki

!2

(2.11)

where NM is the number of modules in the network, kis is the number of edges
connecting the node i to the module s and ki is the node degree. If P < 0.3 the node
could be a provincial hub while if P > 0.3 is a connector hub.

2.4.2

Network Topology

The first type of graphs that have been studied are the random graphs. A random
graph can be easily studied in its core components via the tool provided by probability
theory and statistical mechanics. It can be showed that in a random graph the
clustering coefficient
C→0
as N → ∞
while the characteristic length L → 1.
The other important kind of graphs are the regular ones. Examples of these are the
rings, lattices and grids. The main feature of these graphs is that each node has the
same degree. Moreover they have a high clustering coefficient and a long characteristic
lenght, in stark contrast with the random graphs.
As it happens in many other fields, these two types of graphs do not fit the one that
one can encounter in the real world. In fact the features of a real network, such as
the brain are :
• short characteristic length
• high clustering coefficient
• P (k) has a long tail, or P (k) 6= 0 for large k
• existence of motifs and modular structure
The first two traits compose the property of "small-worldness". To understand the
meaning behind this name we can review the origin of this property. If we consider
the human population as a network, one can see that it is relatively easy to connect
two human beings, that live even far away from each other, via few links. There is
a famous theory called six degrees of separation that conjecture that the maximum
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number of people that one would need to contact another person is six. To quantify
the entity of a "small-worldness" in a network there exist a coefficient
σ=

γ
,
λ

γ=

C
,
C0

λ=

L
L0

(2.12)

where L0 and C0 are the characteristic length and the clustering coefficient of a
random graph, respectively. The higher is σ the more the graph has small-world
traits.
Studies regarding real networks have shown that the functional form for the degree
distribution is well approximated by a power law
P (k) ∼ Ak −γ

2<γ<3

(2.13)

This accounts for the fact that the function preserve its funtional form, except for a
multiplicative factor even when the indipendent variable is scaled.
P (ak) ∼ Aa−γ k −γ = Abk −γ = bP (k)

(2.14)

This functional form makes it impossible to calculate a variance for the degree distribution due to the fact that it diverges.

Figure 2.3: Differences between regular, small world and random networks
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Brain Network graph analysis

Since the first vast data set about mammalian brain (Felleman and Van Essen, 1991)
[17] were available, it was immediately clear that the brain did not have a random
nor a regular architecture. In particular Young’s analysis (1992) [61] of the macaque
cortical connectivity showed specific connectional relationship between brain regions.
One of the main feature in the brain is the overabundance of short connections, that
are not observed in a random network and are typical of a regular lattice, even though
corticortical pathways do not lie on a lattice and some connection extends to long
distances. A proof of the non randomicity of the brain can be found also in the peaked
distribution of particular motifs among the many possible one available to construct
the network. Many simple models have been proposed but no one managed to explain
the full brain structure.
Regarding degree distribution one cannot classify brain network as a scale-free model
since adding a connection has high energy cost. In networks similar to the neural one,
that present strict boundaries and are embedded in a 3D space, the most common
distribution is scale-free with an exponentially truncated tail. Thus, these distributions rest in the middle of the spectrum between completely random distribrutions
(Gaussian or Poissonian) and scale-free. Even though we can observe qualitatively
these properties, we lack the amount of data necessary to give a precise quantitative
account for these features. Moreover we have to consider that some effect may be due
to the spatial distance between synapses. The research of Yoshimura (2005) [60] and
Ohki (2005) [44] has shown that cellular precision and orientational selectivity allows
cells in close spatial proximity to express different functions. Another important feature of a complex network, such as the brain, is its modularity. Clustering methods
applied to structural and functional network revealed interconnected communities of
structural and functional elements arranged in multiple scales. Analysis made by
Chen (2008) [14] and He (2007) [28] on connection matrix of human cortex isolated
several group of areas related to vision, movement and language. To connect these
areas, connector hubs, as the ones linking the anterior-posterior medial axis to rostral
and caudal anterior cingulate cortex, the paracentral lobule and the precuneus, were
located. Moreover the modules are hierarchically organized, meaning that they are
nested in bigger modules. These clusters yield different functional processes. It has
to be stressed that this division of function is not the only factor involved in the
formation of cognition.
Hubs are important, as we have seen, to the information flow. They are helpful to
the conservation of wiring length and volumes since they tend to connect areas of the
network that are distant. There does not exist a unique definition of an hub so it does
not exist an unambiguous criteria to define them. Usually they are singled out by
their high connectivity and high centrality, low clustering coefficient and high aggregation of characteristic motifs. Destructing an hub in a network have a much more
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disrupting effect than canceling a random node. For example, lesion of the visual area
V4 of the macaque cortex results in deficit in visual recognition and attention. Lesions in area 46 instead, which is classified as a connector hub, lead to impairments in
various cognitive task and disturbs in internal drive and awareness. Connector hubs
integrate information coming from various modules and subnetworks and in the case
of area 46, it combines polysensory inputs, relates external sensory inputs to internal
goals and maintain information in working memory. For our future discussions, it is
important to highlight the discovery of Gong (2009) [20] who reported the high centrality of the precuneus and medial frontal cortex, which are important components
of default mode network. Precuneus is involved in diverse cognitive phenomena such
as self-referential processing, imagery and episodic memory (Cavanna and Trimble,
2006) [13], while lesions in the posterior medial cortex produced severe disturbances
of cognition and consciousness.
Small-world architecture promotes efficiency, economy and a complex network dynamics. Thus, disrupting this architecture creates disturbances in cognition and
behaviour.

2.6

Cognition

Numerous attempts in the understanding of cognition have been made. Nowadays it
is common belief that cognition is the result of a network dynamics. One of the first
models involved parallel distributed process (PDP) (Rumelhart er al., 1986)[48]. Marcel Mesulam’s idea was instead that of assigning different cognitive and behavioral
functions to large-scale networks. These network are composed of relatively large areas and thus could perform a vast variety of tasks. He isolated five different neurocognitive networks based on their function : spatial awareness, explicit memory/emotion,
face/object recognition, and working memory/executive function. Bressler adopted a
view similar to PDP. In fact, he believed that to complete a task one needed several
networks which performed processes of functionally connected area that complete
the task by communicating with each other. This implies that complex functions
are the result of transient assemblies of network elements, that can participate in
other functions simply by reconfigurating. This idea has been fruitful, according to
McIntosh (1999, 2000, 2008) [39], [40], [41] since it means that the functions are not
hard-wired in the brain itself but are the manifestation of dynamic changes between
networks. McIntosh pointed out that the contribute of a single region to a task has
to be evaluated with its environment and the stimulus received. As we see from these
models, for a network to develop cognition, the interplay between neural elements or
subnetwork is fundamental. The key concepts of this interaction are segregation and
integration. The first we mean that some regions should have a specific function, with
the latter we intend combining the information obtained by neural elements to have a
more refined response. Segregation has been widely confirmed by the observation of
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the brain and the multiple specialized neurons that have been found. There are two
known mechanism for integration : convergence and phase syncrony. Convergence
works conjunctively with segregation. To achieve it one needs several neurons that
compute individual feature of an inpute and their response are feeded to other neurons that compute a complete response to the input. It is easily observed in the visual
cortex, since there exist neurons that acts as "feature detectors". Phase syncrony is
a byproduct of structural connection between neurons and is achieved by phase locking or syncronization between different signals. Syncronization can be observed via
statistical analysis of neurons signals.
Functional networks display the sudden changes that happen in the completion of a
task. These changes have been discovered with the aid of fMRI , EEG and MEG.
Studying resting state network, although counterintuitive, has proven to be substantial to the understanding of cognition. Hampson (2004) [26] revealed an overlapping
between area activated during the completion of a visual task and areas of the brain
active during rest. Further analysis showed that resting state network presented a
small-world configuration, that did not change during a task. The transition from
rest to task is also accompanied with a spatial reconfiguration of functional network.
Moreover, cognitive load results in the deactivation of most default mode network
(Fransson, 2006 [18]; Fransson and Merrelec, 2008 [19]). This suggest that cognition
modulate and reorganized intrinsic network activity, but do not suppress them entirely. Even studies by Buckner (2009) [9] reported the relationship between resting
state network. What can be inferred from these studies is that resting state networks
draw their patterns from an intrinsic functional repertoire that are similar to those
active during cognitive work. Other studies (Dosenbach, 2006 [16]) revealed that
there are areas of the brain specialized in task control. These regions are : dorsal anterior, cingulate cortex/medial superior frontal cortex and the left and right anterior
insula/frontal operculum. They initiate and maintain the functional network useful
to the completion of the task assigned and have little to no overlapping with the zone
active with the default mode network.

