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Introduction
Condensation is an ubiquitous phenomenon in nature, and is well understood in the framework of statistical physics. Here the notion of condensation is more widely used to describe any process in which a finite fraction of
some conserved quantity becomes localized in the phase space. Condensation can occur either in real space or in momentum space. In the most prominent example of statistical physics condensation, namely Bose-Einstein condensation (BEC), takes place in the momentum space where a finite fraction
of all particles present in the system assumes the lowest energy state. Such
generalized condensation occurs in many different systems, both in and out
of equilibrium: granular clustering, wealth condensation [BJJ+ 02], quantum
gravity [BBPT97], polydisperse hard spheres [EMPT10], hub formation in
complex networks [KRL00], or even jamming in traffic flow [OEC98]. In the
usual contexts mentioned above, condensation is a phenomenon observed
in the average behavior of the system. Recently there has been much interest in condensation occurring in the fluctuations, namely with condensation
as rare event. Fluctuations have always played an important role in statistical mechanics, starting from the work of Boltzmann, Gibbs and Einstein.
For a thermodynamic system, the observables whose values it’s not fixed
by the experimental conditions, fluctuate. For example the temperature of
an object at equilibrium with the environment, for the Zeroth law of thermodynamics, it’s fixed and equal to the one of the environment, whereas
its energy fluctuates. Small fluctuations form the average value are in general well understood, and obeys to the central limit theorem, i.e. they are
distributed according to the Gauss statistics.
On the other hand little is known on the so called large deviations,
which are rare fluctuations of the thermodynamic variables that depart significantly from the expectation value. Recently this has been studied analytically by computing the distribution function of thermodynamic variables
like energy and exchanged heat with the environment, after a quenching
process, in exactly solvable models of statistical mechanics, like the Gaussian model or the Spherical model. The results show that the probability distribution can display non-analyticities. The probability distribution
plays, for the fluctuations, a role analogous to that of the partition function
for the expected values. As well as in the presence of a phase transition
3

4

Contents

the partition function displays non analytical points, the probability distribution can have the same features. This occurs when the entire amount of
the fluctuation exceeding a certain critical threshold is contributed by the
zero-wave-vector degree of freedom. The phenomenon described takes the
name of Condensation of fluctuations, because the underlying phase transition is analogous to the condensation of a bosons perfect gas predicted by
Bose-Einstein in the twenties of the last century. Some of these phenomena
appear also in the context of probability theory, when studying the probability distribution of the sum of independent and identically distributed
random variables. This has been used to deeply analyze the phenomenon
of condensation of fluctuations, but many questions are still open.
In this thesis we pose two main questions:
• How the two types of condensation, namely on average and of fluctuations, are in relation. The latter will be studied in the framework of
the large deviations theory, studying the asymptotic of probability distributions of some extensive observables in specific statistical models.
• As it will be shown the Large deviation theory is in relation with
the central limit theorem (CLT). In systems exhibiting both sides of
condensation the CLT seems to do not hold, and is of profound interest
to ask why.
In order to discuss these issues we will consider models with factorized steady states. More specifically we will consider Urn-models. These
are stochastic models, defined on a lattice, with particles hopping from
one site to another with a certain transition probability. They are analytically tractable, and have interesting features both in equilibrium and in
non-equilibrium. These models, amenable of interpretation in terms of
independent and identically distributed random variables, are known to
exhibit the two types of condensation.
The thesis is organized as follows:
• In chapter 1 we will introduce Urn models, giving some general results
that will be useful during the thesis. We will also discuss a duality
relation between constrained and unconstrained statistical models, in
order to discuss the relation between the two types of condensation.
• In chapter 2 we summarize some results of large deviations theory
and discuss its connection with statistical mechanics.
• In chapter 3 we present the phenomenon of condensation of fluctuations in the context of a very important model of statistical mechanics,
the Gaussian model, that besides differences with the models in our
consideration displays, in some sense, a factorization property. We
will review some known results on the light of large deviation theory
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and discuss the above second point interpreting some results discussed in a recent work [Zan15], where condensation of fluctuations
is put in relation with the phenomenon of Grand canonical catastrophe
in the Bose Einstein condensation.
• In chapter 4 we extend the discussion and show that condensation of
fluctuations is also present if one consider the probability distribution
of non linear observables.
• In chapter 5 we begin the study of thermodynamical inhomogeneous
systems, in order to understand the interplay between the two types
of condensation.

6
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Chapter 1

Urn models
Urn models have played a very important role in formulating fundamental concepts of statistical mechanics such as equilibrium, and approach to
equilibrium or fluctuations out of equilibrium. The ancestor of this models
is the Ehrenfest model and we will review it in Section 1.1, where we will
highlight how this toy model has helped to understand phenomena more
difficult to address in more complex systems. We will then define Urn
models and other stochastic models related to those, the Zero-Range Process
(ZRP) and the Totally Asymmetric Exclusion Process (TASEP), to which we
will refer during this thesis. For the type of study that we will carry on
during the thesis the complete knowledge of the systems’s dynamics is not
needed. In this chapter however we will present Urn models in the most
general way, starting from the dynamical rules, to more appreciate the wide
range of applicability of this stochastic models besides their simplicity.
We will first show that ZRP are special members of a class of stochastic
processes which have the property that their stationary measures (or steady
states) are known and have a product structure whose properties can lead to
a phase transition between a fluid phase and a condensed phase. We will then
discuss, without details, the steady state condensation transition for the
ZRP in Section 1.5 alongside a qualitative discussion of the phase transition
in the TASEP with open boundary conditions.
Mostly this thesis is about the study of phase transitions, in particular
condensation transitions, in the stationary states of models of weakly interacting constituents with a factorized form of the partition function or of
the probability distribution of some observables. The notion of condensation is used to describe any process in which a finite fraction of some
conserved quantity becomes localized in the phase space. Another interesting manifestation of this phenomenon is condensation of fluctuations, that
will be introduced in Section 1.6. It can be thought as the counterpart of
ordinary condensation, to which we will refer as condensation on average, in
the purview of rare events. These two sides of condensation can be put in
1
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relation by means of a duality relation between ensembles as first discussed
in [ZCG14]. In fact the partition function of the ZRP turns out to be in
relation with the probability distribution of a particular value of the sum of
independent and identically distributed (i.i.d.) discrete random variables.
In the picture in which the integer variables are the particles number at a site
on a finite lattice, this probability is the the distribution of the total particle
number. Asking for the probability of a large deviation from the typical
value of the particles number corresponds to studying the distribution of
the fluctuations of the total particle number. The notion of duality and of
condensation of fluctuations will be briefly introduced in this chapter and
recalled and deepened in the next chapters.

1.1

Ehrenfest Urn model

The Ehrenfest Urn model is "probably one of the most instructive model
in the whole of Physics" (Kac). It was designed to support a probabilistic
vindication of Boltzmann’s H-theorem, and to give a qualitative accounts
of notions like reversibility, periodicity and tendency to equilibrium. The
model, often referred to as the "Ehrenfest dog-fleas model" (Wio), is mentioned in almost every textbook on probability, stochastic process and statistical physics and is an example of Urn model. Consider N balls, labeled
from 1 to N, which are distributed in two urns (or boxes). At each time
step a ball is chosen at random (i.e., an integer between 1 and N is chosen
at random), each with probability 1/N, and moved from the box in which
it is, to the other box. The process is described by a Markov chain with N + 1
states 0, 1, ..., N counting the number of balls in urn 1.
In general one is interested in finding the distribution of the number of
balls after t steps , fk (t) = P(n1 (t) = k), where n1 (t) is the number of balls
in box 1 at time t, starting from a given initial condition. Kohlrausch and
Schrödinger [Sch26] found the master equation for fk (t), which they interpreted as the probability distribution of the position at time t of a random
walker. In fact another natural choice of state variable is the N−vector S(t)
whose coordinates is 1 if the i−th ball is in box 1 and 0 otherwise. The
process n1 (t) is called Ehrenfest random chain while S(t) is known as Ehrenfest
random walk. Each of the process {n1 (t)} and {S(t)} is a Markov chain, but
their state space are different: the state space of the Ehrenfest urn chain
is the set of integers {0, 1, 2, ..., N}, while the state space of the Ehrenfest
random walk is the N−dimensional Hypercube {0, 1}N , which consists o all 2N
sequences of length N with entries 0 or 1. Obviously the variable n1 (t) can
be recovered adding the entries of S(t).
In [Sch26], the authors found that the temporal evolution of the occupation probabilities fk (t) = P(n1 (t) = k) is governed by the master equation

1.1. Ehrenfest Urn model
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d fk (t) k + 1
N+1−k
=
fk+1 (t) +
fk−1 (t) − fk (t) .
dt
N
N

(1.1)

Indeed, a move of a ball from box number 1 to box number 2 yields k → k−1,
and occur with a rate k/N per unit time. Equation (1.1) is a continuous time
master equation for which an additional prescription is needed. The picture
to think about is the following: at random times, given by Poisson process1
with unit rate, a ball is chosen at random, and moved from the box in which
it is to the other box. We can recognize in (1.1) the transition probabilities
pi,i+1 = 1 − i/N ,
pi,i−1 = i/N ,

(1.2)

pi,j = 0 otherwise ,
with i = 0, 1, ..., N, the number of balls in the urn under consideration. (1.2)
are the entries of the transition matrix P = (pi j ). Note that i/N represents the
probability of choosing a ball from container 1, and 1 − i/N is the converse
probability of choosing a ball form container 2.
Let n1 (t) (resp. n2 (t) = N − n1 (t)) be the number of balls in box number
1 (resp. number 2) at time t. In order to find the equilibrium state one can
seek for the stationary solution of the master equation (1.1), or solve the
matrix equation πP = π, with π probability vector2 , and find the invariant
distribution. In both ways, the equilibrium state is characterized by a
binomial distribution of the number n1 :
fk,eq = Peq (n1 = k) = 2

−N

!
N
,
k

(1.3)

(k = 0, ..., N). This probabilities are normalized, as can be shown by means
of the Binomial theorem3 , and the mean value of the random variable n1
with respect to (1.3) is N/2. In figure (1.1) is displayed the behavior of the
number of balls in the two urns, starting form a configuration in which
they are all in one box. In long-time run, starting from the configuration
in which all the balls are in box 1, the mean number of balls on both urns
converges to the equilibrium value N/2 with the fluctuations around it. The
full solution of the master equation was given later on by Kac, Siegert and
Hess [Kac47, Sie49].
1
The standard Poisson process of rate λ is the stochastic process u(t), with t > 0, that
counts the number of random points that fall in [0, t] with initial condition u(0) = 0.
2
π is a vector with non-negative entries that add up to one, whose indices represent the
possible outcomes of a discrete random variable, and the vector gives the probability mass
function of that random variable.
P
P
n n−k k
N
3
Given the relation(x+y)n = ∞
y , it is straightforward to see that 21N ∞
k=0 k x
k=0 K = 1.

4
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Figure 1.1: Number of particles in box 1 (grey curve) and 2 (cyan curve), as function
of time, for the Ehrenfest model. In long-time run, the mean number of balls on
both urns converges to the equilibrium value N/2 with the fluctuations around it.
Time is measured in number of steps of the discrete Markov chain defined by the
transition probabilities (1.2).

1.1. Ehrenfest Urn model
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We are interested in the the relaxation to equilibrium of the model and
its time scales. Consider the discretized version of equation(1.1) that is
f (k, t + 1) =

N−k+1
k+1
f (k − 1, t) +
f (k + 1, t) .
N
N

(1.4)

Now consider the expectation value
E(n1 (t + 1)) =

N
X

k f (k, t + 1) =

k=0

N
X

k f (k, t + 1) =

k=1

N
X
N−k+1
f (k − 1, t)+
k
N
k=1

N
X
k+1
+
k
f (k + 1, t) .
N
k=1

(1.5)
Changing variables in the two sums we get
N−1
N
N
X
X
X
N−u
N−u
N−k+1
f (k − 1, t) =
(u + 1)
f (u, t) =
(u + 1)
f (u, t)
k
N
N
N
u=0

k=1

= 1 + E(n1 (t)) −

u=0

1
1
E(n1 (t)2 ) − E(n1 (t))
N
N

(1.6)

and
N
N−1
N
X
X k+1
X
k+1
u
k
f (k + 1, t) =
k
f (k + 1, t) =
(u − 1) f (u, t)
N
N
N
k=1

=

k=0

u=0

(1.7)

1
1
E(n1 (t)2 ) − E(n1 (t)) ,
N
N

so that


2
E(n1 (t + 1)) = 1 + 1 −
E(n1 (t)) .
N
From this recursion, denoting with A = (1 − 2/N), one has

(1.8)

E(n1 (t)) = 1 + A(1 + AE(n1 (t − 2))) = 1 + A(1 + A(1 + AE(n1 (t − 3)))) = ... =
= 1 + A + A2 + A3 + ... + At−1 + At E(n0 ) =
=

t−1
X

An + At E(n0 ) .

n=0

(1.9)
The first term is a finite geometric series which gives

1−At
1−A ,




N
N
2 t
E(n1 (t)) =
+ E(n0 ) −
1−
.
2
2
N

so that
(1.10)

6
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We also have that
E(n1 (t)) →

N
2

for t → ∞ ,

(1.11)

which tells us that for infinite long times the expectation value of the number
of balls in box 1 tends to the mean value of the equilibrium probability
distribution (1.3). If we introduce the deviation from the limiting value
N/2, i.e. s(t) = n1 (t) − N2 , the final form is


2 t
E(s(t)) = E(s(0)) 1 −
.
N

(1.12)

The above geometrical law can be reduced to an exponential in the continuum limit N  1, t  1


2t
.
(1.13)
E(s(t)) ≈ E(s(0)) exp −
N
The relaxation time is
τeq = N/2.

(1.14)

There are, however, much larger time scales in the Ehrenfest model.
Consider indeed the time it takes for box number 1 to get empty, i.e. the
first time t0 such that n1 (t0 ) = 0. This time depends on the initial state and
on the whole history of the system. The characteristic time scale T0 of this
process ca be evaluated as follows. The equilibrium probability for box
number 1 to be empty,
f0,eq = 2−N ,
(1.15)
is exponentially small in the number of balls. It is therefore expected that
the typical time needed to reach this very rare event scales as
T0 ' 1/ f0,eq = 2N .

(1.16)

This result can be derived in a more rigorous way within the theory of
Markov chains. The process of emptying one of the boxes is characterized
by an exponentially large time T0 . Equation (1.16) can be recast as an
Arrhenius-like law:
T0 ∼ eS0 ,
(1.17)
where
S0 = N ln 2 .

(1.18)

This can be shown to be the entropy difference between the equilibrium
state of the model, where each box contains one half of the balls, up to
fluctuations, and the configuration where box number 1 is empty. Here
the term entropy refers to the entropy rate in the mathematical theory of
stochastic process. This is an elementary example of an entropy barrier.

1.2. Different classes of Urn models

1.2

7

Different classes of Urn models

The Ehrenfest model is at the origin of a whole class of dynamical Urn models, which we name Ehrenfest class. They generalize the original Ehrenfest
model in two ways. The first generalization consists in considering M boxes
instead of two. Then, at equilibrium, the joint distribution of the occupation
numbers n1 , ..., nM , with
M
X
ni = N ,
(1.19)
i=1

is the multinomial distribution
P(n1 = k1 , ..., nM

!
N
1
= kM ) =
,
k1 ... kM MN

(1.20)

generalizing (1.3). The second direction of generalization consists in introducing an energy, allowing the possibility of studying this models at
finite temperature. We assume that the energy is a sum of contributions of
independent boxes:
E(n1 , ..., nM ) =

M
X

E(ni ) ,

(1.21)

i=1

and choose a rule for the move of the drawn ball. For instance, for the
Metropolis rule, the move is allowed with probability min{1, exp(−β∆E)}.
Obviously there are other choices. The fundamental ingredients for the
definition of the models belonging to the Ehrenfest class are therefore
• the statistics: a ball is chosen at random, and put in a box chosen at
random,
• the choice of the energy of a box E(ni ), and of a dynamical rule (for
example Metropolis),
• the geometry: for instance, boxes may be ordered on a line, or on the
contrary be all connected. Usually the latter is designated as the mean
field case.
The dynamical (and equilibrium) properties of the Ehrenfest class depend
crucially on the choice of the statistics described above, which we will
briefly refer to as the ball-box statistics. However other choices are possible;
for example at each time step a box can be chose at random, and one ball
moved from the chosen box (provided it is non empty) to the other one.
An example of this kind is the Monkey Urn model, so called because it corresponds to the image of a monkey playing at exchanging balls between two
boxes. The choice of a box, instead of a ball , induces drastic changes in the

8
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statistics and dynamics of the model. In fact in this case one can show that
the equilibrium state is characterized by uniform occupation probabilities
instead of the binomial distribution (1.3). Because of the flatness of the
equilibrium distribution there are no entropy barriers in the Monkey Urn
model.
We name dynamical Urn-model the following stochastic process. Consider a finite connected graph made of M sites (or urns), on which N particles are distributed. The occupation ni (t) of site i (i = 1, ..., M) is a random
variable, and the total number of particles
M
X

ni (t) = N

(1.22)

i=1

is conserved in time. The model is defined by dynamical rules describing
how particles hop from site to site. An elementary step of dynamics consists
of choosing a departure site d and an arrival site a connected to site d, and in
transferring one of the particle present in site d to site a. This process takes
place with rate rk,l , depending on the occupations both of the departure site
k = nd , 0, and of the arrival site, l = na (here ni is the random variable, and
the integer l or k the value taken by this random variable).
On the complete graph (i.e., in the mean field geometry), all sites are
connected, which means that that sites d and a are chosen independently
at random. On finite-dimensional lattices, site a is chosen among the first
neighbors of site d. In one dimension, site a is chosen to be the right
neighbor of site d and the particle moved with a certain probability p, or
its left neighbor and the particle moved with probability q = 1 − p. The
symmetric dynamics would correspond to the choice p = 1/2, and the
general asymmetric one to p , 1/2.
A configuration of the system is specified by the occupation numbers
ni (t), which means that a complete knowledge of its dynamics involves
the determination of P(n1 , ..., nM ), the probability of finding the system in a
given configuration at time t. This approach will be used in the definition
of the ZRP in the Section 1.4. They are just particular cases of dynamical
Urn-models with the additional restriction that the transition rates rk,l only
depends on the occupation of the departure site. This simple restriction is
enough to lead a remarkable property of the stationary probability as we
will discuss.