2.7

Brain Network Disease

Studying brain networks aims not only to the understanding of the brain but tends to
gaining knowledge about brain diseases. The more we learn about cortical pattern,
the more we see the connection it has with brain diseases. These disorders are a manifestation of network failures. This behavior is also obseved in other networks, such as
biological networks. One has to consider, also, the non-local effects that disturbances
of connectivity cause to larger networks.
Even though targeted attack can severely impair brain function, the brain still remains one of the more robust system in nature. If we confront it with artificial system,
that rely on redundancy to work, biological network are built to include robustness
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in the network itself. One can imagine the robustness as a series of attractor. If there
is a perturbation, the system will return to its original attractor or make a transition
to another one. It will ultimately be stable, though.

Figure 2.4: Attractors and perturbation effects on the trajectory in the phase space of a
system. In particular, it can be seen that perturbation can bring the system into instability,
make a transition to another attractor, or deviate the trajectory without leaving the current
attractor.

We have already encountered one of the mechanism that allow this feature to be
present: modularity. A modular system can isolate potentially disruptive perturbation and still manage to work properly. As we have seen, the brain is composed
by a hierarchy of modules that cooperate between themselves. On the other hand,
degeneracy is the ability to perform the same task with different sets of elements. A
degenerate system, thus, can keep the response constant even if some of its components have been damaged. The brain can also make active compensation if it has
sustained casualties. This means that it can distribute functional network to other
regions. Besides, every brain has different degrees of "reserve", meaning that a region
can function even if some of the neural paths in it have been broken. This is a consequence of a small-world architecture, but it can vary wildly between subjects. These
statements are backed up by clinical cases in which patients that endured lesions to
structural brain network underwent a process of brain reorganization that has led, in
some cases, to the complete recovery of functional deficits.
Another aspect of a damage in the brain is the spreading of its effect. It is clear
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that damaging a hub can inflict serious damage. Some diseases are associated also
with the loss of connection between nonlesioned areas. Thus assessing the overall
consequence of a lesion is a difficult task. Young (2000) [62] with his experiment,
driven by the findings about thalamocortical system, showed how much a lesions can
propagate to structures not directly connected to the lesion itself. Achard (2006)
[2] focalised his vulnerability analysis around the deletion of nodes of the brain. He
found that deletion of high degree nodes had a greater impact than the deletion of
random ones. Studies by Honey and Sporns (2008) [29] and Breakspear (2003) [8]
showed that functional network were more affected by the destruction of connector
hubs, since it extended well beyond its immediate neighborhood. Provincial hub
deletion had effects only on the module in which they were embedded, while the loss
of a peripheral node did not impact on the network. From these studies one can
infer that the damage done by the removal of node is proportional to its centrality.
Withal, areas, whose destruction was crucial to the brain, were located in the cortical
midline, including anterior and posterior cingulate cortex, and in the vicinity of the
temporoparietal junction.
We now proceed to a brief analysis of some brain disorders:
• Alzheimer’s Disease (AD)
It is a neurodegenerative disorder. Its symptomps include progressive dementia,
confusion, irritability and memory loss. The cause of this is the aggregation of
intra and extracellular protein and deposit of neuritic plaques and neurofibrillary
tangles. In its first phases, the disease targets specific areas of the brain such
the medial temporal lobe, important for memory formation. Reduced activity
and hypometabolism in the posterior cingulate cortex have also been observed.
Resting state network analysis done by Greicius (2004) [23] confirms it. This
suggest that integrity of the default mode network can be used as a biomarker
for the diagnosis of the disease. Other researches done by Sorg (2007) [51]
found that patient with mild cognitive impairment, with high risk of developing
AD, exhibited loss of functional connectivity between default mode network and
the hippocampus. Wang (2007) [57] , instead, found a reduction in functional
connectivity between frontal and parietal regions. From a graph analysis point
of view, AD patient’s functional network had longer path lenghts, reduced global
clustering and regional differences in clustering coefficient. Such measures can
be used in the diagnosis of the disease in its early stages. Recently it has been
found that amyloid deposition in zones of the default mode network can lead
to their deactivation. A resting state fMRI study on AD patients by Buckner
(2009) [9]showed that central hubs and amyloid deposition are highly correlated.
This characterize AD as a disease that attack specific hubs.
• Schizophrenia
It’s a psychiatric disorder, whose most characteristic sign is the disintegration of
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psychological functions resulting in the loss of unity of mind and consciousness.
Scientific community has not yet found a biological cause to this disorder. PET
studies shows abnormalities in the degree of pattern of functional coupling. Disruption in functional connectivity was observed also in other studies, performed
with EEG, PET, fMRI (Calhoun, 2009 [11]). Among the other symptoms there
are also differences in volume, structural integrity, myelination in cerebral white
matter and in density and coherence of axonal cortical fibers.
Friston and others have proposed the consequence of the disease to be a disruption of interactions of large-scale integrative process. This idea has been
supported by studies (Liang, 2006 [34]; Zhou 2007 [63]; Liu, 2008 [35]) which
found that topological attributes of large scale brain network, such as path
length and clustering, in schizophrenic patient were disturbed. Regarding resting state network, Pomarol-Clotet (2008) [46] and Whitfield-Gabrieli (2009) [58]
found that the deactivation of default mode network during task was impaired
in schizophrenic patient and major components of the network, as medial prefrontal cortex and posterior cingulate cortex presented, also, an increased functional connectivity. Moreover it was found that the hyperconnection of default
mode network correlated with the severity of the patient’s condition.

Figure 2.5: Resting State connectivity and correlation with psychopathology in schizophrenia. It was examined the connectivity in two particular regions of the default mode network
: the precuneus/posterior cingulate and medial prefrontal cortex. On the x axis there is a
composite score of positive symptomology in schizophrenia

• Neurodevelopmental Disorders
Autism and attention deficit/hyperactivity disorders (ADHD) are the most common neurodevelopmental disorders. Autistic patients encounter difficulties in
social interactions, verbal and nonverbal communication, show lack of empathy
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and a behavioral pattern of stereotypy and preoccupation. Differences between
the brains of people with autism and healthy subjects are found in an increased
cerebral volume in both gray and white matter, abnormalities in cortical cytoarchitecture and disorganization in white matter pathways for the autistic ones.
From a graph theory viewpoint, autistic brains exhibited an overabundance of
short-range or local cortical pathways that harmed the functional differentiation
of brain regions (Belmonte, 2004 [5])
From fMRI studies it has emerged also, that subject with autism did not manifest the deactivation of the midline default mode network areas, such as the
medial prefrontal cortex and posterior cingulate cortex, while switching from
rest to attention-demanding tasks. This can be explained by the low level of
activation of the default mode network during rest in autistic patients. This, according to Lombardo (2007) [36] can also explains the abnormal self-referential
thought process.
People with ADHD exhibit abnormally low functional coupling between midline structures ot the default mode network, specifically between anterior and
posterior cingulate cortex (Castellanos, 2008 [12])

Chapter 3
Artificial Neural Networks
For since the fabric of the
universe is most perfect and the
work of a most wise creator,
nothing at all takes place in the
universe in which some rule of
the maximum or minimum does
not appear.
— Leonhard Euler

3.1

General Features

Artificial neural networks are machines capable of doing complex parallel processing.
The idea behind neural network is emulating the way human brain works. Since
the brain is one of the most efficient and powerful processor in nature. We will use
artificial neural networks (ANN) to study the human brain. The rigorous definition
of ANN is :
Definition 3.1.1. A neural network is a massively parallel distributed processor made
up of simple processing units which has a natural propensity for storing experiential
knowledge and making it available for use. It resembles the brain in two ways :
1. the knowledge is acquired by the network from the environment through a
learning process;
2. interneuron connection strengths, known as synaptic weights are used to store
the acquired knowledge.
The main feature of a ANN are :
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• Non Linearity A Neural Network (NN) can compute non linear function and
its non-linearity is distributed;
• Input - Output Mapping A network performs a non-parametric assumption,
since the parameters are not always fixed and it works by linking an input to
an output and the learning proceeds through training examples;
• Adaptativity the weights in a NN can change rapidly and one can use the
same network architecture to perform different tasks or cope with changes in the
training data. If these datas are time-dependent, the network will readjust its
synapses accordingly. Adaptativity does not guarantee robustness. A network
can learn so rapidly that it can consider noise in the data as a meaningful signal,
which is not desirable;
• Evidential response a network can include information about the confidence
with which has made a classification;
• Contextual Information since every neuron in the network can communicate
with others a network has the power to extract local and contextual features;
• Fault Tolerance usually the damage a network can sustain, should be large
to impair the response, since the information is massively distributed;
• VLSI implementability the parallel nature of a network makes it easy to
implement in a Very Large Scale Integrated Technology;
• Uniformity of Analysis and Design this feature indicates that every network
is formed by the same elements, the neurons, that can be used to perform
different tasks, thus making a network innerly modular in its design. Modularity
makes it easy to add functions or enhance the performance of the network.
The main component of a ANN is the neuron. Its components are
• synapses or connecting links which carry and input xj to a neuron k modulated
by a characteristic weight wkj . An artificial neuron can also have a bias bk ,
which can be viewed ad another input x0 having a weight wk0 = bk ;
• The weighted inputs and bias are summed via an adder that computes that
computes
vk =

m
X

j=1

xj wkj + bk =

m
X

xj wkj

(3.1)

j=0

where m is the number of inputs coming into the neuron k, vk is called induced
local field or activation potential;
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• the adder output, vk becomes the input for the activation function ϕ(·) which
is Non-Linear (hence the non linearity of a ANN). The range of the activation
function usually is chosen to be the interval [0, 1] or [−1, 1].

x1

Inputs

w1

x2

w2

x3

w3

Bias
b
Activation
function

Σ

ϕ(·)

Output
y

Weights
Figure 3.1: Scheme of a neuron

The activation function used in the network can be chosen to satisfy particular needs
in the output. The most common choices are
• Heaviside Function

1,

ϕ(v) = θ(v) = 

for v ≥ 1
0, for v < 0

(3.2)

Figure 3.2: Heaviside function

• Sigmoid Function Actually sigmoid (or logistic) functions are a broader class
of function, but we will consider for our purposes
ϕ(v) =

1
1 + e−v

(3.3)
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Figure 3.3: Sigmoid (logistic) function

• Hyperbolic Tangent This function is actually a rescaled version of the sigmoid
function. The main difference is that its range is [−1, 1]. Its functional form is
ϕ(v) = tanh v =

ez − e−z
ez + e−z

(3.4)

Figure 3.4: Hyperbolic tangent function

• Softmax If one wants the probability that a particular input belongs to a category according to the net, one usually employs another function. In particular
if the net has to classify the inputs into K categories, the probability assigned
by the net to the category i is calculated by the softmax function
evi
sof tmax(v)i = PK
j=1

3.2

evj

(3.5)

Practical Rules

There are some useful rules of thumb in the evaluation and building of a network:
1. similar inputs should have similar output. The similarity between inputs (output) can be measured with a distance defined in the input (output) space.
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2. Items in different categories should have very different representation in the
network.
3. If a feature is important, there should be a large number of neurons involved in
the representation of that item in the network.
4. Prior information and invariances (rototraslational invariance for an image, for
example) should be built into the design of a NN, thereby simplifying the network architecture by not having to learn them. This can be achieved with a
restricting set of rule for the weights and particular network design.

3.3

Single Layer Perceptron

Perceptron are the simplest NN that can be created. Basically a perceptron is a
single neuron that produce a scalar output. Perceptrons can discern only between
linearly separable classes. This result is also known as perceptron convergence theorem Although simple, they provide a useful toy model which can make simpler the
understanding of more complicated network architecture. Hystorically, Rosenblat
(1968) was the first to propose and analyze perceptrons. He also demonstrated the
perceptron convergence theorem. Let’s now delve deeper in the characterization of
perceptron. Perceptrons accepts an input signal (vectorial or scalar), it computes
v(i) =

m
X

wk (i)xk (i) = xT W

(3.6)

k=1

where wk (i) and W(i) are the weights of the neuron at time i expressed in scalar and
vectorial form respectively, xk and x are the inputs. Then v becomes the argument
of the activation function ϕ(·). Then the output y is
y(i) = ϕ(v(i))

(3.7)

Then the output is compared with the desired response d(i), which is known and the
error function is computed
e(i) = d(i) − y(i)
(3.8)
The training of the neuron then proceeds by changing the weights in order to minimize
a cost function which depends on the error. Training, thus, is a minimization preces.
There are many algorithms that are able to search for minima of a function. Here we
review the most common ones
• Steepest or Gradient Descent
Let C(W) be the cost function. Let g = ∇C(W). Then, in order to reach a

3.3 Single Layer Perceptron

26

minimum for C, one hase to cange the weights between two successive iteration
in this way
W(n + 1) = W(n) − ηg
(3.9)
where η is called learning rate parameter. Thus
∆W(n) = −ηg

(3.10)

With this choice we are sure that , at first order,
C(W(n + 1)) ≤ C(W(n))
To see this, we expand C(W(n + 1)) in a Taylor series, stopped at the first
order, around W(n)

C(W(n + 1)) = C(W(n) − ηg(n)) ≈
≈ C(W(n)) − ηgT (n)g(n) =

(3.11)

2

= C(W(n)) − η kg(n)k < C(W(n))
where k·k is the usual euclidean norm. The idea behind the steepest descent
is pretty simple. Computing ∆W as in (3.10) means that we are constantly
trying to fall in one of the valleys of the function, as if we are following the path
of a ball rolling down a hill.
One of the problem, which is common with every minima-search algorithm, is
that we cannot be sure whether or not the minima we have found is a local or
global. One, also, has to carefully consider choosing the right η . Trivially, one
can conjecture that the bigger η, the better, but if you think about it , having a
large η causes instability. Consider again the valley example If we are near the
minimum, adding −ηg(n) might make us overshoot the minimum or even make
us do a transition to another valley. On the other hand an η too small make the
algorithm slow to converge. Thus one has to balance, as usual in these cases,
speed and precision when it comes to choose η.
• Newton’s Method
Newton’s method uses a quadratic approximation around the minimum, hence
it is a second order method. Now, the Taylor expansion of C(W(n + 1)) is
stopped at the second order, and we compute
∆C = C(W(n + 1)) − C(W(n + 1)) =
1
= gT (n)∆W(n) + ∆WT (n)H(n)∆W(n)
2

(3.12)
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2

C
where (H)jk = ∂w∂j ∂w
is the hessian matrix of C. Clearly, one has to minimize
k
∆C (so that C(W(n + 1)) is much less than C(W(n))) with respect to ∆W(n).
We impose
∂∆C
= 0 → g(n) + H(n)∆W(n) = 0
∂∆W
solving for ∆W(n)
∆W(n) = H−1 (n)g(n)
(3.13)

This method seems easier than the first one but this is not true at all. Even
though, it converges more rapidly that the steepest descent method, one needs a
positive definite hessian matrix, so that it is possible to define its inverse. Moreover computing the secondo derivative of a function can be really demanding
for a machine. so each iteration can take more time than the simple gradient
descent method.
As we have said perceptron are interesting because they allow a visualization of how a
NN works and provide interesting insights about training process. They are limited,
though, since they allow only to distinguish between linearly separable classes. Usually the boundaries between classes are not linearly separable so we need to use a more
sophisticated network. In the next section we will delve into multilayer perceptron
which overcome the linearity of single-layer perceptron.

3.4

Multilayer Perceptron

As the name says multilayer perceptron is a ANN composed by at least 3 layers of
neurons. The first layer is the input layer and its job is to acquire the external inputs.
The final layer is the output layer which gives the response of the system. while the
layers between these two are called hidden layers.
The activation function employed for each neuron should be a smooth function and
usually it is a sigmoid. Other choices can be made, but we will assume for now that
the activation function, in our discussion, is
yi =

1
1 + e−vi

(3.14)

where vi is the induced local field of the neuron The network has to compute the
function signal (the output) and estimate the gradient vector of the cost function
which depends on the weights and the error. Initially we will use the sum of all the
squared errors of the output neurons as cost function
C(n) =

X
1
e2 (n)
2 j∈output layer j

(3.15)
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Figure 3.5: Diagram of a Multilayer Perceptron

where
ej (n) = dj (n) − yj (n)
with dj (n) is the desired response and yj (n) is the response of the entire network, so
it is the output of the output layer. The dependence on n means that C is calculated
for the nth input.
One can measure the overall performance of the network computing the average of
this quantity over a set of inputs. If the cardinality of the set is N we have
Cavg

N
1 X
C(n)
=
N n=1

(3.16)

Our objective is to minimize the cost function as the single layer perceptron case. In
order to do so, we use again the gradient descent algorithm. The algorithm, though, in
this case, is a bit more complex and in this case is called back-propagation algorithm.
We will explain later the meaning of it. We will update the weights at every input
. This is not a compulsory choice and we will see that other choices can be made.
To calculate the correction to the weights we need to compute the gradient. Let wji
be the weight of the ith synapse linked to the jth neuron. The local field of the jth
neuron is
m
m
vj (n) =

X
i=1

wji (n)yi (n) + bj =

X
i=0

wji (n)yi (n)
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where m is the number of inputs and bj the bias. The output of the neuron is
yj (n) = ϕ(vj (n))
where ϕ(·) is the activation function. Now the last step is the computation of the
gradient.
∂C(n)
∂C(n) ∂ej (n) ∂yj (n) ∂vj (n)
=
=
∂wji (n)
∂ej (n) ∂yj (n) ∂vj (n) ∂wji (n)
= ej (n)(−1)ϕ0 (vj (n))yj (n) =
= −ej (n)ϕ0 (vj (n))yj (n)
thus
∆wji (n) = −η
where
δj (n) = −

∂C(n)
= ηδj (n)yi (n)
∂wji (n)

∂C(n)
= ej (n)ϕ0 (vj (n))
∂vj (n)