1.3

Equilibrium Statistical Mechanics of Urn models

Two ingredients are necessary in order to define static properties of manyUrn models within the framework of statistical mechanics.

1.3. Equilibrium Statistical Mechanics of Urn models
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• A priori statistics. To each configuration ni is attributed an ”a priori”
statistical weight W(ni ). At this stage we can distinguish two different
classes
W({ni }) =

( QM

1
i=1 ni !

1

Ehrenfest class
Monkey class .

(1.23)

We distinguish two types of statistics: one is the Ehrenfest class in
which particles in a site are distinguishable; the other is the Monkey class which consists of indistiguishable particles. It has been
revealed that the Ehrenfest class corresponds to statistical mechanics
with the Maxwell-Boltzmann statistics. Monkey class is related to the
Bose-Einstein statistic, and in general raises real-space condensation
phenomena.
• Hamiltonian. The Hamiltonian of a many-Urn model is defined as the
sum of independent contribution of boxes, of the form

H({ni }) =

M
X

E(ni )

(1.24)

i=1

so that the unnormalized Boltzmann weight of a configuration ni at a
temperature T = 1/β is

e−βH({ni }) =

M
Y

p(ni ) ,

(1.25)

i=1

with
p(ni ) = e−βE(ni ) .

(1.26)

The canonical partition function thus reads
Z(M, N) =

X
ni



X

W(ni )e−βH({ni }) δ 
ni , N ,

(1.27)

i

where the δ stands for the Kronecker delta function.
Alternatively one can consider equilibrium Urn-models with independent sites, on which a dynamic is then defined, in such a way the equilibrium
is recovered at long times. This would be possible choosing a rule obeying
detailed balance for the move of a particle, which corresponds to a symmetric dynamics. We will briefly discuss this point in the specific example
of the zeta Urn model in the next section.

10
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Completing the statistical mechanics framework we now turn to the
partition function (1.27). Using the contour integral representation of the
Kronecker symbol
I
1
δN,N =
dz z−(N−N+1) ,
(1.28)
2πi
we can rewrite (1.27) as
I
Z(M, N) =

dz
[Q(z)]M
2π i zN+1

(1.29)

where
Q(z) =

X

(
n

p(n)z ×

n

1
n!

1

(Ehrenfest class)
(Monkey class) .

(1.30)

Static properties of many-Urn models are therefore encoded in the temperature dependent generating series Q(z) of the Boltzmann weight p(n). The
presence or absence of the factorial term n! has direct implication on the analytic structure of the series, and as a consequence on the possible existence
of a phase transition at finite temperature.
Suppose now that the integral in (1.29) can be evaluated by saddle point
method, which means, leaving rigorous analysis to the next chapters, that
the integral can be approximated by the maximum value of the integrand
along a contour in the complex plane with stationary phase. First we note
that (1.29) can be cast in the form
I
dz −M(ρ log z−log Q(z))
Z(M, N) =
e
,
(1.31)
2π i
and we assume than that the integral can be approximated as
Z(M, N) ' e−M(ρ log z −log Q(z )) ,
∗

∗

(1.32)

with z∗ solution of the saddle point equation
ρ = z(ρ)

1.3.1

Q0 (z)
.
Q(z)

(1.33)

The zeta Urn model

An example originally inspired from quantum gravity corresponds to taking [BBPT97]:
E(ni ) = ln(ni + 1) .
(1.34)
It presents interesting properties in both at equilibrium and in non equilibrium situations, and we will briefly discuss the former in the next section .
It presents a phase transition between a fluid phase and a condensed phase
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at finite temperature. We will refer to this model as the zeta Urn model for
reasons which will appear clear in the sequel.
At equilibrium the zeta Urn model is defined by the partition function
Z(M, N) =

X

...

n1

X
nM



X

p(n1 )...p(nM )δ 
ni , N ,

(1.35)

i

where the Boltzmann weight
p(ni ) = e−βE(ni ) = (ni + 1)−β ,

(1.36)

corresponds to the choice of energy (1.34). If instead one begins from a
dynamical description with the transition rates u(k) taken to be that of a
ZRP given by


β
1 β
'1+ ,
(1.37)
u(k) = 1 +
k
k
It can be shown that the critical properties of the zeta Urn model are not
changed.
The generating series (1.30) for the choice (1.36) has radius of convergence equal to 1. The right-hand side of equation (1.33) is an increasing
function of z and its convergence is dominated by Q0 (z), which means that
the ratio Q(z)0 /Q(z) converges or diverges depending on the convergence
properties of Q0 (z), with radius of convergence |z| = 1. At z = 1 the righthand side diverges for β ≤ 2 and the equation is solvable for all finite values
of ρ. For β > 2, the ratio Q0 (z)/Q(z) converges. In this case the saddle point
equation will be solvable for all the value of ρ until a critical finite value ρc .
So at low enough temperature (β > 2) there is a finite critical density:

where

P∞
n(1 + n)−β ζ(β − 1) − ζ(β)
Q0 (1)
ρc =
= Pn=0
=
,
∞
−β
Q(1)
ζ(β)
n=0 (1 + n)

(1.38)

∞
X
1
ζ(s) =
ns

(1.39)

n=1

denotes Riemann’s zeta function. For ρ ≥ ρc there is a phase transition
between a fluid phase and a condensed phase, that will be investigated
during the thesis. This type of transition is essential for the study of the
phenomenon of condensation of fluctuations, that will be presented at the
end of this chapter, through the duality between typical and rare events.
Before doing it we will introduce two more statistical models, which are
also intended as Urn models, subjected to a kind of phase transition related
to the one introduced here.
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The Zero Range Process

The zero range process (ZRP) mentioned in the previous sections was introduced by Spitzer [Spi70] as a system of interacting random walks in
which many indistinguishable particles occupy sites on a lattice. Each site
may contain an integer number of particles and these particles hop between
neighboring sites with a rate that depends only on the number of particles
at the site of departure. In this way the ZRP may be seen as a particular
many-Urn model. In one dimension, the ZRP is defined on a lattice containing M sites, labelled i = 1, ..., M, and we consider periodic boundary
conditions (i.e. site M + 1 = site 1). We consider totally asymmetric dynamics such that particles hops from site i to its nearest neighbor site to the right
(site M + 1) with rate u(ni ). In general one can consider any lattice in any
dimension, including disordered lattices, and it turns out that one can still
obtain the exact steady state. For our purposes, we will consider the zero
range process in one dimension.

1.4.1

Solution of the steady state

Now we focus on determining the steady state for the ZRP. The master
equation for the probability P({ni }, t) of finding the system in a configuration
{ni } at time t reads
∂t P({ni }, t) =

M
X

[{u(ni−1 + 1)P(..., ni−1 + 1, ni − 1, ..., }) − u(ni )P({ni })]θ(ni ) ,

i=1

(1.40)
where the Heaviside function θ(n) is included to emphasize that site i must
be occupied for there to be associated hops out of and into the configuration
{ni }.
One of the most important properties of the ZRP is that its steady state
is given by a simple factorized form. This means that the steady state
probability P(ni ) of finding the system in a configuration {ni } = n1 , .., nM is
given by a product of (scalar) factors f (ni ), i.e.
P({ni }) = Z(M, N)−1

M
Y

f (ni )

(1.41)

i=1

where Z(M, N) is a normalization which ensures that the sum of probabilities
for all configurations containing N particles is equal to one, hence
Z(M, N) =

M
XY
{ni } i=1

M
X
f (ni ) δ(
ni − N) .

(1.42)

i=1

Here, the Kronecker δ-function has been introduced to guarantee that we
only include those configurations containing N particles in the sum. Finally,
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the factors f (ni ), which are the Boltzmann weights (1.26) are determined by
the hop rates:
n
Y
f (n) =
u(i)−1 ,
(1.43)
i=1

n > 0, f (0) = 1.
We now turn to the proof of the steady state (1.41) to (1.43). The first
step is to write the steady state condition that is satisfied by the probabilities
P({ni }). The master equation at stationarity reads
0=

M
X

[u(ni−1 + 1)P(..., ni−1 + 1, ni − 1, ...) − u(ni )P({ni })]θ(ni ) ,

(1.44)

i=1

This condition balances the probability current due to hops out of the same
configuration. The next step is to substitute the factorized form (1.41) into
(1.44) and look to equate each term in the sum separately, hence
u(ni−1 + 1) f (ni−1 + 1) f (ni − 1) = u(ni ) f (ni−1 ) f (ni ) ,

(1.45)

after cancelling common factors. This equation in turn implies that
f (ni−1 + 1)
f (ni )
= u(ni )
= constant ,
(1.46)
f (ni−1 )
f (ni − 1)
for all values of i. The constant can be set equal to unity without loss of
generality, hence
u(ni−1 + 1)

f (ni − 1)
,
(1.47)
u(ni )
which is readily iterated to yield (1.43) where we have set f (0) = 1, again
without loss of generality. Without heaving the discussion we only say
that the previous results can be generalized to the case where the ZRP is
defined on an arbitrary lattice [EH05]. We use the term arbitrary lattice
in a very general sense to mean any lattice in any dimension which may
include heterogeneity in connectivity, or in the hop rates. The steady state
still factorizes if the hop rate from site l to k, ukl (nl ) has the form
f (ni ) =

ukl (nl ) = u(nl )Wkl ,

(1.48)

where ul (nl ) is a site-dependent function, giving the total rate at which a
particle leaves site l if l is occupied by nl particles, and Wk,l is the probability
that the particle hops to site k. These probabilities define a stochastic matrix
for a single particle moving on a finite collection of M sites, therefore
X
Wkl = 1 ,
(1.49)
k

by conservation of probability.
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Some useful general results

From equations (1.41) and (1.43) we can, in principle, compute all the steady
state properties of the ZRP. We remark here that the steady state behavior is
determined by the form of f (n). We could chose any form of f (n) and then
infer the hop rates from
u(n) =

f (n − 1)
,
f (n)

(1.50)

having rearranged (1.47). The consequence of this is that any model, with
integer site variables and a conservation law, which has a factorized steady
state can be analyzed within the framework of the corresponding ZRP,
providing all the possible steady state behavior in such models. Given the
steady state of the ZRP factorizes it is natural to ask under what conditions
may a factorized steady state be admitted. Recent work has answered
this question and revealed an appealing simple condition for factorization
within a framework that encompasses a wide range of models. Look at
Appendix A for a brief review, where we discuss a direct test to investigate
if a given hopping function yields a factorized steady state.
It is important to note that f (n), the single-site weight, is distinct from
π(n), the probability that a given site contains n particles, given by
π(n) = f (n)

Z(M − 1, N − n)
.
Z(M, N)

(1.51)

To obtain this equation we fix the occupation of site one to be n then
sum (1.41) over allowed occupations of the remaining sites subject to the
constraint that the remaining number of particles is N − n
π(n) =

X

P(n, .., nM )δ

n2 ,...,nM

M
X

!
nl − (N − n) .

(1.52)

l=2

Thus the δ-function constraint in (1.42) is important in that it induces correlations between sites.
It is also straightforward to obtain an expression of the mean hop rate
hu(n)i where the average is respect to the steady measure. In the case of
asymmetric dynamics hu(n)i is just the particle current. In general,
!
M
M
X
Y
X
1
f (ni )δ
nl − N
u(n)
hu(n)i =
Z(M, N) n ,...,n
1

Z(M, N − 1)
=
,
Z(M, N)

M

i=1

l=1

(1.53)
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Figure 1. Mapping between the zero-range process and the asymmetric exclusion

Figure
1.2: Visualization of the mapping between the zero range process and
process
the totally asymmetric exclusion process. One thinks of particles in the ZRP as
vacancies in the exclusion process, and sites in the ZRP as occupied sites in the
exclusion
process.
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ZRPthan
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1). The number
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l is nlsite
, an integer
greater
or equalparticle
to zero. 1The
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Theinnext
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by
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ρ = and
.
(1)
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so on.

L
We consider totally asymmetric dynamics (although this is generalised in section 2.3)
such that a particle hops from site l to its nearest neighbour site to the right (site l + 1)
where we have used (1.47). Thus the mean hop rate is independent of
with rate u(nl ).
location in the system so it is a conserved quantity. This result is not necesIn general one can consider any lattice in any dimension, including disordered
obvious
in the
where
dynamics
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section 2.3). for example,
in
which
case
remains
finite
although
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current
vanishes.
hu(n)i
For simplicity, we will begin by considering the zero-range process in one dimension.

Another useful exact result is a recursion for the partition function
Z(M,toN):
2.1.1. Mapping
an asymmetric exclusion process A useful property of the zero-range
process in one dimension is that it can be mapped onto an exclusion process (i.e. a model
N particle or they are vacant). This
X
in which lattice sites are either occupied by a single
Z(M,
N) = is constructed
f (n)Z(Mby− identifying
1, N − n) a, particle
(1.54)
mapping is illustrated in figure 1. The
mapping
n=0
configuration in the ZRP with a corresponding configuration
of particles in an exclusion
model. (The
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up toobtained
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of the
exclusion (1.51)
process over
lattice.)
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summing
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usefully employed as an algorithm to be iterated on a computer, and we will
sites in the ZRP as occupied sites in the exclusion process. Thus, in figure 1, site 1 in
show and discuss the results later in the thesis. Thus it is straightforward to
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compare
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results with
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hu(n)i
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and for
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1.4.3
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next particle in front. Thus, depending on the form chosen for u(n), there may be a
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The mapping is constructed
by identifying a particle configuration in
6
the ZRP with a corresponding configuration of particles in an exclusion
model. The mapping is unique up to translations of the exclusion process
lattice. To do this, one thinks of particles in the ZRP as vacancies in the
exclusion process, and sites in the ZRP as occupied sites in the exclusion
process. Thus site 1 in the ZRP (figure 1.2 a) becomes particle 1 in the
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exclusion process (figure 1.2 b). The next three vacancies in the exclusion
process represent the particles at site 2 in the ZRP and then site 2 itself is
represented by particle 2 in the exclusion process, and so on. In this way
we obtain an exclusion model on a lattice containing M + N sites and M
particles. We also notice that the hop rates in the ZRP, which depend on the
number of particles at the departure site, become hop rates in the exclusion
process which depend on the distance to the next particle in front. Thus,
depending on the form chosen for u(n), there may be a long-range particle
interaction in the exclusion process. This mapping relies on the preservation
of the order of particles under the exclusion process dynamics therefore is
only useful in one dimension. The Totally Asymmetric Simple Exclusion
Process (TASEP) is often considered one of the fundamental models of nonequilibrium statistical mechanics due to its well understood steady state. As
a minimal model of traffic flow it has enjoyed many applications, including
the transcription of proteins by ribosomal motors moving along an mRNA
track, the transport of cargo between cells and more human-scale traffic
flow problems such as the dynamics of bus routes. A complete review on
this models and its applications can be found in [AS07].

1.5

Condensation transition in ZRP and TASEP

It is received wisdom that in one-dimensional equilibrium systems phase
transitions do not occur. Any careful statement of this requires a few caveats
and, indeed, a general rigorous result is hard to formulate. A complete discussion can be found in [LM66]. The best known argument is that of Landau
and Lifshitz [LL13], or alternatively one can address the problem in a more
mathematical way using the transfer matrix technique [Gol92]. All this arguments point to phase transition in equilibrium one dimensional systems
only being possible in the case of long-range interactions, zero-temperature
limit or infinite interaction energies, or unbounded local variable at a site
in lattice models. Although some parallels can be drawn, the situation in
non-equilibrium systems is less restrictive. Here we give an overview of
phase transitions in the one-dimensional hopping particle models introduced earlier, the ZRP and TASEP.
M. Evans [Eva00] has shown that for the steady state of the ZRP (1.42) a
phase transition may occur. When the hop rate decays slowly enough with
the number of particles in the departure site and the density of particles
is larger than a certain critical density (the exact value of which depends
on the hop function u(n)), a finite fraction of all particles condenses onto a
single, randomly chosen site. In figure (1.3) we show a graph for a Monte
Carlo simulation run for the ZRP. In this figure, the positions of the five
most-occupied sites are plotted against time, with snapshots of the system
at three different times. We see that at first, small condensates are formed
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be described by the configuration C = {⌧1 , ⌧2 , ..., ⌧L } where ⌧i is one if the site

is occupied, zero if it is not, and is known as the occupation number of site i.
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14
as shown in figure (1.5). The boundary conditions (1.56) force a steady state
current of particles J through the system. Phase transitions occur when
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are remarkably simple: J = ρ̄ (1 − ρ̄) always, while ρ̄ = {1/2, 1 − β, α}inin the
the companion system. To do so it is convenient to lay down the basic
MC,HD,LD
phases, respectively. Thus, J ≤ 0.25 in general. More recently,
probabilities structure: Consider a generic system with microscopic state ω
considerable progress was made using the powerful Bethe-Ansatz [59,38,74,
in a macro-state described by the statistical ensemble P(ω|J, V), where J stay
93,48,25,80], so that the complete spectrum and all the eigenvectors of L
for a set of control parameters and V for the size of the system. The setting
are accessible.
Consequently, some of the more complex, dynamic properties
is very general: ω could be a single event in sample space as a trajectory,
of TASEP
are
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exactly
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large body
ofwill
results
in which case
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involve
the Details
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Here V
be are
beyond the scope of this article. The interested reader may consult several
comprehensive reviews such as [46,11,27].
Despite this comprehensive knowledge of L, there are seemingly simple
questions about this system for which simple answers
! are not available. An
example is the power spectrum associated with N ≡ i ni , the total number
of particles on the lattice. Specifically, we record a time series N (t) over a
run and construct its Fourier transform, Ñ (ω). Carrying out many runs and
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taken as the system’s volume. Referring to this ensemble as the prior, let
M(ω) be an extensive observable which scale like V. The probability that
M(ω) takes the value M is given by
P(M|J, V) =

X

P(ω|J, V)δ(M − M) .

(1.57)

ω

Thought straightforward, this turns out to be a statement rich of consequences. Using terminology from statistical mechanics, P(M|J, V) plays also
the role of the partition function in the constrained ensemble
Pc = (ω|M, J, V) =

1
P(ω|J, V)δ(M − M) ,
P(M|J, V)

(1.58)

obtained by conditioning the prior to the event M(ω) = M. This constraint
could be, in a specific example, the conservation of particles number in a
bosonic gas, or a system obtained enclosing the prior by walls isolating with
respect to M. From (1.58) a relation is established between the observation
of a fluctuation in the prior and the imposition of a constrain on the same
system. This is what is meant by duality.
Consider now L ineger random variables {nm }m=1,...,L subjected to a probP
ability distribution p(nm ). Denoting with N the random variable N = Li=1 ni
we ask for the probability of the event N = N. This is given by
P{N = N} =

X
n1

...

X

p(n1 )...p(nL )δ(N − N) ,

(1.59)

nL

where δ is the Kronecker delta-function. From the above discussion we see
that the last display can be interpreted as the partition function of a model in
which the variable N is actually constrained. If the nm s where the number
of particles at a site, equation (1.59) would corresponds to the stationary
state partition function of the ZRP(equation (1.41) with f (n) normalized).
We will return to this mapping in the next chapters.
Returning to equation (1.58), moving the value of M it may happen that
a critical point Mc is crossed in the constrained model. Resorting again
the previous examples, by fixing all the others control parameters (among
with temperature), BEC is observed upon raising free boson number above
a certain value. If this happens, the partition function of the constrained
model will be singular at criticality and, because of the duality relation, a
point of non-analyticity will be found in the probability distribution P(M, J)
of the fluctuating variable M. From Statistical Mechanics we know that a
phase transition is signaled by a non analytical free energy. The latter can
be computed by the logarithm of the partition function of the constrained
model. Given so the singularity in the distribution P(M, J) signals a phase
transition for the observable under consideration, and would corresponds
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to a condensation of fluctuations. The above duality between fluctuations and
constraints is reflected into the twofold role of the rate function
I(m|J) = − lim

V→∞

1
ln P(m|J, V), m = M/V
V

(1.60)

as the entity controlling fluctuations in the prior and as the free energy
density in the constrained ensemble.
Summarizing, through I(m|J) a link is established between fluctuations
in the prior and typical behavior in the constrained Pc (ω|M, J, V). The implication of this duality is that rare fluctuations, difficult to observe, can be
made typical by implementation of constraints. Conversely, if constraints
are difficult or even impossible to realize in practice, in principle constrained
systems could be studied through the fluctuations of unconstrained ones.
The probabilistic nature of the above structure makes it of wide applicability. Among the many applications of particular interest is the apparently
trivial case of uncorrelated prior. In fact, the imposition of a constrain induces correlations which, in turn, may cause phase transitions to occur in
the constrained system. Then, as a consequence of duality, the transition
singularity appears also in the behavior of the prior’s fluctuations while the
prior typical behavior, due to absence of correlations, is smooth and featureless by construction. In this case there will be condensation of fluctuations
without condensation on average. We will discuss the phenomenon of
condensation of fluctuations extensively in Chapter 3.
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Chapter 2

Large deviations and statistical
mechanics
In this chapter we introduce the formalism of Large Deviation Theory (LDT),
which studies the asymptotic probability distribution of averaged observables defined over large sets of random variables. The origin of LDT can be
tracked back to the works of H. Cramér in the early 1930s, but the theory
has been formalized by S.R.S. Varadhan only in the 1966s. Inspite of this,
some essential results of LDT were already known by statistical physicists,
and settled the basis for the classical formulation of statistical physics. The
following discussion reviews the fundamental concepts of the LDT, that
we will apply to the case presented at the end of the previous chapter: the
sample mean of a large number of independent and identically distributed
variables. In this context, the LDT can be considered a generalizations of the
central limit theorem (CLT) and the law of large numbers (LLN), describing
the statistical deviations of the sample mean from its expected value. The
main goal of the following sections is to introduce the theoretical framework required for the analysis of condensation phenomena, introduced in
the first chapter and that are one of the main subjects of the present thesis.

2.1

Fluctuations in statistical mechanics

In physics a system is said to be at equilibrium when its state is stationary
in time and stable against small perturbations. In its early stages, statistical
mechanics was aimed at the explanation of the mergence of equilibrium
states in macroscopic systems composed of many, eventually interacting,
microscopic constituents. In addition, as thermodynamics suggests, the
variables needed to describes these states are far less than those that would
be, in principle, necessary, for a complete identification of the state of the
system. Hence, in order to infer the properties of equilibrium states, the
collection of the microscopic degrees of freedom, known as micro-state, is
23
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taken as a random variable, distributed according a prior stationary probability measure. Then the macroscopic state of the system, or the macro-state,
is described by few properly-chosen observables, which, being function of
the micro-state, are themselves random. Thus observables measurements
will follow a probability distribution consistent with the prior measure, and
if the latter is a valid model of the considered system, one should observe a
concentration of the former as the system size increases, in the so called thermodynamic limit. The equilibrium state of the system is the value around
which observables probability distribution concentrates. The theoretical
basis of such assumption lies in the LLN, which ensures the convergence of
the empirical mean of a sequence of independent and identically distributed
random variables towards their common average, as the number of those
variables goes to infinity. A LLN-based understanding of the foundations
of equilibrium statistical mechanics gives some insight into the theory itself, telling us what observables should look like: sums of independent (or
weakly dependent) quantities which scale as the number of summands (this
kind of variables are said to be extensive, as opposed to intensive). Moreover,
the LLN allows to approximate equilibrium values with averages. The goal
of computing those averages have been achieved by Gibbs’ ensembles theory. Gibbs agreed with Boltzmann’s view on convergence of equilibrium
values; he also knew how to compute fluctuations, deviations of an observable value from its average. His result on energy fluctuation within
the canonical ensemble, confirmed the previous assumption, by showing
how fluctuations get small as soon as equilibrium is reached. Despite their
smallness and practical irreverence, Einstein recognized the importance
of fluctuations as a manifestation of the atomic structure of matter, going
beyond of Boltzmann’s and Gibbs’ work. Although very small, the importance of fluctuations was recognized quite early to find conclusive evidence
for the atomistic hypothesis. At the end of the nineteenth century, atomic
theory was still considered, by influential scientists as Ostwald and Mach,
useful but not real for the building of a consistent description of nature. The
situation changed when Einstein realized the central roleD played
by fluctuaE
2
tions and wrote the equation for the energy fluctuations E −hEi2 = kT2 λV ,
with λV = ∂hEi
being the specific heat. For macroscopic objects the equation
∂T
for the energy fluctuations cannot actually be used for the determination of
the Avogadro number. However, Einstein’s intuition was correct as he understood how to relate the Avogadro number to a macroscopic quantity, the
diffusion coefficient D, obtained by observing the fluctuations of a Brownian particle1 . Beyond the conceptual relevance and the link with response
functions, fluctuations in macroscopic systems are quantitively extremely
small and hard to detect (but for the case of second order phase transitions
1
D indeed describes the long time (t → ∞) behavior of particle displacement
(x(t) − x(0))2 ' 2Dt which is experimentally accessible.

2.2. Small fluctuations and Central Limit Theorem
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in equilibrium systems). However in recent years statistical mechanics of
small systems is becoming more and more important due to the theoretical
and technological challenges of micro- and nano- physics. In such small
systems since large excursion from averages values becoming increasingly
important, it can be useful to go beyond the Gaussian approximation (i.e.
beyond the realm of the validity of central limit theorem) by means of the
large deviation theory.

2.2

Small fluctuations and Central Limit Theorem

The most straightforward way to understand the connection between the
LLN, the CLT and LDT is to consider a classical topic of probability theory,
namely the properties of the sample mean
n

1X
Yn =
Xj
n

(2.1)

j=1

of a sequence X1 , X2 , ..., Xn of n random variables. Three basic questions
arise when n is very large:
• The behavior of the empirical mean Yn , the possible convergence to
an asymptotic value and its dependence on the sequence
• The statistics of small fluctuations of Yn around hYn i, i.e. of δYn =
Yn − hYn i when |δYn | is "small".
• The statistical properties of rare events when such fluctuations are
"large".
In the simplest case of sequences {X1 , ...., Xn } of independent and identically
distributed (i.i.d) random variables with expected value hXi and with finite
variance, the law of large numbers answers point (a): the empirical average
gets close and closer to the expected value hXi when n is large:
lim P(|Yn − hXi | < ε) → 1 .

n→∞

(2.2)

In the more general case of dependent variables, in principle, the empirical
mean may depend os the specific sequence of random variables.
Issue (b) is addressed by the central limit theorem. For instance, in the
simple case of i.i.d variables with expected value hXi and finite variance
√
σ2 , the CLT describes the statistics of small fluctuations, |δYn | . O(σ n)
around the mean value when n is very large. The CLT proves that, in the
limit n  1, the quantity
n
1 X
Zn = √
(X j − hXi)
σ n j=1

(2.3)
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is normally distributed, meaning that
2
1
pZn (z) = √ e−z /2 ,
2π

(2.4)

independently of the distribution of the random variables. Under suitable hypothesis the CLT theorem can be extended to dependent (weakly
correlated) variables.
Finally the last point (c) is the subject of large deviations theory which,
roughly, states that in the limit n  1
pYn (y) ∼ e−nI(y) .

(2.5)

Unlike the central limit theorem result with the universal limit probability
density (2.4), the detailed functional dependence of I(y), called rate function
( or sometimes Cramér’s function), depends on the probability distribution
of {X1 , ..., Xn }. Clearly, whenever the CLT applies, I(y) can be approximated
around it minimum in hYi as we will see in the next sections.

2.3

Examples of large deviations results

It is useful, before precise definitions and statements, clarify what exactly is
meant by large deviations. Let us begin considering a sequence X1 , X2 , ..., Xn
of independent, standard normal
P real-valued random variables, and consider the empirical mean Sn = n1 ni=1 Xi . Since Sn is again a normal random
variable with zero mean and variance 1/n, it follows that for any δ > 0,
P(|Sn | ≥ δ) −−−−→ 0 ,

(2.6)

n→∞

and, for any interval A,
√
1
P( nSn ∈ A) −−−−→ √
n→∞
2π

Z

2 /2

dx .

(2.7)

dx ;

(2.8)

√
√
2π erf(δ n) .

(2.9)

e−x
A

Note now that
1
P(|Sn | ≥ δ) = 1 − √
2π

Z

√
δ n
√

2 /2

e−x

−δ n

We can write the integral in the r.h.s. as
1
2√
2π

√
δ n

Z

2 /2

e−x

dx =

0

Using the asymptotic expansion of the error function
2 

e−x
1
erf(x) = 1 − √
1 − 2 − ... ,
2x
πx

(2.10)
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we have that,

1
δ2
log P(|Sn | ≥ δ) −−−−→ − .
(2.11)
n→∞
n
2
Equation (2.11) is an example of a large
√ deviation statement: The "typical"
value of Sn is, by (2.7), of the order 1/ n, but with small probability, of the
2
order e−nδ , |Sn | takes relatively large values.

2.3.1

Gaussian sample mean

It is useful to render the result (2.11) more readable and see how the LDP
comes out. Let us consider again the sample mean
n

1X
Sn =
Xi
n

(2.12)

i=1

with the random variables Xi independent and identically distributed according to the Gaussian probability density
pXi (xi ) = √

1
2πσ2

2 /(2σ2 )

e−(xi −µ)

,

(2.13)

with the parameters µ and σ2 representing the mean and the variance respectively, of the Xi ’s. The probability density of Sn can be written as the
integral
Z
Z
pSn (s) =
p(x)dx =
δ(Sn (x) − s)p(x)dx = hδ(Sn − s)i , (2.14)
{x∈Rn :Sn (x)=s}

Rn

with X = (X1 , X2 , ..., Xn ) a vector of random variables, and
p(x) = p(x1 , ..., xn ) = p(x1 )p(x2 )...p(xn )
their product density. The solution of this integral is,
r
n −n(s−µ)2 /(2σ2 )
e
pSn (s) =
2πσ2

(2.15)

(2.16)

since a sum of Gaussian random variables is also exactly Gaussian-distributed.
A large deviation √
approximation is obtained from this exact result by neglecting the term n in front of (2.16), which is subdominant with respect
to the decaying exponential, thereby obtaining
pSn (s) ' e−nI(s) ,

I(s) =

(s − µ)2
,
2σ2

s∈R.

(2.17)

The rate function I(s) that we find is convex and has a single minimum
and a zero, as can be seen in figure (2.1). The minimum of I(s) has also
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Figure 2.1: Gaussian sample mean with µ = σ = 1. (Left) Probability density pSn (s)
for increasing values of n together with its corresponding rate function I(s)(cyan
line). (Right) Typical realization of Sn converging to its mean.

for effect that, as n grows, p(s) gets more concentrated around the mean µ
because the mean is the only point for which I(s) = 0, and thus for which p(s)
does not decay exponentially. In mathematics, this concentration property
is expressed by the following limit:
lim P(Sn ∈ [µ − δ, µ + δ]) = 1

n→∞

(2.18)

where δ is any positive number. Whenever this limit holds, we say that Sn
converges in probability to its mean, and Sn obeys the LLN.
The advantage of expressing p(s) in a large deviation form is that the
rate function I(s) gives a direct and detailed picture of the deviations of the
fluctuations of Sn around its typical value. For the Gaussian sample mean,
for example, I(s) is a parabola because the fluctuations of Sn around its
typical value (the mean µ) are Gaussian-distributed.

2.3.2

Exponential sample mean

Consider the sample mean Sn defined before, but now suppose that the i.i.d
random variables X1 , ..., Xn are distributed according to the exponential
distribution
1
pXi (xi ) = e−xi /µ , xi > 0, µ > 0 .
(2.19)
µ
For this distribution, it can be shown that
p(s) ' e−nI(s) ,

I(s) =

s
s
− 1 − ln , s > 0.
µ
µ

(2.20)

The interpretation of the last display is that the decaying exponential in n
is the dominant term of p(s) in the limit of large values of n. Notice here
that the rate function (figure 2.2) is different from the rate function of the

2.4. Large deviations Theory

29

10

2.0

1.8
8

1.6
6

Sn

I(s)

1.4

4

1.2

1.0

2

0.8
0

0.0

0.5

1.0

1.5

2.0

s

0.6
0

2000

4000

n

6000

8000

10000

Figure 2.2: Exponential sample mean with µ = 1. (Left) rate function I(s) for the
exponential sample mean. (Right) Typical realization of Sn converging to its mean.

Gaussian sample mean (2.17), although it is still positive, convex and has
a single minimum at zero located at s = µ that yields the most probable
or typical value of Sn in the limit n → ∞ (figure (2.2)). The advantage
of expressing p(s) in a large deviation form is that the rate function I(s)
gives a direct and detailed picture of the deviations of fluctuations of Sn
around its typical value. For the Gaussian sample mean, for example, I(s)
is a parabola because the fluctuations of Sn around its typical value (the
mean µ) are Gaussian-distributed. For the exponential sample mean, by
contrast, I(s) has the form of a parabola only around µ so that only the small
fluctuations of Sn near its typical value are Gaussian distributed; in fact,
the form of I(s) shows that they are exponentially-distributed because I(s)
is asymptotically linear as s → ∞.

2.4

Large deviations Theory

We have seen how an exponential scaling behavior, controlled by a rate
function, comes out in the probability distribution of the gaussian and
exponential sample mean. We will now generalize this results and give a
formal definition for what it is meant as Large Deviation Principle.
Let the state space be the space on which the considered random variable
takes values. Let An be a random variable indexed by the integer n, and let
P(An ∈ B) the probability that An takes value in a subset B of the state space.
We say that P(An ∈ B) satisfies a large deviation principle with rate IB if the
limit
1
lim − ln P(An ∈ B) = IB
(2.21)
n→∞ n
exists. What we mean writing P(An ∈ B)  e−nIB is that the dominant
behavior of P(An ∈ B) is a decaying exponential in n. Using the small-o
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notation, this means that
− ln P(An ∈ B) = nIB + o(1) ,

(2.22)

where IB is a positive constant. To extract this constant we divide both sides
of the above expression by n to obtain
−

1
ln P(An ∈ B) = IB + o(1)
n

(2.23)

and pass to the limit n → ∞, so as to get rid of the o(1) contribution. The
end result of these steps is the large deviation limit shown in (2.21). Hence
if P(An ∈ B) has a dominant exponential behavior in n the limit should exist
with IB , 0. If the limit does not exist, then either P(An ∈ B) is too singular
to have a limit else P(An ∈ B) decays with n faster than ena with a > 0. In
this case, we say that P(An ∈ B) decays super-exponentially and set I = ∞.
The large deviation limit may also be zero for any set B if P(An ∈ B) is subexponential in n, that is, if P(An ∈ B) decays with n slower than e−na , a > 0.
Putting it in a more rigorous way consider a probability space (Ωn , Fn , Pn )
and a random variable Wn , where Ωn is a space of points or, to use a more
descriptive language suggested by statistical mechanics, the configuration
space of a random system. Fn is a σ- field of subsets of Ωn and Pn a
probability measure on (Ωn , Fn ). Let us consider continuos measures Pn ,
with a probability density function pn , such that, for each subset B of the
state space
Z
Z
Pn {B} =
Pn {dx} =
pn (x) dx,
B

B

i.e. Pn {dx} = pn (x) dx. For this kind of measures , we will say that Pn satisfies
a LDP when
pn (x)  e−nIp (x)
(2.24)
for some rate function Ip (x). By the above definition,
Z
Z



−nIp (x)
Pn {B} =
pn (x) dx 
e
dx ≈ exp −n inf Ip (x) ,
B

x∈B

B

and the same result arises for discrete measures, where

X
X


Pn {B} =
Pn (x) 
e−nIp (x) ≈ exp −n inf Ip (x) .
x∈B

x∈B

x∈B

Hence, we will take



Pn {B}  exp −n inf Ip (x)
x∈A

(2.25)

as the general definition of LDP. Our definition of the large deviation principle should not be taken as a rigorous definition. In fact for the latter to
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Figure 2.3: The figure shows a
discontinuous function for two
prescriptions of the value attained
on the discontinuity point. By definition, the choice yielding a lower
semi-continuous function is that
displayed on the left panel.

make sense, the rate function should meet some requirements. First of all, it
must be non-negative, otherwise we will end up with infinite probabilities
in the large n limit. In addition, it can be shown that a condition of lower
semi-continuity yields rate function uniqueness for a given LDP. Loosely
speaking, a function f (x) is lower semi-continuous at a given point x0 if
the images of x0 neighbors are close to or well above f (x0 ). Real-valued
functions defined onto a real space which are lower semi-continuous at
each point of their domain are said to be closed. Having said this, we can
look at the property of closure as a prescription of the function behavior at
discontinuities, as Fig. 2.3 clearly shows.
A formal and more detailed definition of LDP can be found in [DZ09].
For our purposes, however, definition (2.25) will suffice.