(3.17)

(3.18)

(3.19)

δj (n) is called local gradient. If the neuron belongs to the output layer this will be
the end of the story, but we also need to adjust the weights of the other neurons.
Let j be a neuron in the hidden layer. The difference between hidden and output
layer is the fact that in the first the error should be propagated through the network,
since the change in the weight of a hidden neuron affects the output by propagation
through the network, since tha change in the weight of a hidden neuron affects the
output by propagation. Let’s consider
δj (n) = −
so

∂C(n) 0
∂C(n) ∂yj (n)
=−
ϕ (vj (n))
∂yj (n) ∂vj (n)
∂yj (n)

X
∂C(n)
∂ek (n)
=
ek (n)
∂yj (n) k∈output layer
∂yj (n)

if we continue to apply the chain rule
X
∂C(n)
∂ek (n) ∂vk (n)
=
ek (n)
∂yj (n) k∈output layer
∂vk (n) ∂yj (n)

and
ek = dk (n) − yk (n) = dk (n) − ϕ(vk (n))
∂ek (n)
⇒
= −ϕ0 (vk (n))
∂vk (n)

(3.20)
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while
vk (n) =

m
X

wkj (n)yj (n)

j=0

⇒

∂vk (n)
= wkj (n)
∂yj (n)

then
X ∂C(n)
X
X
∂C(n)
=−
wkj (n) =
δk (n)wkj (n) = −
ek (n)ϕ0 (vk (n))wkj (n)
∂yj (n)
∂v
(n)
k
k
k
k

and finally
δj (n) = −ϕ0 (vj (n))

X

δk (n)wkj (n)

(3.21)

k

thus the general rule for weight correction is
∆wji (n) = −ηδj (n)yi (n)

(3.22)

where
• η is the learning rate parameter;
• δj (n) is the local gradient, whose form changes if the neuron j belongs to the
output or the hidden layer.
• yi (n) is the input signal (if the neuron j is in the hidden layer yi is the external
input while if the neuron is in the output layer, yi is an input from the hidden
layer).
To sum up, the back-propagation algorithm is composed by two steps. The first is
the forward step, in which the weights are left unchanged and the network computes
the response, and a backward step in which the weights are updated via the gradient
descent method. Now we will examine the crucial point of the back propagation
algorithm in order to improve it.

3.5

Back-propagation with L layers (L > 3)

Let’s complicate things a little bit. Let’s consider a network with more than one
hidden layer. We need to modify our notation
• yil , vil and δil are respectively, the output, the activation field and the local
gradient of the neuron i in the layer l;
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l
is the weight associated with the synapse that links the input k to the
• wjk
neuron j in the lth layer.

With this notation, the output of the neuron i in the lth layer is
!

yil

=ϕ

l l−1
wik
yk

X

(3.23)

k

where we have included the bias in the weights. If we group the yil s in a vector for
l
each layer and we do the same for wik
we obtain a more compact form


yl = ϕ Wl yl−1



(3.24)

Again we define the local gradient for each neuron and for each layer as
δil =

∂C(n)
∂C(n)
= l ϕ0 (vjl )
l
∂vi (n)
∂yi (n)

(3.25)

while in matrix form


ϕ0 v l

δ l = ∇vl C = ∇yl C




(3.26)



where ∇yl C ϕ0 vl is a vector whose entries are the the product elementwise as in
(3.25).
For the output layer one has




ϕ0 v L =

δ L = ∇ yL C






ϕ0 vL

= yL − d
2

(3.27)



P 

2

since our cost function is C = 12 d − yL = 12 j dj − yjL .
Now we need to express the local gradient δ l as a function of δ l+1 (in the algorithm
we propogate backwards so we will compute first δ l+1 ). Consider
δjl =
vkl+1 (n) =

X
t

∂C(n) X ∂C(n) ∂vkl+1 (n) X l+1 ∂vkl+1 (n)
=
=
δk
l+1
l
∂vjl (n)
∂vjl (n)
k ∂vk (n) ∂vj (n)
k

l+1
wkt
(n)ytl (n) =

X





l+1
wkt
(n)ϕ vtl (n) ⇒

t

(3.28)



∂vkl+1
l+1
l
=
w
(n)ϕ
v
(n)
j
kj
∂vjl
(3.29)

so
!

δjl (n)

=

X
k

l+1
δkl+1 (n)wkj
(n)ϕ0 (vjl (n))

=

X
k

l+1
wjk
(n)δkl+1 (n)

ϕ0 (vjl (n))

(3.30)
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in matrix form



l

l

W (n)

δ (n) =

T

δ

l+1







ϕ vl (n)

(n)

(3.31)

l
and finally we need an equation for the derivative of C with respect to wjk
(n)

∂C(n)
∂C(n) ∂vjl (n)
= l
= δjl ykl−1
l
l
∂wjk (n)
∂vj (n) ∂wjk (n)

(3.32)

since
vjl (n) =

X

l
wjk
(n)ykl−1

k

In matrix form

∂C(n)
= δ l (n) ⊗ yl−1 (n)
∂Wl (n)

(3.33)

where is the Kronecker product between matrices.
Armed with these tools, we can compute the gradient descent step for each weight
l
∆wjk
(n) = −ηδjl (n)ykl−1 (n) =

!

= −η

X

ϕ0 (vjl (n))ykl−1 (n)

l+1
wjt
(n)δtl+1 (n)

(3.34)

t

or in matrix form
∆Wl (n) = −ηδ l (n) ⊗ yl−1 (n) =
= −η

3.6



T

Wl+1 (n)

δ l+1 (n)





ϕ0 vl (n)

⊗ yl−1 (n)

(3.35)

Cost Function

Until now we have used as cost function the sum of the squared errors. This, though,
is far from ideal for the reasons we will explain. Let’s consider a neuron with a single
input and an output, just to make the notations less intimidating. Our cost functin
is
1
C = (y − d)2
2
where d is the desired response and y = ϕ(v), with v = wx + b as the activation
potential, x as input, w as the weight and b the bias.
Computing
∂C
= (d − y)ϕ0 (v)x
∂w
∂C
= (d − y)ϕ0 (v)
∂b
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As we can see ∂C
is proportional to ϕ0 (v), but the sigmoid function has two plateaus,
∂w
so it’s derivative near v = 1 and v = −1 is nearly zero. This prevent the neuron from
making greater steps towards the minimum of the cost function. since this factor
squashes the correction to the weight. In order to correct this aspect, one would
like to use a cost function whose derivatire does not depend on the derivative of the
sigmoid. The cost function that has been used to overcome this flaw is the Cross
Entropy Cost Function
C = − [d ln y + (1 − d) ln (1 − y)]

(3.36)

This function is positive, since 0 ≤ y ≤ 1, and gets close to 0 if y is near the desired
response. d can be 0 or 1, so
lim C(d = 0) = lim − ln (1 − y) = 0

y→0

y→0

lim C(d = 1) = lim − ln y = 0

y→1

y→1

Moreover
!

∂C ∂y ∂v
d 1−d
∂C
=
= − +
ϕ0 (v)x =
∂w
∂y ∂v ∂w
y 1−y
(1 − d)y − d(1 − y) 0
ϕ (v)x =
y(1 − y)
ϕ(v) − d
=
ϕ0 (v)x
ϕ(v)(1 − ϕ(v))
but if ϕ(v) =

1
,
1+e−v

(3.37)

then ϕ0 (v) = ϕ(v)(1 − ϕ(v)) so
∂C
= x(ϕ(v) − d)
∂w
∂C
= ϕ(v) − d
∂v

(3.38a)
(3.38b)

As a side note, we mention that one could have derived the cost function by solving
the (3.38). As a matter of fact the (3.38b) can also be written as
δ = y − d = ϕ(v) − d

(3.39)

This form makes visible the fact that the local gradient is equal to the error. This
reflect one of the feature of the cross entropy cost function : the greater the error,
the more the neuron will learn.

3.7 Overfitting
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Overfitting

For now we have only analyzed the benefits of ANN, but they are not devoid of cons
that should be understood and tackled.
Essentially, the main problem of a ANN is the overfitting, What do we mean by it?
Imagine that a network training inputs are 1000, drawn from a noisy distribution,
and out network has  1000 parameter to adjust. After the training has been done,
one observes that the cost function for the training data has effectively decreased,
even though, the cost function evaluated on another set of inputs, drawn from the
same distribution has increased instead. what is happening, is that the network is
not learning how to generalize the most important features to make a proper pattern
recognition, but it is learning only how to recognize the starting inputs, interpreting
the noise as a meaningful signal. Thus detecting overfitting if it is happening and
finding methods to contrast it are important for building up a ANN.
Now we will examine some of the most used methods to prevent overfitting.