2.4.1

Calculating rate functions

The theory of large deviations can be described from a practical point of
view as a collection of methods that have been developed and gathered
together in one toolbox to solve two problems:
• Establish that a large deviation principle exists for a given random
variable
• Derive the expression of the associated rate function
Both of these problems can be addressed, as we have done in the examples
of the previous section, by directly calculating the probability distribution of
a random variable, and by deriving from this distribution a large deviation
approximation using asymptotic formulae. In general, however, it may be
difficult or even impossible to derive large deviation principles through
this direct calculation path. Here we will present two main results The
Cramér Theorem and the The Gärtner-Ellis Theorem in order to address this
two tasks. First we consider the case of (i.i.d) random variables. For this
kind of variable the following is true
Theorem 1 (Cramér)
Consider a sequence of random variables Wn (ω) mapping a sequence of state spaces Ωn into a certain space Γ ⊆ Rd . Then, let the n-th
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element of the sequence equals the sum of n i.i.d. random variables X j : Ωn → Γ,
i.e.
(X1 (ω) + · · · + Xn (ω))
Wn (ω) =
.
n
Let PX be a probability measure over Γ such that
PX {A ⊆ Γ} = P{ω : X j (ω) ∈ A},

∀ j = 1, . . . , n.

If the X j ’s cumulant generating function
D
E
D
E
λX (t) = log etX1
= · · · = log etXn ,
PX

PX

h.iPX denoting the average with respect to the measure PX , is finite ∀t, then the
following conclusions hold.
• The sequence of measures Pn on Rd such that Pn {A} = P{ω : Wn (ω) ∈ A}
satisfies a LDP;
• The rate function is given by the Legendre-Fenchel transform of λX (t)
IP (x) = sup{xt − λX (t)},
t∈Rd

• IP (x) is a closed convex function which measures the discrepancy between x
and the mean λ0X (0) = hX j iPX = hWn iPn , in the sense that IP (x) ≥ 0, with
equality iff x = λ0X (0).
We can easily show how the L-F transform arises. Assume that the LDP
holds with a closed rate function, thus, for large n,
Z
D
E
tnWn
e

en[tx−IP (x)] dx .
Pn

Rd

Next, following Laplace’s principle, we approximate the integral by its largest
integrand, which is found by locating the supremum of the term in square
brackets. Therefore,
D
E
entWn
= exp {n sup{tx − IP (x)}},
Pn

x∈Rd

and so
D
E
λX (t) = log etX1

PX

=

D
E
1
= sup{tx − IP (x)}.
log entWn
Pn
n
x∈Rd

When applied to a closed convex functions like IP (x) (see ?? for a more rigorous statement.), the L-F transform gives another closed convex function,
can be inverted and it is self-inverse, so that
IP (x) = sup{xt − λX (t)}.
t∈Rd
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As a simple example let us consider again the sample mean Sn of n
Gaussian i.i.d random variables considered earlier. The cumulant generating function can be easily evaluated
D E
1
λ(t) = ln etx = µt + σ2 t2 ,
2

t∈R.

(2.26)

As expected, λ(t) is everywhere differentiable, so that Pn (s)  e−nI(s) with
I(s) = sup{ts − λ(t)} .

(2.27)

t

The supremum defining the Legendre-Fenchel transform is solved directly
by
(s − µ)2
, s∈R,
(2.28)
I(s) = t(s)s − λ(t(s)) =
2σ2
where t(s) is the unique maximum point of ts − λ(t) satisfying λ0 (t) = s. This
recover exactly the result (2.20).
The Cramér theorem can be thought as a refinement of the CLT, since it
provides more detailed informations on the asymptotic behavior of sums
of i.i.d. random variables. This is no surprise, since the theorem relates the
rate function to the whole cumulant generating function of the summands,
rather than merely considering the first and the second cumulant as CLT
does. However, in statistical mechanics, not all the observables are sums
of microscopic and independent terms, especially for interacting systems.
Thus, we may ask if Cramér theorem can be extended, in order to deal with
a generic random sequence, whose n-th element is not necessarily given
by the sum of n i.i.d. random variables. The answer is positive, and is
provided by the following
Theorem 2 (Gärtner-Ellis)
Consider a sequence of random variables Wn (ω)
mapping a sequence of state spaces Ωn into a certain space Γ ⊆ Rd and call Pn the
Wn -probability measure over Γ. Define the scaled cumulant generating function
(SCGF) as
D
E
1
λ(t) = lim λn (t) = lim log entWn .
Pn
n→∞
n→∞ n
If λ(t) is differentiable ∀t in the interior of its domain dom(λ(t)) = {t ∈ Rd :
λ(t) < ∞}, and its gradient diverges in modulus as t approaches the boundaries of
dom(λ(t)) (steepness), then the following conclusions hold.
• the sequence of measures Pn on Γ satisfies a LDP;
• the rate function is given by the Legendre-Fenchel transform of λ(t)
I(x) = sup{xt − λ(t)};
t∈Γ
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• I(x) is a non-negative, strictly convex, closed function, with I(x) = 0 iff
x = λ0 (0).
The L-F transform comes off in the same way it does in Cramér theorem,
yet, since Wn is not the sum of n i.i.d. random variables, λ(t) does not reduce
to the cumulant generating function of the summands.
Hence, it can be concluded that the Gärtner-Ellis theorem is the most
general method for computing strictly convex rate functions. Convexity,
however, is not required for a LDP to hold. The SCGF is always the ratefunction L-F transform, as we showed within the discussion of Cramér
theorem, but the converse is not true. The L-F transform, indeed, yields
always a convex function, thus a non-convex I(x) can not be the SCGF
L-F transform. In fact, when I(x) is non-convex, λ(t) is singular, making
the Gärtner-Ellis theorem not applicable. The reason for the failure of the
theorem lies in the fact that a non-convex function f has the same L-F
transform of its convex envelope, i.e. the function obtained by substituting
f non-convex parts with linear branches. Thus, in such cases, we can not
decree that the SCGF L-F transform is the true rate function, since it may be
only its convex envelope.
The last result we will present in this section is a tool allowing the
calculation of a rate function once another rate function is known. It is
called contraction principle, and applies when one has two sequences of
random variables, let’s say An (ω) and Bn (ω), connected by a functional
relation, e.g. Bn = f (An ). Let us assume the probability distributions of the
sequences having a probability density function, so that
Pn {ω : An (ω) ∈ [a, a + da]} = pA,n (a)da
and the same holds for Bn . Assume that An satisfies a LDP with rate function
IA (a), by applying Laplace’s principle it is possible to state a LDP for Bn and
to compute its rate function. For large n,
Z
Z
pB,n (b) =
pA,n (a) da 
e−nIA (a) da 
{a: f (a)=b}

{a: f (a)=b}

 exp {−n

inf

{a: f (a)=b}

IA (a)}.

Therefore, the sequence Bn satisfies a LDP with rate function
IB (b) =

2.4.2

inf

{a: f (a)=b}

IA (a).

(2.29)

Properties of scaled cumulant generating functions

We now state and show with some reasonable arguments some properties
of the scaled cumulant generating functions and rate functions in the case
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where the latter is obtained via Gärtner-Ellis Theorem. Here we consider an
arbitrary random variable An under the conditions stated in the theorem,
not just sample mean of i.i.d. random variables. First notice that since
probability measures are normalized, λ(0) = 0. Moreover
D
E
An entAn
λ0 (0) = lim
= lim hAn i
(2.30)
n→∞
n→∞
entAn
provided that λ0 (0) exists. For i.i.d sample means, this reduces to λ0 (0) =
hXi ≡ µ. Similarly,
D E
λ00 (0) = lim n( A2n − hAn i2 ) = lim nvar(An ) ,
(2.31)
n→∞

n→∞

which reduces to λ00 (0) = var(X) ≡ σ2 for i.i.d sample means.
The scaled SCGF λ(t) has the property to be always convex. This comes
as general consequence of the Hölder inequality:
q
p 

X

 X
X
(2.32)
|zi |1/q  ,
|yi |1/p  
|yi zi | ≤ 
i

i

i

where 0 ≤ p,q ≤ 1, p + q = 1. Applying this inequality to λ(t) yields
D
E
D
E
D
E
α ln ent1 An + (1 − α) ln ent2 An ≥ ln en[αt1 +(1−α)t2 ]An

(2.33)

for α ∈ [0, 1]. Hence
αλ(t1 ) + (1 − α)λ(t2 ) ≥ λ(αt1 + (1 − α)t2 )

(2.34)

A particular case of this inequality, which defines a function as being convex, is λ(t) ≥ tλ0 (0) = tµ. It can be shown that the convexity of λ(t) directly
implies that λ(t) is continuos in the interior of its domain, and is differentiable everywhere except possibly at a denumerable number of points.

2.4.3

Legendre transform and Legendre duality

In this section we want to discuss the so called Legendre duality with some
examples rather than presenting the full mathematical treatment of the
subject, in order to avoid burdening the discussion. This property allows
us to put in relation the slopes of the rate function and the scaled cumulant
generating function in those cases in which the Legendre-Fenchel Transform
reduces to the Legendre transform. It’s important to note that a Fenchel’s
duality theorem exists in the context of convex functions analysis, but we
refer to [Roc97] for a complete discussion.
We have seen when calculating the SCGF for the Gaussian sample mean
that the Legendre-Fenchel transform involved in the Gärtner-Ellis Theorem
reduces to
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Figure 2.4: (a)Properties of λ(k) at k = 0. (b) Legendre duality: the slope of λ at k is
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(50)

where k(s) is the unique maximum point of ks
(k) satisfying
I(a) = t(a)a −
knowing that P (Sn 2 ds) = p(Sn = s)ds.

0

(k) = s. This recovers exactly the result of Example 2.2

λ(t(a)) ,

(2.35)
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This property is known as duality property of the Legendre
Transform ( figure 2.4). We want to illustrate how border points where λ(t)
We now state and prove a number of properties of scaled cumulant generating functions and rate functions in the case
diverges
be via
translated,
byTheorem.
Legendre
duality,
into
I(a) variable
that An
where
the latter iscan
obtained
the Gärtner–Ellis
The properties
listed
hold branches
for an arbitraryof
random
under the conditions stated, not just sample means of IID random variables.
are linear or asymptotically linear and vice versa. This sorts of diverging
points and linear branch arise often in physical applications, in relation to
3.5.1. Properties of at k = 0
fluctuations
both are
in normalized,
equilibrium
non-equilibrium systems.
Since
probability measures
(0) =and
0. Moreover,
⌦ nkA
↵ example the scaled cumulant generating function λ(k)
Consider
for
An e
0
⌦
↵ (2.5
(0) = lim
= lim
hAn i, This function has the particularity that is de- (53)
shown
in figure
(a)).
n!1
n!1
enkA
k=0
fined only on a bounded (open) interval (kl , kh ), and has diverging slopes at
provided that 0 (0) exists. For IID sample means, this reduces to 0 (0) = hX i = µ; see Fig. 4(a). Similarly,
the boundaries To determine the shape of the Legendre transform of λ(k)
00
2
(0) =corresponds
lim n hA2n i hAn ito
=the
lim n var(An ),
(54)
which
n!1
n!1rate function I(a) associated with λ(k) (assuming
λ(k)
is everywhere
we need to use Legendre duality. On one
which
reduces
to 00 (0) = var(X )differentiable),
= 2 for IID sample means.
hand, remembering that the slopes of λ(k) are abscissas of I, since the slope
of λ(k) diverges as k approaches kh , the slope must approach the constant
kh as a → ∞. On the other hand, since the slope of λ(k) goes to −∞ as k
approaches kl , the slope of I(a) must approach the constant kl as a → −∞.
Overall, I(a) is thus asymptotically linear, as pictured in figure (2.5)(b).
slopes
ofI I.
3.5. the
Properties
of and

n

n

2.4. Large deviations Theory

37

H. Touchette / Physics Reports 478 (2009) 1–69

14

a

b

c

d

Fig. 5. (a) Scaled cumulant generating function (k) defined on the open domain (kl , kh ), with diverging slopes at the boundaries. (b) The Legendre
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the concept of supporting lines [Ell05]. We will not discuss this concept here;

3.5.5. Positivity of rate
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(0) = sup{branch
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0,
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a
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(61)

context of Convex Analysis to the Legendre-Fenchel transform with some

where ‘‘inf’’ denotes the ‘‘infimum of’’. A negative rate function would imply that P (An 2 da) diverges as n ! 1.
3.5.6. Convexity of rate functions
Rate functions obtained from the Gärtner–Ellis Theorem are necessarily strictly convex, that is, they are convex and
have no linear parts.4 That Legendre–Fenchel transforms yield convex functions is easily proved from the definition of
4 This does not mean that all rate functions are strictly convex—only that those obtained from the Gärtner–Ellis Theorem are strictly convex.
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additional conditions. This is behind the scope of this thesis but we will
refer tot his property in a specific example in chapter 4.

2.4.4

Positivity and convexity properties of rate functions

Rate functions are always positive. This follows by noting that λ(0) = 0 and
that λ(t) can always be expressed as the Legendre-Fenchel transform of I(a).
Hence,
λ(0) = sup −I(a) = − inf I(a) = 0 ,
a

a

(2.37)

A negative rate function would imply that the probability diverges as
n → ∞. It is important also to note that all rate functions obtained form
the Gärtner-Ellis Theorem are necessarily strictly convex. That LegendreFenchel transforms yield convex functions is easily proved from the definition of these transforms (see Appendix B). To prove that they yield strictly
convex functions is more difficult. As special case of interest let us assume that λ(t) is differentiable and has no linear parts. In this case, the
Legendre-Fenchel reduces to the Legendre transform, as noticed earlier,
and the equation defining Legendre transform then implies
I00 (a) = t0 (a) =

1
.
λ00 (t)

(2.38)

Since λ(t) is convex with no linear parts (λ00 (t) > 0), I(a) must be then also
convex with no linear parts (I00 (a) > 0). This shows that the curvature of
I(a) is the inverse curvature of λ(t). In the case of i.i.d sample means, in
particular,
1
1
I00 (a = µ) = 00
= 2 .
(2.39)
λ (0) σ
A similar result holds for non-i.i.d random variables by replacing σ2 with
the general result of equation (2.31).
Now we want to spot out the connection between the LDP and LLN and
CLT. If I(a) has a unique global minimum a∗ in correspondence of its zero,
then
a∗ = λ0 (0) = lim hAn i
(2.40)
n→∞

by equation (2.30). If I(a) is differentiable at a∗ , we further have I0 (a∗ ) =
t(a∗ ) = 0. In fact, applying the Legendre duality property:
I(a∗ ) = t(a∗ )a∗ − λ(t(a∗ )) = 0 .

(2.41)

The global minimum and zero of I(a) has a special property that we noticed
already: it corresponds, if it is unique, to the value at which the probability
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density does not decay exponentially, and so around witch it gets more
concentrated as n → ∞. Because of the concentration effect, we have
lim P(An ∈ [a∗ , a∗ + da]) = 1 ,

n→∞

(2.42)

and so we call a∗ the most probable or typical value of An . The existence of
this typical value is an expression of the LLN, which states in its weak form
that An → a∗ with probability 1. An important observation is that the large
deviation theory extends the law of large numbers by providing information as to how fast An converges in probability to its mean. It should be
emphasized, however, that I(a) may have more than one global minimum,
in which case the LLN may not hold. The global minima yield typical values
of An just as in the case of a single minimum, whereas the local minimum
yield "metastable " values of An . We can also put in relation a typical value
An , determined by a global minimum if I(a) with an "equilibrium state".
The Central Limit Theorem also arises in large deviation theory when a
convex rate function I(a) has a single global minimum ad zero a∗ , and is
twice differentiable at a∗ . Approximating I(a) with the first quadratic term,
1
I(a) ' I00 (a∗ )(a − a∗ )2 ,
2

(2.43)

then naturally leads to the Gaussian approximation
P(An ∈ da) ' e−nI

00 (a∗ )(a−a∗ )/2

da ,

(2.44)

which can be thought of as a weak form of the Central limit Theorem. The
Gaussian above can be accurate for values of An around a∗ of the order of
O(n−1/2 ) or equivalently, for values of nAn around a∗ of the order O(n1/2 ).

2.5

The Large Deviations approach to statistical mechanics

Even tough was Ellis the one who started to refer to large deviations theory in statistical mechanics studies, the very first appearance of large deviation techniques in studying equilibrium properties of many-particles
system can be traced back to a work of Boltzmann [Bol77]. In the above
mentioned paper, Boltzmann derived a LDP for a sequence of multinomial
probability measures, in order to understand the links between macroscopic
and microscopic worlds and develop the concept of entropy. Several authors [Ell99, Tou09] provided a general scheme for a large deviation-based
study of equilibrium properties of many-particle systems.
The key concept behind the large deviation approach to statistical mechanics is the identification of entropy with a rate function. Here we will
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see how large deviations theory has been applied to the study of fluctuations in equilibrium statistical mechanics. Consider a classical system with
n degrees of freedom, whose microscopic configuration or micro-state is
denoted by a n-tuple ω = (ω1 , . . . , ωn ) belonging to a state space Ωn . We
will call Pn {dω} the prior probability measure over the state space, which
assigns a real number (a probability) to each subset A of the state space (an
event) according to
Z
Pn (A) =

ω∈A

Pn {dω}.