3.8

Regularization

The idea behind regularization is reducing the absolute value of the weights. Empirically it has been seen that this mitigate overfitting. Heuristically, controlling the
module of the weights at each step, make them more resilient to change of the inputs.
To include regularization on the network one add a term to the cost function C0
C = C0 +

αX 2
w
2 w

(3.40)

where the sum is over all the weights of the network and α is another network parameter. It is customary to include also the biases. With this correction to the cost
function our backpropagation algorithm rule gets modified a little bit. In fact
∂C
∂C0
l
=
+ αwjk
l
l
∂wjk
∂wjk
thus
l
∆wjk
= −η

∂C0
l
− ηαwjk
l
∂wjk

(3.41)

(3.42)

From these equations we can see that the network tend to prefer now smaller weights
(since we tend to minimize C).
Intuitively, if we neglect the regularization term, the norm of the weights could grow
exponentially. Regularization prevents change to pile up and ensures that the network
will focus only on the important feature contained in the input data because a weight
is allowed to grow only if the contribute of the derivative of C0 is greater than the
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Figure 3.6: Effects on the weights of a L2 regularization term. w∗ is the minima of the
unregularized cost function. The solid ellipses are the points that have the same value of
the cost function, while the dashed circles are the points of equal value of the L2 regularizer.
Since the cost function along w2 varies more than in the w1 direction the w1 coordinate of
e for the regularized cost function is near 0. The optimal point has been
the optimal point w
found by satisfying the two condition imposed by the regularized cost function.

derivative of the regularization term. This means that we are moving toward the real
minimum of C0 . Another effect of regularization is reducing the contibution of single
neurons, thus making the network more resilient to damage. The information if the
weights are distributed around 0 is shared by the whole network. Another method of
regularization is dropout. If we apply dropout to our network we train it by excluding
for a training set a half of the hidden neurons. We will repeat this procedure by
choosing randomly half of the neuron to eliminate and training the other half with
the other training set. When the sets are over, we will halve the weights outgoing
from the hidden neurons to compensate for the dropout. Dropout has been widely
used in more recent application of ANN and as in the previous regularization method,
it helps making the network less dependent on the contribute of single neurons and
makes the neuron learn the most important feature of the date examined. One can
think of dropout as if we are training many networks (with less hidden neurons than
the original) with the same amount of data. This reduces the number of free parameters to assign and consequently reduces overfitting.
We will now examine in greater detail some of the already cited regularization schemes.

3.8.1

L2 Regularization

As usual we will simplify our study case in order to see how the algorithm works.
Consider a quadratic cost function with positive definite Hessian.
C(w) = C(w∗ ) +

1
(w − w∗ )> H (w − w∗ )
2

(3.43)
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where w∗ is the minimum of the cost function and H is the Hessian calculated in w∗ .
At the minimum the gradient vanishes, so
∇w C(w) = H (w − w∗ ) = 0

(3.44)

Now we add the weight regularizing term. In this way we will solve for the regularized
version of C, that we will indicate with Ce
e + H (w
e − w∗ ) = 0
αw
e = Hw∗
(H + αI) w
−1

e = (H + αI)
⇒w

Hw

(3.45)

∗

e → w∗ . Let’s see the case of α growing. Since H we can
Clearly when α → 0, w
decompose it into
H = QΛQ>
(3.46)

where Λ is the diagonal matrix of eigenvalues of H and Q is an orthonormal basis of
eigenvectors. Then
−1



e = QΛQ> + αI
w
h

= Q (Λ + αI) Q>

QΛQ> w∗ =

i−1

QΛQ> w∗ =

(3.47)

= Q (Λ + αI)−1 ΛQ> w∗
The effect of the regularization on the projection of w∗ along the ith eigenvector is
i
(in this case λi is the eigenvalues of Λ while α is the
rescaling it of the value λiλ+α
regularization parameter).
Along the directions where λi  α the effect of regularization is small, while when
λi  α, the rescaling make them vanish. An example of this behaviour can be seen
in Figure 3.6.

3.8.2

L1 Regularization

The regularization term in this case is
Ω(w) = kwk1 =

X

|wi |

(3.48)

i

In this case the gradient of the regularized cost function becomes
e
∇w C(w)
= αSign(w) + ∇w C(w)

(3.49)

where α is the regularization parameter and the Sign(w) is a vector whose entries
are Sign(wi ).
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Since the gradient now, does not scale linearly, but changes of a constant amount,
even in the simple quadratic cost function case one does not find an exact solution.
We will, then, see the application of this regularization scheme on a cpst function
that has been truncated at the 2nd order of its Taylor series.
The gradient of the unregularized cost function in our approximation, then is
∇w C(w) = H (w − w∗ )

(3.50)

where H is the Hessian evaluated at w∗ .
We will make another assumption. Our Hessian is also diagonal and each element is
> 0.
Thus

X 1
∗
∗ 2
e
C(w) = C(w ) +
Hi,i (wi − wi ) + α|wi |
(3.51)
2
i
The problem of minimizing this function has an analytical solution
(

wi =

Sign(wi∗ )max

|wi∗ |

)

α
−
,0
Hi,i

(3.52)

For wi∗ for every i there are two possible situations
1.

2.

wi∗
Hi,i

≤ α. In this case the optimal value is wi = 0. Here the pressure of the
regularizing term is greater than minimizing the cost function and this pushes
the weights toward 0.
wi∗
Hi,i

> α. In this case the regularization tends to shift the value of the weight
of a distance Hαi,i

From what we can collect the L1 regularization tends to make the weight matrix more
sparse, meaning that more elements in the matrix are 0.
This behaviour has been used as a way to implement a more efficient feature selection
in the neural network.

3.8.3

Caveats in Regularization

L1 and L2 regularization are norm penalties that restrict the possible range of values
of the weights. It can happen then that the penalty makes the system prefer a point
in the parameter space that is close to zero even though another point could make
the cost function smaller.

3.8 Regularization
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Dropout

In the case of dropout one tries to make the neuron learn the most important featuresby excluding neurons randomically at each iteration of a minibatch. This can
speed up the training process. One can implement the exclusion by multiplying by 0
the output of the chosen neuron. This idea can be further improved using a binary
mask. In this case the other hyperparameter to chose is the probability to include a
unity or not. Usually for a input unit the probability is set to 0.8 while for a hidden
unit is 0.5.
More formally, dropout means minimizing the average of the cost function over the
ensemble of all possible binary masks.
Eµ [C(w, µ)]

(3.53)

where µ indicate the binary mask.
If the output of each sub-network is a probability distribution, then the output of the
whole network will be
X
p(µ)p(y|x, µ)
(3.54)
µ

where p(µ) is the probability to choose the mask µ, while p(y|x, µ) is the conditional
probability of the system to respond with the value y given the input x and the
mask µ. Clearly the sum has an exponential number of terms, so one would like to
approximate it by sampling the output of 10 - 20 sub-networks.
To make thing faster one, though, approximate the sum with the geometric mean,
provided that p(µ) = const. Then the unnormalized probability is
peens (y|x) =

sY

2d

(3.55)

p(y|x, µ)

µ

where d is the number of units that may be dropped. Normalizing this expression
gives
peens (y|x)
pens (y|x) = P
(3.56)
eens (y 0 |x)
y0 p
Hinton has found that one can avoid the computation of 3.55 by evaluating p(y|x) on
the model in which the weights outgoing from the ith neuron gets multiplied by the
probability of the ith neuron to be droppped. As we have said, usually this probability
is 21 . In the case of a softmax layer




P (y = y|v) = sof tmax W> v + b

y

(3.57)

where v is the vector that contains the outputs of the last layer before the softmax
layer. In this case the index y indicates the yth entry of the softmax layer. When
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we apply a mask to the neuron in the hidden layer, the activation function becomes
d v, where is the Hadamard product and d is the binary mask.
The probability distribution then, becomes




P (y = y|v; d) = sof tmax W> (d

v) + b

(3.58)

y

Peens (y = y|v)
e
0
y 0 Pens (y = y |v)

Pens (y = y|v) = P
where

s

Peens (y = y|v) =

Y

2n

(3.59)

P (y|x; d)

(3.60)

d∈{0,1}n

then

ens (y

Pe

= y|v) =

s

Y

2n

P (y|x; d)

d∈{0,1}n

=

s

Y

2n

sof tmax (W> (d

v) + b)y

d∈{0,1}n

=

v
u
u
n
2u
t



> (d
exp Wy;:

Y

d∈{0,1}n

P

exp

y0

r
Q
2n

d∈{0,1}n



P

y0



(3.61)

v) + by0

(d



= r
Q

Wy>0 ;:

> (d
exp Wy;:

d∈{0,1}n

2n



v) + by

v) + by

exp Wy>0 ;: (d





v) + by0



Since Peens will be normalized we can ignore the multiplication by a constant factor
(our denominator in this case) and write
ens (y

Pe

= y|v) ∝

s
2n



Y

> (d
exp Wy;:

v) + by



d∈{0,1}n





1
= exp  n
2


>
Wy;:
(d

X
d∈{0,1}n



> 
= exp Wy;:



X

d∈{0,1}n

1 >
= exp Wy;:
v + by
2


v) + by 

1 
d
2n



(3.62)

v + by 



Thus substituting this in 3.59 we obtain a softmax classifier with halved weights.
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Sequential and Batch Modes of Training

For our reasoning we have always assumed that the training would happen at each
iteration of a single input. This is not mandatory and we can make a better use of
our resources using parallelization and the fast matrix algebra libraries available for
the most used programming languages such as Python or Matlab.
One usually divides the training data in batches of fixed size and compute the cost
function of the entire batch as the average of the cost function among the batch. This
should make the calculation faster than the sequential mode.