Normalization requires Pn (Ωn ) = 1. An observable Xn (ω) is a function of
the micro-state, scaling like the number of particle as it becomes sufficiently
large. This means that we are taking n to be the scaling parameter representing the system size, thus going to infinity in the thermodynamic limit. An
ensemble is defined to be a restriction of the prior measure over a subset of
the state space, consistent with some conditions depending on the specific
problem.
Let Hn (ω) be the hamiltonian function of the system, the microcanonical
ensemble Pn,u {dω} is obtained by constraining the total energy to lie in a
narrow interval around a fixed value U. What we actually constrained is the
specific energy hn (ω) = Hn (ω)/n, thus, in the usual notation of conditional
measures,

Pn {dω}



 P {h (ω) ∈ du} i f hn (ω) ∈ du,
Pn,u {dω} = Pn {dω|hn (ω) ∈ du} = 
,
n n



0 otherwise.
where du is a narrow interval around u = U/n. Another commonly used
ensemble is the canonical one, defined as
Pn,β {dω} = R

exp {−βHn (ω)}Pn {dω}

Ωn

exp {−βHn (ω)}Pn {dω}

=

e−βHn (ω)
Pn {dω},
Zn (β)

where β = 1/kB T, T is the temperature of the system, kB Boltzmann’s constant and Zn (β) is known as partition function . The canonical measure
models a system connected with a heat reservoir, a larger system able to
exchange energy with the first one while keeping the temperature constant.
Microcanonical and canonical ensembles are representative of two broad
classes: we will call an ensemble constrained if it describes systems with a
certain observable Xn fixed, biased if represents a system in contact with a
Xn -reservoir, so that the observable is fixed on average.
In order to see how the entropy-rate function identification comes out,
we consider the large deviations of the specific energy hn (ω) of an equilibrium system, with respect to a prior uniform probability measure P over
the system state space.
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Assuming that the probability distribution of hn admits a probability
density function, we will write
P{ω : hn (ω) ∈ [u, u + du]} = Pn {du} = pn (u)du.
The probability that the specific energy lies between u and u + du is clearly
proportional to the volume
Z
Γ(u) =
dω
{hn (ω)∈[u,u+du]}

of microstates with the given mean energy. In the thermodynamic limit,
this volume is related to entropy density via
s(u) = lim

n→∞

1
log Γ(u),
n

where we set kB = 1.
Hence, if hn satisfies a LDP, i.e., as in def. (2.24), it exists a rate function
I(u) such that
1
I(u) = − lim log pn (u),
n→∞ n
the rate function must coincide with the negative entropy density, up to
some additive constant. With a uniform prior measure, for instance, normalization requires P{dω} = dω/|Ωn |, where |Ωn | is the n-particles phase
space volume. Thus
Z
Γ(u)
dω
pn (u)du =
=
.
|Ωn |
{hn (ω)∈[u,u+du]} |Ωn |
Constants such as |Ωn | can be absorbed by re-defining entropy density as
1
log pn (u),
n→∞ n

s(u) = lim
so that

I(u) = −s(u)

(2.45)

holds exactly.
The next step is the definition of free energy as the SCGF. This will not be
surprising, since the relation between the free energy and the logarithmic
partition function is known since ensemble theory, as is known that the
logarithmic partition function is the cumulant generating function of system
(canonical) energy. To be consistent with the entropy density re-definition
above, we will define the partition function as
Z
Z
−βHn
Zn (β) =
e
P{dω} =
e−nβhn P{dω}.
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Thus,

D
E
1
1
ϕ(β) = lim − log Zn (β) = lim − log e−nβhn .
P
n→∞ n
n→∞ n
ϕ is the canonical free energy up to a factor 1/β, and the last display shows
that it equals the negative SCGF computed at −β, i.e.
ϕ(β) = −λ(−β).

(2.46)

As we have shown in our heuristic motivation of Cramér theorem,
whenever the mean energy satisfies a LDP, its SCGF is given by the L-F
transform of the rate function. Hence, large deviations theory provides a
motivation for the choice of the Legendre transform as a tool allowing us to
switch between different thermodynamic potentials, refining in fact the well
known principle which states that the free energy is the entropy Legendre
transform. In addition, Gärtner-Ellis theorem tell us that the entropy is
the L-F transform of the free energy, at least when the latter exists and is
differentiable.
We will conclude our discussion of equilibrium statistical mechanics by
showing how the arguments presented above can be extended to deal with
fluctuations of a generic macro-variable extending the discussion in section
(1.6). In doing this, we will follow the line drawn by in [ZCGP14], even if
the basic ideas behind this approach were given in [NS11] by T. Nemoto
and S. Sasa.
Once the probabilistic model of the system is defined, the probability of
a fluctuation A of a given observable A(ω) can be written as
Z
Pn,J {dω}δ(A − A(ω)),
(2.47)
Pn,J {ω : A(ω) = A)} ≡ Pn,J (A) =
Ω

where Ω is the state space and Pn,J {dω} the probability measure on microstates space, with n and J representing respectively the system size and
the collection of extensive and intensive variables fixed. The microcanonical ensemble, for instance, correspond to J = {u}, while for the canonical
J = {β}. By introducing the following integral representation of the delta
function,
Z α+i∞
dz −zx
δ(x) =
,
e
α−i∞ 2πi
fluctuation probability becomes
Z α+i∞
Z
Z α+i∞
dz −zA
dz −zA D zA(ω) E
zA(ω)
Pn,J (A) =
e
e
Pn,J {dω}e
=
e
.
α−i∞ 2πi
Ω
α−i∞ 2πi
If we now let A(ω) be an extensive variable, such that an = A/n remains
finite, and set a = A/n, we can rewrite the above equation as
Pn,J (a) =Pn,J {ω : an (ω) = a)} = Pn,J {ω : A(ω) = A)} =
Z α+i∞
dz −n[za−λA (z)]
=
e
,
α−i∞ 2πi

(2.48)
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where

D
E
D
E
1
1
log ezA(ω) = lim log enzan (ω)
n→∞ n
n→∞ n
is the SCGF. A LDP for fluctuations probability can be obtained directly from
the integration of Eq. (2.48), carried out by the saddle-point approximation,
which can be thought as a complex extension of Laplace’s principle. Thus,
we obtain
Pn,J (a)  e−nIA (a) ,
(2.49)
λn (z) = lim

with rate function
IA (a) = z(a)a − λA (z(a)) ,

(2.50)

where λA (z), the large n-limit of λn (z), coincide with the SCGF, while z(a)
is the supposedly unique solution of the saddle-point equation λ0A (z) = a.
Here we are assuming that the SCGF satisfies the Gärtner-Ellis hypothesis,
so that the saddle-point equation admits a solution and the LDP hold.
On one hand, the rate function tell us where the probability of a will
0 (a) = 0,
concentrate in the thermodynamic limit, through the condition IA
and measures the rarity of an arbitrary outcome a. On the other hand, the
saddle-point equation shows how to render that arbitrary outcome typical,
since, if z(a) is the solution of the saddle-point equation, then, in the large n
limit,
Z
A(ω) z(a)A(ω)
1
0
a = λA (z(a)) = z(a)A(ω)
e
Pn,J {dω}.
n
e
Ω
The last equation implies that the outcome a is the average value of the
ensemble
1
PBn,J {dω} = z(a)A(ω) ez(a)A(ω) Pn,J {dω},
(2.51)
e
which is a biased ensemble, with z, the intensive parameter conjugated to
A, fixed to z(a). Namely, PBn,J = Pn,J0 , with J0 = J ∪ {z(a)}. In this ensemble,
the role of the thermodynamic potential is played by the SCGF, just as the
free energy, the specific energy hn SCGF, is the potential of the canonical
ensemble, that is the ensemble biased with respect to hn . The rate function,
instead, as λA (z) Legendre transform, is the thermodynamic potential of the
constrained ensemble obtained by fixing A itself rather than the conjugate
parameter. The probability measure representing the constrained ensemble
is
1
PCn,J {dω} =
Pn,J {dω}δ(A − A(ω)),
(2.52)
Pn,J (A)
or PCn,J = Pn,J00 with J00 = J ∪ {a}.
This kind of relationship involving constrained and biased ensembles is
what we have called ensembles duality in the previous chapter, and is in fact
a generalization of the relation between the microcanonical entropy and the
canonical free energy described in the first part of the section. Ensemble
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duality enables us to predict the behavior in the biased or constrained ensemble by observing fluctuations in the prior, where the observable A was
neither rigidly nor on average fixed, and vice versa, i.e. to force fluctuations by biasing or even constraining the given observable. As we will see
in the third chapter, the relation we are talking about becomes particularly
interesting when singularities appear in the rate function. Otherwise, it
provides a refinement of the well-known concept of ensemble equivalence,
according to which, at equilibrium and far from phase transition, the biased and constrained descriptions are completely equivalent, since, even
in the biased ensemble, the value of the considered observable is almost
everywhere equal to its average value.
To conclude, it must be stressed that the approach presented in this
section is not limited to systems at equilibrium. All the results are based
on Eq. (2.47) for the probability of fluctuations, which, to be written down,
needs the only knowledge of the probability distribution over the state
space, whether it comes from Gibbs ensemble theory or not.

Chapter 3

Condensation of fluctuations
Within the framework of large deviations theory, presented in the last chapter, we are now able to discuss in more details the phenomenon of condensation of fluctuations and its relation with condensation on average. We are
interested in the rate function of the fluctuations of extensive variables. By
computing it in some solvable model we show the widespread occurrence
of non-analyticities, a feature due to the underlying phenomenon of condensation of fluctuations. As briefly discussed in Section 1.6, condensation
of fluctuations occurs, similarly to the more often considered phenomenon
of condensation on average (as it is observed, for instance, in the BoseEinstein condensates) when the contribution of a single mode (usually the
one with zero wave vector) to a large fluctuation becomes macroscopic. This
interesting issue is however conceptually distinct from condensation on average, and can be observed even in systems with trivial average properties.
Indeed, one sticking feature is that, contrary to what happens on average,
condensation of fluctuations may occur in a classical system even in the
absence of interactions or external constraints. Here we investigate this
surprising phenomenon, in and out of equilibrium, in the context of simple
models of classical statistical mechanics, like the Gaussian model or the
Spherical model, chosen as paradigmatically non-interacting or interacting
systems where explicit calculations can be carried over. It has been shown
that condensation of fluctuations is responsible for the non-analyticity of
the large deviation function of extensive observables. A way to study the
phenomenon, as discussed in the previous chapters, is to use the mapping
between large deviation events in the given system and typical events in a
dual system subjected to an appropriate bias. It is shown that the bias in the
companion system induces a mean-field-like effective interaction which,
in turn, is responsible for the condensation transition which is mirrored in
properties of fluctuations in the original system. The aim of this chapter is to
dicsuss the above issues in a very important model of statistically mechanics, namely the Gaussian model, that besides differences with the models
45
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in our consideration displays, in some sense, a factorization property. This
model does not display condensation on average but only condensation
of fluctuations. The behavior of the rate function of a particular extensive
observable will serve as a reference for the rest of the discussion.
This chapter is organized as follows: In Section 3.1 we will introduce
the Gaussian model and the probability distribution of a particular macrovariable will be explicitly determined, and its non-analytical behavior discussed. In Section 3.2 we will show that a non analytical point shows up
in the rate function of the probability distribution of large deviations of the
sum of i.i.d random variables, signaling a phase transition. Here we present
our study of this model in the framework of LDT, discussing the validity of
the theorems introduced in the previous chapter.

3.1

A specific example: The Gaussian Model

As a simple analytical model to test the ideas introduced in section 1.6 and
in chapter 2, the Gaussian model is considered as in [ZCG14]. We do not
report all the details of the calculation, and our main concern is to highlight
the singularity in the rate function and to display the behavior of the same
function in order to compare its properties with the ones of the rate function
of the model analyzed in the last section of this chapter.
Consider the set of micro-variables represented by a scalar order parameter field φ(x), governed by the bilinear energy functional
1
H[φ] =
2

Z
dx[(∇φ)2 + rφ(x)2 ] ,

(3.1)

V

where r is a non negative parameter. In order to study both the equilibrium behavior and the non-equilibrium process where time translational
invariance is spoiled we consider a protocol where the system is kept in
equilibrium at a temperature TI at times t < 0. Then at a time t = 0 it is instantaneously quenched to the lower temperature TF . The dynamics, without conservation of the order parameter, is governed by the over-damped
Langevin equation
φ̇(x, t) = [∇2 − r]φ(x, t) + η(x, t) ,

(3.2)

where η(x, t) is a white Gaussian noise generated by the cold reservoir, with
zero average and correlator
η(x, t), η(x0 , t0 ) = 2TF δ(x − x0 )δ(t − t0 ) ,

(3.3)

where we have set to unity the Boltzmann constant. Due to linearity the
problem can be diagonalized by Fourier transformation. For the Fourier
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components
Z
φ̃k (t) =

dxφ(x)eik·x ,

(3.4)

V

by imposing periodic boundary conditions, one gets the equation of motion
φ̃˙ k (t) = −(k2 + r)φ̃k (t) + ηk (t)

(3.5)

where the noise correlator is given by
η(x, t), η(x0 , t0 ) = 2TF Vδk,−k0 δ(t − t0 ) .

(3.6)

Keeping in mind that the Fourier components are complex, some care is
needed in the identification of the independent variables. φ reality requires
φ̃k = φ̃∗−k . Hence, once we have splitted the set of allowed wavevectors
3K (they can be limited in modulus due to the existence of a microscopic
length scale) into a ’positive’ set K+ and a ’negative’ one K− , such that
K− = {k ∈ K : −k ∈ K+ } and K+ ∩ K− = K − {0}, it is worthwhile to consider
as independent variables x(k) such that


φ̃0 ,
k=0




Reφ̃k , k ∈ K+ .
xk = 



 Imφ̃ , k ∈ K
−
k
The quadratic hamiltonian H[φ] can be diagonalized in the new variables via Fourier transformation as
H[x] =

X

Hk (xk ) =

X 1
θk ωk x2k ,
V
k

k

with θk equaling 1/2 for k = 0, 1 elsewhere, and the Langevin equation
becomes
ẋk (t) = −ωk xk (t) + ζk (t),
(3.7)
where ωk = k2 + r.
Basically, we have decoupled the degrees of freedom of the system by
finding its normal (read independent) modes. Each mode dynamics follows
an independent Langevin equation, so that the system’s state probability is
factorized for all times, i.e.
Y
P(x, t) =
Pk (xk , t).
(3.8)
k

For each mode, we can define its effective temperature β−1
(t) as its mean
k
energy. This definition yields
−2ωk t
β−1
+ Tf .
k (t) = (Ti − T f )e
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We will not give a derivation of the above display, bu it seems reasonable
that the effective temperature of a mode equals Ti at t = 0, then relax to T f
with a rate depending on the mode frequency. Once β−1
(t) is given, it can
k
be shown that single mode contributions to P(x, t) read
r
βk (t)θk ωk −βk (t)Hk (xk ) e−βk (t)Hk (xk )
Pk (xk , t) =
e
≡
.
(3.9)
πV
Zk (t)
Having an exact expression of the microstate probability distribution, we
are able to compute fluctuations probability following the scheme outlined
in Section 2.5.

3.1.1

Large volume limit

As in section 1.6, we consider a generic random variable M(φ), that is a
function of the representative point φ in the phase space Ω, and we write
the probability to observe a certain value M of such fluctuating variable as
Z
P(M, J) =
dφP(φ, J)δ(M − M(φ)) .
(3.10)
Ω

Introducing the integral representation of the Dirac δ-function δ(x) =
R α+i∞
dz −zx
e , the first equation becomes
α−i∞ 2πi
α+i∞

Z
P(M, J) =

α−i∞

where

dz −zM
e
KM (z, J)
2πi

(3.11)

Z
KM (z, J) =

Ω

dφ P(φ, J)ezM(φ)

(3.12)

is the moment generating function of M. If the system is extended and
M(φ) is an extensive macrovariable, for large volume we can write:
Z
P(M, J, V) =

α+i∞
α−i∞

dz −V[zm+λM (z,J)]
e
2πi

(3.13)

where we have explicitly separated the volume V from the bunch of control
parameters J, m is the density M/V and
− λM (z, J) =

1
ln KM (z, J, V)
V

(3.14)

is volume independent in the large-volume limit. Carrying out the integration by the saddle point method one arrives at
P(M, J, V) ≈ e−VIM (m,J)

(3.15)
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with the rate function
IM (m, J) = z∗ m + λM (z∗ , J)

(3.16)

and where z∗ (m, J) is the solution, supposedly unique, of the saddle point
equation
∂λM (z, J)
= −m .
(3.17)
∂z
Equation (3.15) amounts to the large deviation principle, according to which
the probability of a fluctuation of a macrovariable is exponentially damped
by the system volume with rate function IM (m, J).

3.1.2

Fluctuations of a macrovariable

In order to consider a specific example, let now focus on the following
macrovariable
1 X
1 X
(3.18)
S({φk }) =
|φk |2 =
θk x2k
V
V
k

k

where {φk } indicates the whole set of φk ’s. Before proceeding let us stress that
with this choice the restriction M(φ) = M amounts, in equilibrium, to the
spherical model à la Berlin-Kac [BK52]1 , since it fixes the squared modulus
of the order parameter to a given value S. We expect therefore, to observe
a singular point in the probability distribution P(S). Out of equilibrium
the restriction amounts to force the order-parameter on the hypersphere at
the time t when the observation is performed. According to the scheme
developed in the previous chapters, all the information on the fluctuations
of S({φk }) at the generic time t is contained in the rate function (3.16), with
J = t. The evaluation of this quantity requires preliminary calculation of
the moment generating function. From the factorization of the Gaussian
model and the separability of S follows
Y
KS (z, t) =
KS,k (z, t) ,
(3.19)
k

with the single-mode factors given by
1
KS,k (z, t) = q
,
−1
1 − ρk (t)z
where
ρk (t) =
1

1
k2 + r
.
2 (TI − TF )e−2(k2 +r)t + TF

(3.20)

(3.21)

The Spherical model is an interesting variant of the Gaussian model, both being continuum modification of the Ising model of a ferromagnet. It has been introduced and solved
by Berlin and Kac, and in three dimensions undergoes a phase transition signaled by a
non-analytical partition function .
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The product of the r.h.s. of equation (3.19) is limited to wave vectors
with |k| < Λ, where Λ is an ultraviolet cutoff caused by the existence of a
microscopic length scale in the problem, like an underlaying lattice spacing.
Inserting equation (3.21) into equation (3.14), the saddle point equation
(3.17) can be written as
s=e
FS (z, t, V) ,
(3.22)
where s = S/V and the function in the right hand side is given by
1 X
1
e
FS (z, t, V) =
.
V
2[ρk (t) − z]

(3.23)

k

Transforming the sum in equation (3.23) into an integral, the saddle point
equation (3.22) can be written as
s = FS (z, t)
with

Γ
FS (z, t) = d
2

Λ

Z
0

(3.24)

dk
kd−1
(2π)d ρk (t) − z

(3.25)

where d is the space dimensionality, Γd = 2πd/2 /Γ(d/2) is the d-dimensional
solid angle and Γ is the Euler gamma function. The formal solution is given
by
z∗ (s, t) = F−1
(s, t)
S

(3.26)

where F−1
is the inverse, with respect to z, of the function defined by
S
equation (3.25). The existence of this solution depends on the domain of
definition of F−1
. Since S is positive, and from equation (3.21) it is easily
S
verified that the minimum of ρk (t) is at k = 0 at any time, F−1
is defined for
S
z ≤ ρ0 (t). Then
FS (z, t) ≤ sc (t)
(3.27)
with
sc (t) = FS (z = ρ0 , t) .