3.10

Stopping Time Criteria

To evaluate the performance of our network one computes the average of the cost
function over an entire epoch. By epoch, we intend the entire set of data. The
network should train with several epochs and at each epoch the inputs should be
shuffled in order to make the algorithm faster. The question that we want to answer
in this section is after how many epochs should we stop to avoid overfitting. The cost
function could be used as a measure for overfitting, but a more meaningful measure
is the accuracy computed at tach epoch. The accuract A is
A=

#Correct Classifications
#Inputs

(3.63)

If the accuracy drops after rising, one could see that overfitting is going on. Usually
one computes the accuracy for a set of data that has not been used for training. This
set of data is called evaluation set.
A rule of thumb for the stopping criteria is stopping the training if the accuracy does
not improve after 10 epochs. Clearly this criteria has not a mathematical sound basis
but it is only a heuristic rule. In fact the accuracy could also improve after more than
10 epochs.
Another stopping criteria is the module of the gradient vector. If the module of the
gradient is smaller than a fixed threshold, we can say that we have reached a critical
point for the cost function.
Another criteria is to evaluate the relative change τ of the average cost function
between two successive epochs
τ=

CAV G (n + 1) − CAV G (n)
%
CAV G (n)

(3.64)

if τ is between 0.1% and 1% we can say that we have converged to a minimum. We
will now examine in depth the connection between early stopping time methods and
regularization

3.11 Early Stopping Time and Regularization

3.11

41

Early Stopping Time and Regularization

When a model has many parameters it is possible that this can lead to overfit. In
order to avoid this one can use the strategy of early stopping. Basically one has to
store the value of the parameter o the network when the validation set error is lowest.
Then one continue the training process and if the error on the validation set does
not improve in a specified number of epochs, the algorithm returns the value of the
weights that have been previously stored. We can see the stopping time as another
hyperparameter that changes the capacity of our net. One can also see stopping
time as acting as a regularizer. Setting a stopping time means that we are resticting
ourselves to a small portion of the parameter space in the neighbourhood of our
starting point.
In some environments early stopping has the same effect of a L2 regularizer. Let’s
start with a quadratic cost function as in the previous examples.
C(w) = C(w∗ ) +

1
(w − w∗ )> H (w − w∗ )
2

with
∇w C(w) = H (w − w∗ )
We will study the effect of early stopping, considering w(0) = 0 as starting point. The
τth step in gradient descent is
wτ = wτ −1 − η∇w C(wτ −1 ) =


= wτ −1 − ηH wτ −1 − w∗
τ



∗

⇒ w − w = (I − ηH) w

τ −1

−w

∗



(3.65)



Now since H is positive definite we can decompose it as in 3.46




wτ −1 − w∗



Q> (wτ − w∗ ) = (I − ηΛ) Q> wτ −1 − w∗



wτ − w∗ = I − ηQΛQ>



(3.66)

assuming that |1 − ηλi | < 1 for every i and w(0) = 0, after τ steps one has
Q> wτ = [I − (I − ηΛ)τ ] Q> w∗

(3.67)

e considering 3.47 is
In the case of the L2 regularizer the expression for Q> w
e = (Λ + αI)−1 ΛQ> w∗
Q> w

(3.68)

that can be rearranged as
h

i

e = I − (Λ + αI)−1 α Q> w∗
Q> w

(3.69)
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comparing these two expression one can see that if η and α are chosen so that
(I − ηΛ)τ = (Λ − αI)−1 α

(3.70)

the two methods are equivalent. Taking the logarithm of both the expressions and in
the case that ηλi  1 and λαi  1 one has
τ≈

1
ηα

(3.71)

What this tells us, is that parameter values in directions of significant curvature tend
to be regularized less than the parameter in the direction of less curvature in the
L2 context. While, in the early stopping time scheme parameter in the derection of
significant curvature are learnt quicker than the ones in the direction of less curvature

Figure 3.7: An illustration of early stopping. On the left there is a representation of the
optimal point found with early stopping while on the right there is a representation of the
optimal point found with L2 regularization. It can be noted that both method do not stop
e
at the real minima w∗ , but rather on a close point w

3.12

Momentum Based Gradient Descent

As we have said for Newton’s method, information about the second derivative can
speed up the time it take for the algorithm to converge. Second derivative, though is
hard to compute since networks usually have many free parameters, so one would like
to include second order approximation, without having to compute a large Hessian
matrix. In order to do so we add the information about a pseudo-velocity of the

3.13 Scaled Conjugate Gradient Descent
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l
we compute at first the change in
shift of the weights. In particular for a weight wji
l
velocity vji

vjil (n) → vjil (n + 1) = µvjil (n) + ηδjl (n)yil (n)
l
wji
(n)

→

l
wji
(n

+ 1) =

l
wji
(n)

+

vjil (n

+ 1)

(3.72)
(3.73)

l
l
if we initialize our velocity to zero we will obtain that the shift ∆wji
(n + 1) = wji
(n +
l
1) − wji (n) is
l
l
(3.74)
(n) + ηδjl (n + 1)yil (n + 1)
(n + 1) = µ∆wji
∆wji

To see why this modification can speed up the convergence we can solve (3.74) as a
l
finite difference equation in the variable ∆wji
(n). It can be showed that the solution
is
n
n
X
X
∂C(t)
l
n−t l
l
∆wji (n) = η
µ δj (t)yi (t) = −η
µn−t l
(3.75)
∂vji (t)
t=0
t=0
There are three observation to be made about the (3.75) :
1. The adjustment is the result of an exponentially weighted time series. To converge µ should be 0 ≤ |µ| ≤ 1.
∂C
l
2. If ∂v
will grow in maghas the same algebraic sign after some iteration ∆wji
l
ji
nitude and consequently, the weight will be adjusted by a large amount. Thus,
the momentum term will accelerate the descent in the downhill direction.

3. If the partial derivative

∂C
l
∂vji

has opposite sign after two iterations the magnitude

l
will be corrected by a small amount. This tends to stabilize
of the shift ∆wji
the descent in the directions in which the derivative change in sign.

3.13

Scaled Conjugate Gradient Descent

Steepest descent involves searching for a minima in a specified direction, then look
for the minima in another direction along the gradient. The process may undo the
progress done in one direction
The idea of conjugate gradient descent is to incorporate information about the previous gradient direction into the new weight update. The new search direction then
would be specified by the vector
dt = ∇w C(w) + βt dt−1

(3.76)

where βt is a parameter that can be calculated and dt−1 is the previous gradient
direction. The rigorous definition of two conjugate direction is
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Figure 3.8: The green line represents the steps done by the steepest descent method while
the red line is the path done with the method of scaled conjugate gradient descent. It can
be clearly seen that the latter converges in fewer steps

d>
t Hdt−1 = 0

(3.77)

where H is the Hessian matrix.
Clearly, calculating a conjugate vector dt given dt−1 would involve the calculation of
the eigenvectors of H, but this is time and resources consuming. Fortunately there
are method of choosing βt that allow us to calculate a conjugate vector ignoring the
hessian. Two of the main ways to compute βt are :
• Fletcher - Reeves Method
k∇w C(wt )k22
∇w C(wt )> ∇w C(wt )
=
βt =
∇w C(wt−1 )> ∇w C(wt−1 )
k∇w C(wt−1 )k22

(3.78)

• Polak - Ribiere Method
βt =

(∇w C(wt ) − ∇w C(wt−1 ))> ∇w C(wt )
∇w C(wt−1 )> ∇w C(wt−1 )

(3.79)
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Another property of the conjugate gradient method is that in a quadratic surface,
the gradient along the previous direction does not increase, so the weights continue
to rest in the minimum of the previous direction.

3.14

Universal Approximation Theorem

The reason why we are able to classify patterns with a ANN has to do with a mathematical theorem. In fact, the universal approximation theorem states that a function
defined in the unit hypercube [0, 1]n can be approximated by a linear combination of
sigmoid functions. To demonstrate this theorem we need some definitions and preliminary theorems. Let In be the unit hypercube [0, 1]n in n dimensions. The space
of continuous functions on In in R is C(In ) and let kf k be the supremum norm of
f ∈ C(In )
kf k = sup |f (x)|
x∈[0,1]n

We indicate the space of finite, signed regular Borel measures on In by M(In ). We
want to demonstrate that the function
G(x) =

N
X

αj σ(yT x + θj )

(3.80)

j=1

where αj ,θj ∈ R and σ is a sigmoidal function whose property is

1,

σ(t) = 

as t → +∞
0, as t → −∞

(3.81)

Definition 3.14.1. σ is discriminatory if for a measure µ ∈ M(In ) so that
Z

σ(yT x + θ)dµ(x) = 0

(3.82)

In

for all y ∈ Rn and θ ∈ R, it implies µ = 0.
Theorem 3.14.1. (Hahn Banach Theorem) Let V be a real vector space. Let
p : V → R be sublinear, meaning that
p(γx) = γp(x)
∀γ ∈ R − {0}, ∀x ∈ V
p(x + y) ≤ p(x) + p(y)
∀x, y ∈ V

(3.83)
(3.84)

Let φ : V → R be a linear function on a linear subspace U ⊆ V so that
φ(x) ≤ p(x)

∀x ∈ U

then there exist a linear extension ψ : V → R of φ to the whole V so that
ψ(x) = φ(x)
ψ(x) ≤ p(x)

∀x ∈ U
∀x ∈ V

(3.85)
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A consequence of this theorem that we will use in our demonstration is
Corollary 3.14.2. If V is a normed vector space and U is a liner subspace then there
exists a continuous linear map ψ : V → R with
ψ(x) = 0 ∀x ∈ U
Theorem 3.14.3. (Riesz Representation Theorem) Let X be a locally compact
Hausdorff space and CC (X) be the space of continuous compactly supported, complex
valued functions that vanish at infinity. Then for every positive functional ψ of CC (X)
there is a unique regular Borel measure on X so that
ψ(f ) =

Z

∀f ∈ CC (X)

f dµ

X

Theorem 3.14.4. Let σ be any continuous discriminatory function and In the unit
hypercube in n dimensions. Then finite sums of the form
G(x) =

N
X

αj σ(yT x + θj )

(3.86)

j=1

are dense in C(In ), or given f ∈ C(In ) and ε > 0 there exist a sum G(x) for which
|G(x) − f (x)| < ε

∀x ∈ In

(3.87)

Proof. Let S ⊆ C(In ) be the set of functions G as in (3.86). S is a linear subspace of
C(In ). We want to demonstrate that the closure of S, S = C(In ).
Let’s assume that S 6= C(In ), then S is a closed subspace of C(In ). By the HahnBanach Theorem (3.14.1), there is a bounded linear functional L on C(In ) with the
property that L 6= 0 but L(S) = L(S) = 0. By the Riesz Representation Theorem
(3.14.4), L is of the form
Z
L(h) =

h(x)dµ(x)

In

for some µ ∈ M(In ), for all h ∈ C(In ). In particular since σ(yT x + θ) ∈ S for all
y ∈ Rn and θ ∈ R, if
Z
σ(yT x + θ)dµ(x) = 0
(3.88)
In

But σ is discriminatory by hypothesis, so µ must be 0. This contradicts our assumption so S must be dense in C(In )
Lemma 3.14.5. Any bounded, measurable sigmoidal function σ is discriminatory.
In particular any continuous sigmoidal function is discriminatory.
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Proof. For any x, y ∈ Rn , θ, φ ∈ R we have





→ 1 for yT x + θ > 0as λ → +∞
σ λ yt x + θ + φ =
→ 0 for yT x + θ < 0as λ → +∞



= σ(φ) for yT x + θ = 0for all λ
 





Thus σλ (x) = σ (λ (yt x + θ) + φ) converge pointwise and boundedly to





1 for yT x + θ > 0
γ(x) =
0 for yT x + θ < 0



= σ(φ) for yT x + θ = 0
as λ → +∞. Let Πy,θ be the hyperplane defined by {x|yT x + θ = 0} and Hy,θ =
{x|yT x + θ > 0}. Then by the Lebesgue Bounded Convergenge Theorem we have that
if
Z
σλ (x)dµ(x) = 0
In

then

Z
In

γ(x)dµ(x) = σ(φ)µ(Πy,θ ) + µ(Hy,θ ) = 0

for all y ∈ Rn , θ, φ ∈ R. We have to show that this imply that µ = 0 knowing that
the measure of an hyperplane is null. If µ were a positive measure, it would be trivial,
but this is not the case. Fix y. For a bounded measurable function h let F be
F (h) =

Z





h yT x dµ(x)

In

F is a bounded functional on L∞ (R). Let h be
h(x) =





then
F (h) =

Z
In



1 if x ≥ θ
0 elsewhere



h yT x dµ(x) = µ(Πy,−θ ) + µ(Hy,−θ ) = 0

Similarly F (h) = 0 if h is the indicator of the interval (θ, +∞). By linearity F (h) = 0
for the indicator function of any interval and hence it is null for any simple function
(that is, the sum of indicator function of intervals). Since simple functions are dense
in L∞ (R), F = 0.
In particular, for the bounded measurable functions s(u) = sin (mT u) and c(u) =
cos (mT u), one has
F (c + is) =

Z
In





cos (mT x) + i sin (mT x) dµ(x) =

Z

T

eim x dµ(x) = 0

(3.89)

In

for all m ∈ Rn . But (3.89) is the Fourier Transform of µ. Since it is 0, also µ must
be 0. This demonstrate also that σ is discriminatory.

Chapter 4
Results
4.1

Overview

We consider now the following question: to what extent can the RSN whom a given
brain region belongs to, be inferred from the correlation of that brain region with
the rest of the brain? This is an important question with relevant applications in
neurosurgery. Being able to detect the RSN can, actually indicate the brain regions
that are crucial to guarantee a patient a complete functional brain. Sometimes it is
necessary to remove parts of the brain. RSN analysis can give the surgeon a more
specific map of the functional brain activity so that the operation can be conducted
with minimal risk of impairment for the patient.
The aim of my work was to find a suitable architecture to classify the data obtaineid
from the OpenfMRI database. Matlab has been used to generate and train the
feedforward deep neural network chosen. The neural network toolbox has been used
and the accuracy was chosen to evaluate the performance of a net. In order to
implement the network the built-in patternet function has been used. While, the
training algorithm used is the scaled conjugate gradient descent that in Matlab is
called by trainscg. The cost function used is the Cross-entropy.

4.2

Pre-processing

The cohort considered in this work consists of 110 healthy subjects. This data was
obtained from the OpenfMRI database (accession number ds000030).
Each subject underwent a 10-minute resting-state fMRI session, where they were
instructed to keep their eyes open. Acquisition of fMRI data was done on a Siemens
3T Trio scanner (Echo Planar Imaging sequence, gradient echo, 300 volumes, TR
=2000 ms, echo time = 30 ms, flip angle = 78°, voxel size = 3 × 3 × 3mm3 , field of
view = 192 × 192mm2 , 32 transversal slices).
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Functional MRI (fMRI) data were preprocessed with FSL (FMRIB Software Library
v5.0) and AFNI (v16.2.07) according to standard procedures. The fMRI volumes were
corrected for motion, after which slice timing correction was applied to correct for
temporal alignment. All voxels were spatially smoothed with a 6mm FWHM isotropic
Gaussian kernel and after intensity normalization, a band pass filter was applied
between 0.01 and 0.08 Hz. In addition, linear and quadratic trends were removed.
We next regressed out the six motion time courses, the average CSF signal and
the average white matter signal. Global signal regression was not performed. Data
were transformed to the MNI152 template, with spatial resolution of 3 × 3 × 3mm3 .
Next, the Shen parcellation atlas was applied, partitioning each subject’s brain in 268
functionally homogeneous and spatially coherent brain regions [49].
Functional connectivity matrices for each subject were then obtained by computing
the Pearson correlation between the mean BOLD time course among all pairs of the
268 brain regions. A row (column) i of a given matrix thus represents a correlation
image of the ith ROI with the rest of the brain regions.
Finally, the 110 resulting individual FC matrices were rearranged into 110 (subjects)
×268 (brain regions) correlation images, each one identifying one of the nine restingstate sub-networks (RSNs). Specifically, seven cortical RSNs as proposed by Yeo and
colleagues [59] (visual (VIS), sensorimotor (SM), dorsal attention (DA), ventral attention (VA), limbic (L), fronto-parietal (FP), and default mode network (DMN)), and
two more sub-networks for the sake of completeness, comprising subcortical (SUB)
and cerebellar regions (CER).

4.3
4.3.1

Architectures
One Hidden Layer

The first architecture to be tested has been a multilayer perceptron with only one
hidden layer. The number of neurnons in the hidden layer has been varied and the
results have been averaged over 30 tries. The initial parameters have been chosen
randomly at each iteration. The results are shown in the figure below.
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Figure 4.1: In this figure one can see how the accuracy varies as the number of hidden
neurons grows

As in can be seen from Figure 4.1 the accuracy peaks around 250 neurons. This is
not a casual number but it is close to the number of feature of the input vector. It
appears then, that the best results comes from a different representation of the input
data with the same dimensionality.