(3.28)

According to equation (3.21),
[ρk (t) − ρ0 (t)] ' Ct k2 ,

k2 t << 1 ,

(3.29)

vanishes with k like k2 with 2Ct = [TF + (TI − TF )e−2rt (1 + 2rt)]/[TF + (TI −
TF )e−2rt ]2 . Then for d > 2 the singularity is integrable on the r.h.s of equation
(3.25), sc (t) is finite and the solution (3.26) exists only for s ≤ sC (t). In order
to find the solution for s > sC (t) one must proceed following an analytical
treatment similar to that of Berlin and Kac. Alternatively, one can proceed
in a more physically oriented way, as usually done in standard treatment of
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BEC. This amounts to separate the k = 0 term from the sum and rewriting
equation (3.24) as
1
1
s=
+ FS (z∗ , t) .
(3.30)
V 2[ρ0 (t) − z∗ ]
The, sC (t) defines a critical line on the (t, s) plane separating the normal
phase (below) form the condensed phase (above). Below, the first term in
the right hand side of equation (3.30) is of O(1/V) and negligible, while
above it takes the finite value [s − sC (t)], due to the sticking of z∗ to the
s-dependent value z∗ = ρ0 (t). Summarizing,


−1

for s ≤ sC (t)
FS (s, t)
∗
z (s, t) = 
(3.31)

ρ0 (t)
fors > sC (t) .
Plugging this dertemination of z∗ into equation (3.16) , and equations (3.19)
and( 3.20) into equation (3.14) one arrives to an explicit determination the
rate function IS (s, t). This quantity is plotted in figure (3.1). As it is suggested by the twofold expression of the saddle point solution IS is singular
at s = sC (t). The physical meaning of such a rate function is that ones a fluctuation has gone beyond a critical value, the exceeding observable quantity
is provided by a single mode, namely the one that minimizes ρk . Due to
the above statement, we can see that the mechanism is very similar to BEC.
However, in this case, condensation is not observed as a typical event but in
the fluctuations of a macrovariable and it requires the fluctuatingPvariable
S to exceed a critical value sc V, usually quite far from the mean ( k ρ−k 1).

3.2

Non-analytical rate function

A quite simple explanation of the mechanism underlying fluctuations condensation comes from the study of the probability distribution of sums of
random variables. Consider M receptors labeled with an integer i = 1, ..., M,
each hosting ni particles with probability
p(ni ) =

1
1
,
ζ(K) (1 + ni )K

(3.32)

where ζ(K) is the Riemann’s zeta function and K > 1. As before, the total
number of particles N is distributed according to
X
P(N, M) =
p(n1 )...p(nM )δN,Pi ni .
(3.33)
{n1 ,...,nM }

As we have already noted, the factorized form of the probability of the
P
macro-variable N = M
i ni is analogous to the stationary state of models for
the transfer of mass variable, such as the ZRP. In this section we want to

∗

z (s, t) =

!

FS−1 (s, t), for s ≤ sC (t),
ρ0 (t), for s > sC (t).

ng this determination of z ∗ into Eq. (9), and Eqs. (16,17) in Eq. (7) one arrives to an explicit de
ate function IS (s, t). This quantity is plotted in Fig. 1.
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Figure 3.1: Rate function −IS (s, t) for the sample variance. Parameters µk = 2,
t = 2, r = 1, TI = 1, TF = 0.2, d = 3. In the inset the second derivative is shown.
From [ZCG14].

Rate function −IS (s, t) for the sample variance. Parameters µk = 2, t = 2, r = 1, TI = 1, TF = 0.2, d
e second derivative is shown.

study the condensation phenomenon for this model in the light of LDT and
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∞
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tn
much larger than the average value.λ(t) = log e p = log
.
(3.34)
K
ζ(K)

n=0

(1 + n)

Due to normalization, the argument of the logarithm equals 1 for t = 0, thus
λ(0) = 0. For t > 0, instead,
the sum diverges,
so that we set λ(t) = +∞. For
B. Steepest
descent
t < 0, the sum converges, and can be cast in a closed form by resorting to
the polylogarithm definition

is section we discuss in detail the steepest descent evaluation of the integral in Eq. (6).
∞
∗
X
≤ sC the saddle point equation (21) admits a solution
zn+1z = z (s).
LiK (z)
.
(3.35)
K
(1
+ n)probability
e region s > sC the evaluation of the integral for
the
(6) can be done using anal
n=0
d to those developed in [2]. Let us consider this integral (with M = S and J = t) in the neighb
real order K is real if z < 1, thus, for t < 0,
gin of the cut extendingThe
inpolylogarithm
the z-planeoffrom
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∞
∞
reads
X
X
etn
et(n+1)
t
=
e
= et LiK (et ) ,
(3.36)
K
K
#
(1
+
n)
(1
+
n)
n=0 " i∞
n=0
ρ0 (t)
dz −V [f (z,s,t)]
e
P (S, t, V ) =
ρ0 (t) − z
−i∞ 2πi
f (z, s, t) = sz + λ0S (z, t),
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and we have that
λ(t) = log[e−t LiK (et )/ζ(K)] .

(3.37)

Definitely


log[e−t LiK (et )/ζ(K)]




λ(t) = 
0



+∞

if t < 0
if t = 0 ,
if t > 0 .

(3.38)

The λ(t) above is differentiable in the interior of its domain, i.e. for t < 0.
Hence, we can check if t falls under the hypothesis of the Gärtner-Ellis
theorem by analyzing λ0 (t) behavior as t approaches 0 from below. For all
t < 0,
−1 ∞
∞
tn
 X
X
netn
e

.
(3.39)
λ0 (t) = 

ζ(K)(1 + n)K  n=0 ζ(K)(1 + n)K
n=0
Therefore
lim λ0 (t) =
t%0

∞

∞

n=0

n=0

1 X
n
1
1 X
=
−1.
K
ζK
ζ(K)
(1 + n)
(1 + n)K−1

(3.40)

Since the Riemann’s zeta function diverges for K < 2, we can conclude that

ζ(K−1)


 ζ(K) − 1
lim λ (t) = 

+∞
t%0
0

if K > 2
if K ∈ (1, 2] .

(3.41)

Figure 3.2 shows the SCGF of the model for K = 2. It fulfills the GärtnerEllis hypothesis, hence P(ρ, M), with ρ = N/M, satisfies a LDP in the large
M limit:
P(ρ, N)  e−M[t(ρ)ρ−λ(t(ρ))] ≡ e−MI(ρ)
(3.42)
where t(ρ) is the unique solution of λ0 (t) = ρ and the rate function I(ρ)
is shown in figure (3.3). The value of t(ρ) has been obtained numerically
via the secant method for each value of ρ. We note that, according to the
Legendre duality (Section 2.4.3), I0 (+∞) → 0−2 , as λ0 (0− ) → +∞, while
I0 (0+ ) → −∞, as λ0 (−∞) → 0+ . For K > 2, λ(t) derivative is finite at t = 0,
as figure (3.4) displays. We can surely compute λ(t) L-F transform, but it
gives us only the convex envelope of the true rate function. The result of
the transformation is shown in figure (3.5) : it displays a discontinuity on
the second or third derivative at ρ = ζK−1
ζK − 1. It can be argued in this
case that the function drawn in figure (3.5) is the true rate function, i.e. it
corresponds to the one calculated numerically, of the model for K = 3, and
2

here the short notation I0 (+∞) stands for the limit limρ→∞ I0 (ρ)
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Figure 3.2: Scaled cumulant generating function for the Urn model described in
the text, for K = 2. The red dashed line represent λ(t) derivative at the domain
boundary, which, according to equation (3.41), diverges.
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Figure 3.3: Rate function of the urn model described in the text, for K = 2. The red
dashed line represent the horizontal asymptote at ρ = 0.

3.2. Non-analytical rate function

55

0

λ(t)

-0,05

-0,1

-0,15

-0,2

-10

-15

0

-5
t

Figure 3.4: Scaled cumulant generating function of the Urn model described in
the text, for K = 3. The red dashed line represent λ(t) derivative at the domain
boundary, which, according to equation (3.41), equals ζ(2)/ζ(3) − 1 ' 0.37.
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Figure 3.5: Rate function of the Urn model described in the text, for K = 3. It
develops a linear branch at x ' 0.33, i.e. at λ0 (t) limiting value.
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perceive its non-analyticity at ρc = ζ(2)/ζ(3) − 1 ' 0.37 as an evidence of a
phase transition. 3
3
In order to motivate our claim, we shall reconsider the reason of the Gärtner-Ellis failure.
The latter requires a differentiable SCGF simply because the rate function must be strictly
convex, if we want to trace it back by knowing the solely SCGF. Nevertheless, as remarked
in the previous chapter, convexity and closure suffice to ensure that a couple of conjugated
functions are in one to-one correspondence through the L-F transform. Hence, if we are able
to show that the rate function must be convex, we can compute it, in spite of the Gärtner-Ellis
theorem, as the L-F transform of a singular or non-steep SCGF.
To prove the rate function convexity, let us fix M and N and consider the probability of
P
the outcome ρ = N/M for the random variable M
i=0 ni /M.
M

P(ρ, M) = P({ni }|

1 X
ni = ρ, M) .
M i=1

(3.43)

By setting M1 = αM, M2 = (1 − α)M, where α i a rational number ∈ (0, 1) we can re-write the
above formula as
P(ρ, M) = P({ni }|

M1
M2
M1 1 X
M2 1 X
ni +
ni+M1 = ρ) ,
M M1 i=1
M M2 i=1

(3.44)

which, being the ni ’s identically distributed, we re-write again as
P({ni }|α

M1
M2
1 X
1 X
ni + (1 − α)
ni+M1 = ρ, M) = P(αρ1 + (1 − α)ρ2 ) .
M1 i=1
M2 i=1

(3.45)

The probability of the outcome ρ = αρ1 + (1 − α)ρ2 depends on the total number of particle
N, irrespective of how many particles lies in the first M1 . In fact due to ni ’s independence,
we may write it as
P(αρ1 + (1 − α)ρ2 , M) =

0
X

P(ρ0 , M1 )P(ρ00 , M2 ) ,

(3.46)

ρ0 ,ρ00

where the 0 stands for the condition αρ0 + (1 − α)ρ00 = αρ1 + (1 − α)ρ2 . The sum on the righthand side of the above equation is clearly greater than any of the summands; specifically, it
is greater than the term with ρ0 = ρ1 and ρ00 = ρ2 . Thus,
P(αρ1 + (1 − α)ρ2 ) ≥ P(ρ1 , M1 )P(ρ2 , M2 ) .

(3.47)

By taking the logarithm of the above display, we get
log P(αρ1 + (1 − α)ρ2 ) ≥ log P(ρ1 , M1 ) + log P(ρ2 , M2 ) .

(3.48)

Then, dividing each member by −M = −M1 /α = −M2 /(1 − α), the inequality becomes
−

(1 − α)
1
α
log P(αρ1 + (1 − α)ρ2 , M) ≤ −
log P(ρ1 , M1 ) −
log P(ρ2 , M2 ) .
M
M1
M2

(3.49)

Supported with a large M limit, the above inequality shows that the rate function, if exists,
must satisfy
I(αρ1 + (1 − α)ρ2 ) ≤ αI(ρ1 ) + (1 − α)I(ρ2 ) ,
(3.50)
i.e. it must be convex. Actually, to guarantee I(ρ) convexity we should show that the
above relation is satisfied for all α ∈ (0, 1), but ρ can take only rational values, thus the
proposed argument suffices. (Thanks to F.Cagnetta for the discussion reported here).
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We, as in [Cor15], call the transition a condensation, since it happens
that, given the probabilities of the single sites, the only way to accommodate
N > Mρc within the M sites, is to store a significant fraction of them into a
single site. This should corresponds in a bump in the single site distribution,
that would correspond to p(n) if it were not for delta function, as we will
see in the next chapter.
We stress again that, according to the ensemble duality discussed in
Section 1.6 and in Section 2.5, a condensation of fluctuations can be always
perceived as a condensation on average within the constrained ensemble.
The latter, indeed, being obtained by fixing ρ, has P(N, M) as partition
function.

3.3

Further considerations

We have analyzed here the phenomenon of condensation of fluctuations in
two different cases: the Gaussian model and a simple statistical model we
are using in this thesis as a paradigmatic model to explain this phenomenon.
Beside its simplicity the latter displays condensation of fluctuations with a
rate function that has a totally different behavior in the condensed phase
from the one computed for the Gaussian model. The difference here is
that the Gaussian model is a totally non-interacting model that not displays
condensation on average. Sums of i.i.d. random variables, on the other
hand, displays condensation also on average if the variables are subject to
a fat-tailed distribution [Der94], that is indeed the case we have studied.
Recently the so-called grand canonical catastrophe of the density fluctuations in the ideal Bose gas, i.e. the loss of the intuitive notion that
fluctuations ought to be suppressed by lowering the temperature , has been
shown to be a particular instance of of condensation of fluctuations [Zan15].
This is important for two reasons: on one hand it shows the possibility to
put in relation the large fluctuations observed in the grand canonical number statistics in a photon Bose-Einstein condensate experimental realization [SDD+ 14], and then gives an experimental evidence of the phenomenon
in our consideration; on the other hand gives also the possibility to the give
another example of the question we are posing about the meaning of the
different behaviors displayed by the rate functions studied in this chapter.
In fact the in the V → ∞ limit, in the Grand canonical Ensemble, the
isotherms become spuriously bounded by a critical value ρc . It means
that, by taking the thermodynamic limit and adopting the Grand canonical
protocol, it is not possible to prepare the system with an average density
above ρc . In other words BEC does not take place in the Grand Canonica
Ensemble. It is known that occurrence of BEC as condensation on average
requires conservation of the number of particles. It can be implemented
rigidly, by constraining the probability measure with a δ-function, or softly,
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fixing the density on average. The latter defines a new ensemble, the
mean canonical ensemble. The grand canonical ensemble has a typical value
of the density, let us denote it with ρ, which is fixed on average in the
mean canonical ensemble. The Grand canonical ensemble is controlled by
the inverse temperature the fugacity and the volume, while the the mean
canonical by the inverse temperature the average density, and the volume.
We then define in this ensemble the variable x for the fluctuating number
of particles density, and study the probability distribution of this variable.
Dividing the the density axis into a normal phase below ρc and a condensed
phase above ρc , it is possible to show that the mean canonical and the grand
canonical overlap in the first one but not in the second. It is possible to
distinguish for the density of the particles’s number ρ a normal regime
and a condensed one. In the above cited work it’s been shown that in
the grand canonical ensemble (which corresponds to the mean canonical
normal phase by definition) condensation of fluctuations without condensation on average occurs, while in the mean canonical condensed phase the
two types of condensation are expected to appear simultaneously. The rate
functions for the probability distribution of the particles density is shown
in figure (3.6). In the mean canonical normal phase (curve with triangles),
which we emphasizes corresponds to the gran canonical ensemble, the rate
function is a convex function with an isolated minimum at a typical value
ρ, where it vanishes, and is strictly convex for x ≤ ρc , and linear for x > ρc ,
signaling a condensation of fluctuations. When ρ is in the condensed phase
(curve with circles), the large deviation function vanishes identically for
fluctuations above threshold. This means that when both ρ( the mean value
of the density in the gran canonical ensemble) and x (the fluctuations density) are in the condensed phase, fluctuations behaves sub-exponentially
to respect to V. With such a broad distribution the distinction between
typical and rare events gets blurred and the width of fluctuations becomes
macroscopically. it could be shown that such regime of strong fluctuations
persists and is even enhanced by lowering the temperature. These features, which constitute the grand canonical catastrophe, are nothing but the
manifestations of condensation of fluctuations.
This gives us another example of the claim made at the beginning of
this section. It seems that in systems displaying condensation on average
and condensation of fluctuations, in the condensed phase, the rate function
goes to zero with the two phenomenon no more distinguishable. When
the system does not displays condensation on average, like the Gaussian
model, which is a genuinely non interacting system, but only condensation
of fluctuations, the linear branch has a finite slope and the rate function
has its minimum at the typical value of the observable under investigation.
Around this minimum the large deviation principle is related to the central
limit theorem as discussed in Section 2.2.
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z ∗ (ρ) to z ∗ (x), without changing the form of the ensem- in fig. 1 (curve with triangles) shows, this is a convex
ble. Hence, with respect to number fluctuations, the MCE function with an isolated minimum at the typical value
is self-dual. The second one is that the linear branch of ρ, where it vanishes, which is strictly convex for x ≤ ρC
eq. (16) corresponds to condensation of fluctuations. In and linear for x > ρC .
Hence, in the normal phase of the MCE (or in the
fact, exponentiating and comparing with the probability
GCE) when x exceeds the critical threshold fluctuations do
of the ground-state occupation number
condense in absence of condensation on average. Though
(17)
P0 (n0 |β, z, V ) = (1 − z)en0 ln z ,
interesting, this fluctuation phenomenon is doomed to
there follows that for x > ρC and up to normalization one remain an hardly observable event, since it is exponencan write
tially suppressed for large V . In fact, due to the existence
of the isolated minimum at ρ
Pmc (N |β, ρ, V ) = P0 (N −NC |β, z ∗ (ρ), V )Pmc (NC |β, ρ, V ),
(18)
(20)
lim Pmc (x|β, ρ, V ) = δ(x − ρ).
V →∞
which shows that macroscopic fluctuations above threshold can occur only through the zero momentum occupa- As we shall see, this situation is drastically changed in
tion number, while the contribution of the excited states the condensed phase where condensation of fluctuations
coexists with condensation on average.
is locked to NC = V ρC .
The next step is to analyze separately the above result
Condensed phase. When ρ is in the condensed phase,
when ρ is in the normal or in the condensed phase. We from eq. (13) follows that z ∗ (ρ) becomes V dependent with
shall see that the V → ∞ limit yields diﬀerent behaviors limV →∞ z ∗ (ρ) = 1. Hence, from eqs. (15) and (16) follows
in the two cases.
Imc (x|β, ρ) =
Normal phase. As follows from eq. (13), in the normal
$
∗
∗
x ln z ∗ (x) + β[fmc (β, x) − fmc (β, ρC )], x ≤ ρC ,
phase z (ρ) < 1. Furthermore, z (ρ) is independent of V .
(21)
Thus, letting V → ∞, there exists the rate function
0, x > ρC
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Chapter 4

Large deviations in different
statistical models
The aim of this chapter is to investigate the nature of condensation of
fluctuations and to underline some differences between the rate functions
of different observables in systems in which this phenomenon occurs. In
this sense the work [Cor15] reviewed and deepen analyzed with LDT in the
previous chapter has casted light on the phenomenon and the mechanism
underlying this transition.
After reviewing some results presented in the above cited work and
noticed the agreement with our analysis in the prevous chapter, we will
consider different observables , and investigate the occurrence of a singularity in the probability distribution. The chapter is organized as follows: In
Section 4.1 we will conclude the characterization of the two phases for the
model analyzed in . The analysis is then extended to the probability distribution of other observables. It is important to note that the phenomenon is
not dependent by the fact that we are considering discrete random variables,
but with a few differences ca be extended to the case of continuos random
variable [MF15]. In fact in this case the dual model would corresponds to a
general mass transfer model, like the one considered in Appendix A, with
the total mass in the system fixed. Also the choice of models with factorized
steady states is made for the mathematical tractability, but factorization is
not a prerequisite for condensation.

4.1

Fluctuations for sum of random variables

In the previous chapter we have signaled a phase transition by a singularity
in the rate function of the probability distribution of the sum of i.i.d random
variables. Here we want to characterize the two phases in a more physical
way. This will complete the study for the model introduced in 3.2, and will
be functional for the study of other observables and other generalizations.
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We are considering M independent random variables {nm }m=1,...,M subject
to a probability pm (nm ; K), with K set of parameters. We are interested in the
probability of observing a total number N = N of particles
X
P(N, M) =
p1 (n1 )p2 (n2 )...pM (nm )δN,N =
n1 ,...,nM

1
=
2πi

(4.1)

I
M[ln Q(z)−ρ ln z]

dz e

with
Q(z, M) =

"Y
M X

,
# M1

pm (nm )znm

,

(4.2)

m=1 nm
N
and ρ = N−1
M ' M particle density. We emphasize the crucial role played
by the δ-function in equation (4.1) which effectively constraints the total
particle number, thus invalidating the central limit theorem which would
otherwise apply for the problem at hand, making the condensation possible.
As already noted the probability distribution P(N, M) corresponds to
the partition function of a model in which the total number of particles
is actually constrained. More specifically it corresponds, with a suitable
choice of the transition rate, to the partition function of of the stationary
state of the ZRP, which we recall displays a condensation transition. Given
the duality introduced in the previous chapters we would expect a transition
also to occur in the unconstrained system signaled by the non analyticity of
the rate function found in the previous Section 3.2. First we define, as done
in the context of the ZRP, the marginal distribution

π(n, N, M) = P(N − n, M − 1)pM (n) ,

(4.3)

that is, using the language of Urn models, the probability that when the
M-th receptor is added to the previous M − 1, n particles are stored in it. The
duality with the ZRP allows us to write the recursion relation (analogue to
the relation 1.54)
N
X
P(N, M) =
π(n, N, M) ,
(4.4)
n=0

found for the partition function in the stationary state of the ZRP.
Denoting with N = Mρ the value of N where P is maximum, the largest
P(N − n, M − 1) in equation (4.3) is the one with n = N − N. This term is
present in in equation (4.4) only if N ≥ N.
Unless otherwise specified we consider the case of power-law distribution
p(n) = c(n + 1)−K ,
(4.5)
where K > 1 and c is a normalization constant.

4.1. Fluctuations for sum of random variables

63

Figure 4.1: The quantity π(n, N, M) is plotted against n for the model with power
law probabilities p with K = 3 > Kc , for M = 246 and the values of N indicated in
the key. In the inset the same plot is made for K = 3/2 < Kc .

4.1.1

Gas Phase

According to the above discussion, for N ≤ N, π has a maximum at a value
n = n g which is microscopic and does not scale with M. This is so because
the quantities P(N − n, M − 1) lower with n and the same is true for pM (n),
for sufficiently large n > n g , being pm ’s normalized.
In the inset of figure (4.1), π is plotted for K = 3/2 and different choices
of N. Here one observes a maximum in n = n g = 0, as expected.
In the gas phase, P can be determined in the large-M limit by steepestdescent evaluation of the integral on the r.h.s. of equation (4.1) , leading
to
P(N, M) ' e−MR(ρ) ,
(4.6)
with an M−independent rate function
R(ρ) = − ln Q(z∗ (ρ)) + ρ ln z∗ (ρ) ,

(4.7)

where z∗ (ρ) is given by the saddle-point equation
Q0 (z∗ (ρ))
=ρ.
z (ρ)
Q(z∗ (ρ))
∗

(4.8)

For the specific case (4.5), this equation can be cast as
LiK−1 (z∗ )
=ρ+1,
LiK (z∗ )

(4.9)
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Figure 4.2: Rate function R(ρ, M) for different numbers of sites M, for K = 3/2 < Kc ,
and its asymptotic behavior (black dashed line) as reported in [Cor15]. Here
ρ = N/M, N being the total number of particles.

where LiK (z) is the polylogarithm (Jonquier’s function). It admits a solution
with z < 1 for any finite value of ρ if K ≤ Kc = 2. This is in complete
agreement with the discussion in section (3.2). P is then expressed by eqs.
(4.7,4.6) with
Q(z∗ ) = LiK (z∗ ) .
(4.10)
It is important to note that in the previous chapter we infer a LDP for P(N, M)
from the Gärtner-Ellis theorem. Here the saddle point evaluation leads us
to a LDP given by eq. (4.6). The rate function R(ρ) obtained in this way is
plotted with a black heavy-dashed line in figure (4.2). In the same picture
the quantity
1
R(ρ, M) = − ln P(Mρ, M) ,
(4.11)
M
obtained by exact enumeration from the recursion relation (4.4), is shown
for different choices of M. One observes that R approaches the asymptotic
M− independent form R(ρ) as M is increased. Note that the the convergence
is faster at small densities. It must be recalled that for K ≤ Kc the average
number hNi of particles is not finite, meaning that in the large-M limit
fluctuations with large N are very likely, as it is reflected by the vanishing of
R(ρ) at large densities. However, for finite M such large values of N cannot
be sustained and R, after reaching a minimum, raises again increasing ρ,
thus determining the existence of a most probable value of the fluctuations.
Let us consider again the distribution (4.5) with K > Kc . It is easy to

4.1. Fluctuations for sum of random variables
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Figure 4.3: Rate function R(ρ, M) of the original model for different numbers of
sites M, for K = 3 > Kc , and its asymptotic behavior (black dashed line) as reported
in [Cor15].

show that the saddle point solution to equation (4.8) exists only for ρ ≤ ρ
defined by
LiK−1 (1)
ρ=
−1
(4.12)
LiK (1)
(ρ ' 0.368433 for K = 3). For ρ ≤ ρ only the normal phase exists, the
steepest descent evaluation of the integral in equation (4.1) is appropriate,
and one arrives at equation (4.7). The rate function obtained in this way is
shown in figure (4.3) together with the behavior of R(ρ, M) which, for ρ ≤ ρ,
approaches R(ρ) for large M.

4.1.2

Condensed Phase

A radically different situation occurs for N > N, when P(N, M − 1) grows
fast enough to give limM→∞ P(N, M − 1)pM (N − N) , 0. For the choice (4.5)
with Km = K ∀m, this happens when K > Kc .
In this case π can be non-negligible up to a certain n = nl of order M
and the sum in equation (4.4) does not only takes contributions around the
microscopic value n g . This is because π is triggered by the maximum of
P(N − n, M − 1) at a value n = N − N which, for given ρ, is of order M itself.
Usually P is sharply peaked around the maximum as to give nl ' N − N
for N sufficiently larger than N. Figure (4.1) shows this for the model (4.5)
with K = 3: π develops a second peak at n = nl ' N − N, and only for n > nl
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drops down to negligible values. The properties of this second peak can
be described using extreme value statistics which can be put in connection
with large deviation theory, as recently discussed in [Viv15].
The physical interpretation is that, when a value of N larger than the typical one N is attempted, the occupancy of the new receptor M can be either
microscopic or macroscopic. Then, together with the uniformly scarcely
populated gas phase, a liquid, or condensed phase coexists characterized by a
single nm hosting a finite fraction of the N particles. Form the previous considerations a close resemblance emerges with the problem of a gas-liquid
transition, with M being a control parameter playing the role of the volume, ρl = nl /M an order-parameter and H ∼ − ln π an energetic landscape.
Notice that the amount of condensed vs normal fluctuations, described by ρl ,
depends on N: the fraction of condensate is absent at N = N, and increase
with N.
When condensation occurs the saddle-point equation has no solutions.
Therefore the steepest-descent evaluation of the integral in eq. (4.1) cannot
be carried over straightforwardly as done for the gas phase in the previous
section. However for this model it is possible to show (look at Appendix C
for details) that, regardless of the specific choice for the p’s,

P(N, M) ' bM p(N − N) ,

(4.13)

where the quantity bM depends on the structure of the microscopic probabilities. It can be argued that bm ∼ M, that corresponds to the number
of possible choices of the site in which condensation occurs. This result
together with (4.13) means that when condensation occurs a single receptor
hosts a number N − N of particles with a probability p(N − N).
As already discussed, for values of the density large than ρ a straightforward steepest descent evaluation of the integral in (4.1) the saddle point
evaluation breaks down. In this case P is not exponentially small in M,
as required by the LDP obtained earlier, as can clearly be understood observing in figure (4.3) that the dependence on M doe not cancels and R
keeps decreasing to zero for any value of M. In this region condensation
occurs and, instead of equations (4.7),(4.9), the solution (4.13), with bM ∼ M,
applies. In the condensed phase the typical and large deviation behavior gets blurred and the width of fluctuations becomes macroscopically, as
discussed in Section 3.3.
The results obtained in the previous chapter are in agreement with the
ones presented here. We want now to extend the discussion and consider
non-linear observables.

4.2. Distribution of the square of the particle number

4.2
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Distribution of the square of the particle number

We want now to investigate if the same phenomenon of condensation occurs
also if one consider the probability distribution of other observables, rather
than the total number of particles, for the same system.
The first choice that comes to mind is the variable
 X 2
A=
(4.14)
nm .
m

The probability of a configuration is
Q
m p(nm )δA,A
P({nm }|A) =
.
P(A, M)
The probability of observing the event A = A is
X
X
P(A, M) =
p(n1 )...
p(nM )δA,A .
n1

(4.15)

(4.16)

nM

The variable (4.14) scales as M2 instead of being of order O(M) like in the
previous case. We can define the marginal distribution
X
X
π(n, A, M) = p(n)
p(n2 )..
p(nM )δA−n2 ,A .
(4.17)
n2

nM

Condensation would manifest itself in a "bump" in this function for certain
macroscopic value of n, for K > Kc . This is indeed what happens, as shown
in figure(4.4) for K = 4.5, even with a small sites and particles number.
The normal behavior (K ≤ Kc ) of the quantity (4.17) is shown in the inset of
figure(4.4).
With a suitable choice for the representation of the Kronecker delta,
it should be possible to derive, by saddle point method, a LDP for the
distribution (4.22) in the normal phase, i.e.
P(A, M) ' e−MR(ρ) .

(4.18)

R(ρ) is the same as in the case of the probability distribution of the
P
variable N = M
m nm . This is suggested by the result of large deviation
theory known as Contraction Principle. In this case the argument derives
directly from the change of variables for probability distributions. Consider
in fact a random variable A and its density a. Suppose we want to compute
the probability distribution of another variable related to the first via a
function h(A). We than have that:
PA (A)dA = PB (B)dB,

(4.19)

so that PB (B) = PA (A)JAB |A=h−1 (B) , with JAB Jacobian of the transformation.
We define
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Figure 4.4: Marginal probability π(n) computed by numerical calculation, for
K = 6 > Kc , and M = 56. In the inset the same probability for K = 1.5 < Kc .

a = N/M
b = N 2 /M
b̃ = N 2 /M2 = b/M.
We then have:
1
1
1
ln PB (B) = [− ln PA (A) −
ln JAB ] |A=h−1 (B) .
(4.20)
M
M
M
√
Noting that 2A = 2Ma = 2M b̃, we have that in the large deviation regime
−

p
ln M
) ' RA ( b̃) .
(4.21)
M
This situations is shown for K = 4.5 > Kc in figure(4.5), and for for
K = 1.5 < Kc in figure(4.6). At finite number of sites the two rate functions
perfectly overlap.
RB (b) = RA (a) − O(

4.3

Quadratic observables

P
Here we consider the random variable S = m n2m . The probability to
observe a value S is given by
X
X
P(S, M) =
p(n1 )...
(4.22)
p(nM )δS,Pi n2 ,
n1

nM

i
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Figure 4.5: Rate function obtained by exact enumeration for 7 sites and 28 particles
in the condensed phase, K > Kc , for the variable N(brown circles) and the case of the
probability distribution of the variable A(green lines). The lower green line stands
p
for the rate function of the variable A before the change of variable ρ → ρ/7.
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Figure 4.6: Rate function obtained by numerical exact calculation for 7 sites and
28 particles in the normal phase, K = 1.5 < Kc , of the number of particles (green
circles), the variable A(straight black line), and the transformed one (red line).
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where the p(n)s is the distribution to which is subjected the variable n.
For the duality discussed in the first chapter, P(S, M) can be seen as the
partition function of a statistical model in which the sum of the squares of
the occupation numbers is constrained.
Using the representation
I
1
δS,S =
dz z−(S−S+1)
(4.23)
2πi
for the Kronecker delta, and defined the probability generating function(PGF)
X
2
Q(z) =
p(n)zn ,
(4.24)
n

we can write (4.22) as
1
P(S, M) =
2πi

I
[Q(z)]M z−Mρ−1 dz ,

(4.25)

|z|=r

for any r smaller than the radius of convergence of Q(z). All physical
properties of the model are encoded in the PGF (4.24). The convergence
properties of this series will be discussed in the next section. Our study
is organized as follow: we will first determine P(S,M) in the large-M limit
by a steepest descendent evaluation of the integral on the rhs of equation
(4.25); we then discuss the condition for condensation to occur and use the
large deviation theory, in particular the Gärtner-Ellis theorem, to infer all the
properties of the rate function in the gas phase and discuss the condensed
phase from the behavior near the critical point. We then give an heuristic
argument to derive the sub-exponential scaling of the rate function in the
condensed phase.

4.3.1

Existence of a steepest descendent contour

In order to evaluate P(S, M) by steepest descendent evaluation we have to
prove the existence of a saddle point and a steepest descendent contour
for the integrand in (4.22). To do this we retrieve an argument by M.V. Fedoryuk [GNEF12] to derive the asymptotic behavior of integrals involving
power series. These problems are very common in statistical mechanics
and probability theory.
The series (4.24) has nonnegative coefficients and radius of convergence
R = 1. Denoted with
m(r) = max |Q(z)| , r < R ,
|z|=r

we have that
max |[Q(z)z−1 ]| =
|z|=r

m(r)
.
r

(4.26)

(4.27)
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For the Pringhsheim’s theorem1 m(r) → ∞ as r → R. We see that m(r)r−1 also
diverges as r → 0. So we can say that
min (m(r)r−1 )

0<r<1

(4.28)

exists. We notice that Q(z) is a holomorphic function on any annulus r1 ≤
|z| ≤ r3 , with r1 , r3 ≤ r, and this tell us that the hypothesis of Hadamard’s
three circles theorem2 are fulfilled. This implies that m(r) is logarithmically
convex, i.e.
d
d Q0 (r)
log[m(r)] = r
.
(4.29)
dlog(r)
dr Q(r)
A logarithmically convex function is a convex function since it is the
composite of the increasing convex exponential function and the function
log(m(r)), which is supposed convex. So m(r) is convex, and we expect the
sought after minimum to be attained at a unique point r0 . Let us return to
(4.22) and notice that P(S, M) can be cast in the form
I
1
P(S, M) =
(4.30)
dze[M(−ρ log z+log Q(z))] .
2πi |z|=r0
0<

From the argument given above it follows that z = r0 is a saddle point of
Re[M(−ρ log z + log Q(z))], and we can take as saddle contour a circle in the
complex plane with radius r0 . So in the large M limit we can approximate
the integral with the maximum value of the integrand,
P(S, M) ' e−MR(ρ) ,
3

with ρ =

S
M

(4.31)

, and rate function
R(ρ) = ρ log z∗ − log Q(z∗ ) ,

(4.34)

with z∗ root of the saddle point equation
z

Q0 [z(ρ)]
Q[z(ρ)]

=ρ.

(4.35)

z=z∗

1

The Pringhsheim’s theorem states that for power series with non negative coefficients,
analytic at zero and with radius of convergence ρ > 0, z = ρ is a dominant singularity, that
is a singularity on the circle |z| = ρ in the complex plane.
2
Let f (z) be a holomorphic function on the annulus r1 < |z| < r3 . Let M(r) be a maximum
of | f (z)| on the circle |z| = r. Then the Hadamard theorem states that log M(r) is a convex
function of the logarithm log(r).
3

r
P(S, M) =

1
e−MR(ρ) (1 + O(M−1 ))
2πMT”(r0 )

where
T”(r0 ) = ρ

Q”(r0 ) 1 − ρ
+ 2
Q(r0 )
r0

(4.32)

(4.33)
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Figure 4.7: Rate function obtained numerically by saddle point evaluation of the
integral (4.30), for K = 1.5 < Kc .