4.3.2

Deep Feedforward net

In order to improve the accuracy, new architectures were tested. Other layers have
been added to the network. Six architectures have been tested. The first had 128
neurons in one hidden layer. The second had 268 neurons in one hidden layer. The
third had 128 neuron in the first hidden layer and 64 in the second hidden layer. The
fourth had 268 neurons in the first hidden layer, 128 in the second layer and 64 in the
third hidden layer. The fifth 128 in the first hidden layer, 64 in the second hidden
layer and 32 in the third hidden layer. The sixth had 268 neurons in the first hidden
layer, 128 in the second hidden layer, 64 in the third and 32 in the fourth. The results
are shown in the figures below

4.3 Architectures
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(a) Accuracy of the architectures tested without error bars

(b) Accuracy of the architectures tested with error bars. The error has been calculated as the standard deviation of
the sample

Figure 4.2: Accuracy of the architectures

4.4 Threshold
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In Figure 4.2 it seems that the best architecture with more than one layer is the
one that has 268 neurons in the first hidden layer, 128 in the second and 64 in the
third. Although, architectures with only one hidden layer outperforms the multilayered architectures. This result was unexpected and may be caused by the training
algorithm chosen.

4.4

Threshold

In order to improve the performances, a threshold has been applied to the data. The
threshold was applied in this way:
• The maximum and minimum value for each column of the data was found and
their difference was stored. Let us call this variable spread.
• A fraction of the spread, specified at the start, was added to the minimum.
This sum represents the threshold.
• The values of the columns that were below the threshold were brought to zero.
The result were averaged over 50 trials.

Figure 4.3: Accuracy of the network, when a threshold is applied to the input data. The
network had 268 neurons in the first hidden layer

4.5 Regions Of Interest (ROI)
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In Figure 4.3 one can see that a threshold of 0.4 gives the best accuracy, while applying
a more strict threshold made the accuracy worse. In this case one has to balance two
opposing requests. While a sparse input or a sparse network provides a more efficient
training, since the net has to train fewer weights, on the other hand imposing a high
threshold or equivalently bring to zero some weights or feature reduce the capacity
of the network to fit the data.

4.5

Regions Of Interest (ROI)

Another analysis was made using the information about each ROI. In particular from
an analysis made by Shen [49] we knew to which RSN each voxel belonged to. So
we selected the ROIs for each RSN and we trained 5 networks choosing in the end
the one that gave the best accuracy,using only the entries of the column vector that
belonged to the RSN chosen. Then we selected the examples that pertained to each
RSN and for each of these 9 sets we evaluated the performance of the network that
we have previously generated. Here are the results

Figure 4.4: Every column of this matrix represents a particular net trained using only
the data from a particular RSN. The ith entry of the column vector represents the accuracy
that the network reach when is presented with examples that belongs to the ith RSN

From Figure 4.4 it can be seen that RSN 1 and RSN 2 appear to be easily identified
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using only the specific ROIs that compose them. The fifth resting state was, though,
much more difficult to identify than the others, since the accuracy on the fifth entry
in the diagonal is the worst. This indicates that this network could have been illdefined at the start, or may indicate further correlation that were not highlighted in
the preprocessing. The low accuracy in the first 4 entries and the last of the fifth row
could point to the fact that this network is not related in any way to these five RSNs.
Higher than 11% accuracy results outside the diagonal could be related to the overlap
between RSNs. The 11 % accuracy is the probability that a random net can guess the
right result. This idea could explain the fact that the networks are able to distinguish
the RSNs using ROI that does not belong to the RSN chosen.

4.6
4.6.1

Receiver Operator Characteristic (ROC)
Definition

Another useful way to test the ability of the network to discern between the different
RSN is the Receiver Operator Characteristic (ROC) curve. A ROC curve plots the
False Positive Rate against the True Positive Rate. This method of analysis is useful
to assess the performances of a binary classifier, but it can be used also for other kind
of classifiers.
To see how it works we will examine a classifier that can distinguist between N classes.
The output of a classifier is a vector of length N. The ith entry is the probability that
the input vector belongs to the class i (as it is the case of a softmax classifier).
The input is classified into the ith class if the ith entry of the output vector is above a
certain threshold. If more than one entry is above the threshold, the input is assigned
to the class that has the highest probability.
One, then, has 4 different situations :
1. the input belonged to class i and was correctly classified. It is a True Positive
(TP);
2. the input did not belong to class i and was classified into this class. It is a False
Positive (FP);
3. the input did not belong yo class i and it was not assigned to class i. It is a
True Negative (TN);
4. the input belonged to class i but it was not assigned to class i. It is a False
Negative (FN).
One can calulate the ratio of True Positive (TPR), defined as
TPR =

#T P
#T P + #F N

(4.1)
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and the ratio of False Positive (FPR):
FPR =

#F P
#F P + #T N

(4.2)

One can change these ratios by modifying the threshold used to assign the input to
a category.
More formally, given two probability distributions in the inputs space, P (X) and
N (X), namely ’positive’ and ’negative’ probabilities, respectively, each inputwill follow one of the two. Our classifier will predict if an input belongs to one distribution
or the other considering a single variable y = f (X). If this variable is greater than
the threshold T it will be classified as ’positive’.
Let’s define
p(y) = P (f (X) = y)
n(y) = N (f (X) = y)

(4.3)

Then the True Positive rate is defined as
T P R(T ) =

Z +∞

p(y)dy

(4.4)

n(y)dy

(4.5)

T

and the False Positive ratio is
F P R(T ) =

Z +∞
T

Then we define the receiving operator characteristic as a parametric curve that depends on the threshold T as
ROC(T ) = (F P R(T ), T P R(T ))

(4.6)
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Figure 4.5: Marginal probability distributions of the positive and negative classes. As
one can see the true positive ratio and false positive ratio depends on the overlap of the
distributions and the position of the threshold.

The more the area under the ROC curve is close to 1 (the curve is near the top left
edge), the better the classifier

4.6.2

Capacity of Detecting a RSN

In our case ROC curves have served the purpose of determining the RSN that were
more difficult to identify. In order to determine the easiest RSN, I trained 50 networks
composed of one hidden layer with 268 neurons and for each net I calculated the area
under curve (AUC). I averaged the results and calculated the standard deviation as
the error. The results are below

4.6 Receiver Operator Characteristic (ROC)
RSN
1
2
3
4
5
6
7
8
9
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AUC ± Standard Deviation
0.9892 ± 0.0025
0.9867 ± 0.0025
0.9850 ± 0.0036
0.9880 ± 0.0030
0.9754 ± 0.0049
0.9771 ± 0.0051
0.9778 ± 0.0031
0.9705 ± 0.0051
0.9792 ± 0.0037

Table 4.1: The AUC for every RSN with the error

From Table 4.1 one sees that the easiest RSN than can be detected is the first one.
This result agrees with our analysis of ROI. The neural nets are less reliable when it
comes to RSN 5,6 and 8. These results, also, agrees with what we have previously
found. In fact these RSNs had the worst accuracy in the diagonal in Figure 4.4.

4.6 Receiver Operator Characteristic (ROC)

(a) AUC for every RSN without the errors

(b) AUC for every RSN with the errors
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Conclusions
In this thesis I have analyzed one of the phenomena that emerges in the study of the
human brain : RSN. I used, then, Deep Learning to resolve the pattern recognition
problem of characterizing RSN from BOLD correlation data between ROI of the
brain. Deep Learning approach resulted feasible in this context.
The purpose of this work was to test diverse architectures for the neural net and to
assess which one gave the best results. Moreover I observed which RSN was more
difficult to detect.
In the end, we have proven that a deep learning approach to the classification problem
of RSN is viable and in can be easily implemented in compter-aided fMRI session.
In my analysis the accuracy for the best architecture tested has been around 83%.
There is surely room for improvement in the choice of the architecture and training
algorithm. Some tests with Tensorflow and Keras proved to be far more accurate on
the same dataset used in this thesis. My thesis focused on the explanation of the
algorithms and the principles behind deep learning. Provided with this knowledge
one can then manipulate the data and use the toolkits that are available, in order to
accomplish a vast set of tasks in the fields of science and computer science.
In order to improve the reliability of the technique it may be the case to increase
the number of features for a single example. This can be achieved by working at
smaller scales i.e. voxel scale instead of ROIs scale. The voxels in which the brain
is divided are of the order of 104 . In this case the problem can be formulated in
the context of unsupervised learning, by making the net discover automatically the
resting state network from correlation data. In this way the analysis can become
much more reliable for clinical use.
Moreover, being able to isolate the diverses resting state networks is a step forward
in the understanding of the dynamics inside human brain and in neurosurgery. fMRI
are, in fact, being tested for their use in pre-operative settings and this method of
analysis may be more reliable than other when it comes to indicate the central hubs
of brain networks that should be left intact in brain surgery.
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