Equation 4.31 is actually a LDP.

4.3.2

Properties of the rate function

Now we return to the saddle point equation (4.35) for the specific case
(4.5). The left hand side is an increasing function of z(ρ). We are interested
in the behavior of the left side of the equation as z → 1. In this limit,
by the integral convergence criterion, the left hand side diverges for K ≤
Kc = 3 and the equation admits a solution for every finite value of ρ.
For K > Kc , limz→1 Q0 (z) < ∞ and the equation can be solved only for
ρ < ρc = limz→1 [Q0 (z)/Q(z)]z. In a statistical mechanics fashion we can
think to the rate function as the free energy of the system. The leading part
is given by (4.34) for ρ < ρc . When ρ is greater than ρc the free energy is
blocked to the limiting value ρc log(z(ρc )) = 0 and does not change further
with ρ .Thus we can identify, as done before, two different phases: one for
ρ < ρc , that we call gas phase, and one for ρ > ρc , condensed phase. The rate
function evaluated by solving numerically the saddle point equation, for
K = 1.5 < Kc , is shown in figure(4.7), showing a similar behavior to the
rate function obtained from the study of the fluctuations of the number of
particles (figure (4.2). After reaching a critical value of the density, it goes
to zero, and we expect condensation to occur also in this case with the LDP
no more valid in this regime. This behavior has a precise physical meaning.

4.3. Quadratic observables

73

In fact from the previous discussion, for K ≤ Kc , the mean value of S is not
finite, meaning that in the large-M limit fluctuations with large S are very
likely, as it is reflected by the vanishing of R(ρ) at large densities.
In attempt to understand if the mechanism of condensation is the same
as in the case of the fluctuations of the number of particles we have to:
• study the behavior of R(ρ) near the critical point;
• try to have the scaling behavior in the condensed phase for both the
probability distribution and the marginal distribution.
Here we focus on the first, using some results of large deviation theory,
and exploit the Legendre-Fenchel duality, discussed in Section 2.4.3, to put in
relation the slopes of the rate function and the scaled cumulant generating
function at the boundaries of the domain of definition of the latter.
Being S the sum of M i.i.d random variables, its SCGF is the cumulant
generating function of the summands, i.e.
∞

2

λ(t) = loghetn ip = log

2

1 X etn
ζ(K)
(1 + n)K

(4.36)

n=0

Note that λ(0) = 0 due to normalization, and for t > 0 λ(t) = +∞. For
t < 0 the sum converges. We deduce that λ(t) is differentiable in the interior
of its domain, that is for t < 0, and we can check the hypothesis of the
Gärtner-Ellis theorem by analyzing λ0 (t) as t approaches 0. For all t < 0,
λ (t) =
0

"X
∞
n=0

2

etn
ζ(K)(1 + n)K

#−1 X
∞
n=0

2

n2 etn
.
ζ(k)(1 + n)K

(4.37)

Therefore,
lim λ0 (t) =
t%0

∞
X
n=0

n2
,
ζ(k)(1 + n)K

(4.38)

from which



< ∞
lim λ0 (t) = 

+∞
t%0

if K > 3
if K ∈ (1, 3]

(4.39)

For K > 3 in fact
lim λ0 (t) =
t%0

ζ(K − 2) − 2ζ(K − 1) + ζ(K)
.
ζ(K)

(4.40)

For K = 3 the SCGF fulfills Gärtner-Ellis hypothesis (differentiable in the interior of its domain and its gradient diverges approaching the boundaries),
hence P(ρ, M), with ρ = S/M, satisfies a LDP in the large-M limit. From
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Figure 4.8: Phase diagram for the model considered in the text. The critical line
separates the normal (or liquid) phase (K ≤ 3) from the condensed phase (K > 3).

Gärtner-Ellis theorem we also know that R(ρ) = 0 ii f ρ = λ0 (0). So equation
(4.40) gives us the critical line ρc (K) in the phase diagram (K, ρ), as shown
in figure (4.8). As long as the Gärtner-Ellis theorem is valid (i.e. 1 < K ≤ 3
and t < 0), the rate-function is given by
R(ρ) = sup[tρ − λ(t)] ,

(4.41)

t∈R

which is the Legendre-Fenchel transform(LFT) of the SCGF. Note that the
critical value of the control parameter Kc = 3 is different from the value
Kc = 2 found in Section 3.2 for the condensation of the total number of
particles N.
According to the duality I0 (+∞) → 0− , as λ0 (0− ) → +∞, while I0 (0+ ) →
−∞, as λ0 (−∞) → 0+ . This statement holds as long as the Gärtner-Ellis
theorem is valid, that is only in the gas phase, and tell us that singular
point o the SCGF corresponds to a linear branch of the rate function as
discussed in Section 2.4.3 . The rate function for K = 4 is shown in figure
(4.9); it develops a linear branch at ρ = ρc ' 0.298 as an evidence of a phase
transition (equation (4.40)).
In the next section we will emphasize the presence of condensation by
looking at the single site distribution π.
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Figure 4.9: Rate function obtained solving numerically the saddle point equation
for K = 4 > Kc up to ρc ' 0.298.

4.3.3

Monte Carlo simulation

Another way to spotlight the condensation is to look at the marginal distribution, which is in our case
X
X
π(n) = p(n)
p(n2 )...
p(nM )δn2 +n2 +...+n2 −S .
(4.42)
n2

nM

2

M

From the one defined for the the number of particles one derives that the
condensed variable, the one carrying a finite fraction of particles in the condensed phase, is of order O(M). For the observable in our consideration the
results for the marginal distribution, obtained by a Monte Carlo simulation,
is displayed in figure (4.10). The distribution π(n) for K > Kc displays a
bump that is absent for K < Kc .
In order to obtain the marginal distribution π a Monte Carlo simulation
has been implemented for a system with fixed number of sites M and the
sum of the squares of the occupation numbers fixed at every step. To do
so we note that every integer number can be represented as the sum of
the squares of four integers. Thus for every integer s from 1 to 1000, all
the configurations of four integers whose sum of the squares is equal to a
given s have been generated, and saved separately. Starting from a uniform
configuration of particles, at each time step four sites are chosen randomly
ad the sum of squares of occupation numbers (n1 ,n2 ,n3 ,n4 ) calculated. Than
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Figure 4.10: Left: Marginal distribution obtained with Monte Carlo simulation
with M = 500 and K = 10. Right: Marginal distribution obtained with Monte Carlo
simulation with M = 500 and K = 1.5 < Kc .

a configuration for that given value of s is chosen randomly among those
available, and this corresponds to a trial move (ni → n0i , i = 1, 2, 3, 4).
The move is accepted or rejected, following a Metropolis algorithm, with
probability
p(n01 )p(n02 )p(n03 )p(n04 )
.
(4.43)
p(n1 )p(n2 )p(n3 )p(n4 )
Figure (4.10) has been obtained saving configurations every 500 Monte Carlo
moves for a system of M = 500 sites, starting from a uniform configuration
of 1000 particles. The marginal distribution was calculated by counting the
number of particles in bins of size ∼ 1. In total 106 sets n1 , ..., nM were used
to calculate the marginal distribution presented in figure (4.10). To simulate
a bigger system we need to generate configurations for higher values of s,
and this would in principle give more clear results in the case of K > Kc .
In figure (4.11) are displayed three snapshots of a Monte Carlo simulation
P
2
for the Urn model with fixed S = M
i=1 ni for K > Kc = 6 with the simple
algorithm described. After a fast nucleation stage during which many small
condensates are formed the tendency of the condensates is to slowly merge
into a single one.

4.3.4

Condensed phase

The probability distribution of the number of particle s P(N, M) has been
derived making a condensation ansatz. Indeed given the recursion relation and exact enumeration for the distribution π we argued that in the
condensed phase there would be a term in the sum
P(N, M) =

N
X

π(n, N, M)

(4.44)

n=0

that gives a macroscopic contribution. A similar argument can be used in
order to derive the probability P(S, M) in the condensed phase, without the
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Figure 4.11: Three snapshots of a Monte Carlo simulation for the Urn model with
P
2
fixed S = M
i=1 ni for K = 6 > Kc , representing the number of particles at sites i.
The three configurations are taken respectively at 105 , 2 ∗ 105 , and 5 ∗ 105 steps of
the simulation.
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use of the recursion relation. The argument that follows is not intended as
rigorous but it helps to complete the picture by giving reasonable results
on the law with which the condensed variable scales with the size of the
system.
We expect that in the condensed phase the symmetry between the receptors is broken since a single variable provides a contribution comparable
to all the remaining ones. Let us indicate this variable without loss of generality as being the first, namely n1 . In view of that, we re-write equation
(4.25) as follows
X
P(S, M) =
p(n1 )Ω(n1 , S) ,
(4.45)
n1

with
Ω(n1 , S, M) =

X
n2 ,...,nM

1

(4.46)

PM 2
P
n = M
i=1 ci , with ci still
 √i=1 i
independent and distributed according to p ci . A solution can be found
by making the Ansatz that in the condensed phase the argument of the sum
in equation (4.45) is sharply peaked around a certain value cl , with a certain
width b̃, so it can be evaluated as
√
P(S, M) = Mb̃p( cl )Ω(cl , S, M) ,
(4.47)
where S1 =

PM

p(n2 )...p(nM )δS1 ,S−n2 ,

2
m=2 nm .

Now we write S =

where the factor M in front of the rhs of equation (4.47) is due to the M
possible ways of choosing the variable denoted by c1 among M. Using
equation (4.47) as a starting point instead of equation (4.25), one arrives at
√  1 I
P(S, M) = b̃Mp cl
dzeM[ln Q(z,M)−(ρ−ρ1 ) ln z] ,
(4.48)
2πi
for large M, where now
1
 M−1
M

Y X
znm 
Q(z, M) = 

(4.49)

m=2 nm

and ρ1 = cl /M is the condensed density. The steepest-descent evaluation of
the integral leads to the saddle point equation
z∗ (ρ)

Q0 [z∗ (ρ)]
= ρ − ρ1 .
Q[z∗ (ρ)]

(4.50)

In the condensed phase there is always a solution with z = 1 and ρ1 =
Q0 (1)
ρ − Q(1) . The evaluation of the integral (4.50) gives
P(S, M) = bM p

√ 
cl

(4.51)
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where bM ∼ b̃M/(2πi), and we have used the fact that Q(1) = 1 because
of the normalization of the ps. Denoting with S the value of S where P(S, M)
is maximum we can recast equation (4.51) as
q
√
P(S, M) = bM p( cl ) ∼ Mp( S − S) .
(4.52)
We can argue that in the condensed phase the distribution of the fluctuation of the observable S decays sub-exponentially
to zero, and the magni√
tude of the condensate is of order O( M). This result is in agreement with
the results reported in [SNEM14] in a slightly different model in which both
the number of particles and the sum of the squares of the occupation numbers are fixed. They found that the condensation is driven by the second
constrain and derive the same scaling for the condensed variable.
We emphasize that the the nature of the transition we are investigating is quite different from more standard phase transitions in the theory of
critical phenomena which result from the appearance of long range spatial
correlations. Here the transition does not refer to any correlations in space.
Instead, it is a kinematic condensation which comes about when a fugacity
of the series representing the partition function hits the radius of convergence of the series. This fugacity sticks to the radius of convergence and
cannot move. At this point the corresponding physical system enters the
condensed phase.
We can also see this phase transition as driven by a mechanism of
spontaneous symmetry breaking. The breaking pattern is:
SymM−1 7→ SymM−1 ⊗ 1 ,

(4.53)

where SymM denotes the permutation group over M elements. In the fluid
phase, indeed, the M particles have the same behavior and can be exchanged
without modify the macroscopic state of the system. On the contrary, in
the condensed phase, the condensate carries a macroscopic amount of the
deviation and cannot be exchanged with the other M − 1 particles.
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Chapter 5

Thermodynamically
inhomogeneous Urn models
Some interesting features can arise if the single site variables are non identically distributed. In this chapter we consider this problem in order to
complete the study. More specifically we will first present some numerical
results about the condensation on average in the Zeta-Urn model. We will
then consider an inhomogeneous variant of this model. We will consider a
system composed by two subsystems in contact with two heath baths at different temperature.This system has as prior the probability distribution of
the sum of independent random variables, but non identically distributed.
This will give us the opportunity to discuss the phenomenon of giant response, that is the high sensitivity of the probability distribution P(N, M) to
the change of even only one of the single variable distribution p(n).

5.1

Condensation in the Zeta-Urn model

As already noted, the probability distribution P(N, M) of the sum of i.i.d.
random variables is amenable of interpretation as the partition function of
an Urn model in which the total number of particles is indeed fixed. For
the choice p(n) = c(1 + n)−K , this model is the Zeta-urn model, introduced
in Section 1.3.1.

5.1.1

Quenching the Zeta-Urn model

The Zeta-Urn model undergoes a phase transition from a gas phase, to a
condensed one. An exact computation [GL01] shows the existence of a
critical temperature Tc = Kc−1 . Here we want to give some numerical results
to spot the evidence of a condensation transition as an average property of
the system, and than study in the next section the inhomogeneous variant
of this model. The equilibrium measure is invariant under the dynamics
81
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that respects detailed balance. In the following we consider a kinetic rule
where the number of particles is conserved and the transition rates W(nk , nl )
to move a particle form an non empty box k to another l, chosen randomly in
the network and containing respectively nk ad nl particles before the move
is given by the Metropolis expression
w(nk , nl ) = min{1, exp(−K∆E)} ,

(5.1)

∆E = ln(nk ) − ln(nk + 1) + ln(nl + 2) − ln(nl + 1)

(5.2)

where

is the variation of the energy due to the move. We performed a series of
simulations of a system of N = 500 sites, which are initially prepared in an
infinite temperature equilibrium condition. From this initial condition we
quench the system to the final inverse temperature K f = 6 > Kc , meaning
that we evolve the dynamics with this value of K in the transition rates
(5.1). The largest equilibrium state with a macroscopic number of particles
condensed in a single site is reached after a time t > N2 (where t is the time
elapsed after the quench measured in Monte Carlo sweeps). This is shown
in figure (5.1).

5.1.2

Inhomogeneous Zeta-Urn model

To go further we modify our Monte Carlo algorithm in order to study the
quenching at different temperature for two equally divided subsystems.
First we find that in the case in which the two sides where quenched above
the Kc , condensation occurs in the side with the lower K. This is probabilistically intuitive, and it must be recalled that the temperature here enters only
in the dynamics, with the metropolis rule, and it is not a physical parameter
while K is the true control parameter. In the case in which the quench was
done at K < Kc for one side, and at a K > Kc for the other one, condensation
is inhibited. In the both cases there is a general trend according to which
the side at higher K get empty in favor of the one with the lower K. This is
shown in figure(5.2).
In figure (5.3) are shown six snapshots of a Monte Carlo simulation for
the inhomogeneous Zeta-Urn model with K = 1.5 for half of the system and
K = 6 for the other half. Even at long times no condensate appears.

5.2

Non identically distributed variables

Following the pattern delineated in the pervious chapters, we now study
the phenomenon of condensation of fluctuations when the microscopic
variables are not identically distributed. Specific issues of this and related
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Figure 5.1: Four snapshots of a Monte Carlo simulation for the Zeta-Urn model
for M = 500 sites and N = 1000 particles, for K = 6 > Kc , representing the number
of particles at sites. The four configurations are taken respectively at 103 , 19 ∗ 103 ,
106 and 108 steps of the simulation.
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Figure 5.2: Number of particles during the simulation in the two sides of the
system described in the text.

problems have been addressed [GCS08]. Here we are interest in the derivations of a general form for P, generalizing equation (4.13), and to discuss
the related phenomenon of the giant response.
When the variables are non identically distributed one can argue that
condensation occurs on the most favorable receptor , namely the one with
the large pm (nl ). In the case of pm = c(1 + n)−Km , it is the one with with the
smaller Km . Denoting m this term (i.e. pm(nl )>pm (nl ) for all m , m), recalling
the physical meaning of π, it is clear that a structure like the one in figure
(4.1), with a sharp peak around nl , will be present if the recently added
receptor is the one where condensation occurs, namely if pM = pm . Than in
order to proceed we define
π(n, N, M) = P(N − n, M − 1)pm (n) ,

(5.3)

which amounts only to the choice of a particular labeling of the receptors.
Proceeding as in the previous chapter one obtains the following equation
C(N, M) = (1 − a)P(N, M) ' σP(Nl , M − 1)pm (N − Nl ) ,

(5.4)

thus arriving at
P(N, M) ' bM pm (N − N) .

(5.5)

with bM not directly proportional to M. Notice that no assumptions on
the form of the microscopic probabilities pm (n) has been made also in this
case and, therefore equation (5.5) is expected to hold quiet generally. A
straightforward consequence of eq. (5.5) is the phenomenon of the extreme
sensitivity of the global probability P to specific details of the microscopic
ones pm , that we discuss below.

5.2.1

Giant response

Equations (5.5) and (4.13) show that in the presence of condensation the
dependence can be as weak as linear in M, signaling the occurrence of
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Figure 5.3: Six snapshots of a Monte Carlo simulation for the inhomogeneous
Zeta-Urn model for M = 500 sites and N = 1000 particles, with K = 6 and K = 1.5
respectively for the two equally divided sides of the system, representing the
number of particles at sites. The Six configurations are taken respectively at 103 ,
19 ∗ 103 , 106 , 108 ,6 ∗ 108 and 20 ∗ 108 steps of the simulation.
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anomalously large fluctuations. Related to that, an extreme sensitivity of the
macroscopic probability P to the details of the microscopic ones pm arises. In
fact, equation (5.5) clearly shows that the distribution of the single variable
m fully determines the global quantity P. Introducing a susceptibility χ,
that is the shift of the macroscopic probability due to the variation of a
microscopic one, from equation (5.5) one has

0 ,
Gas
∆P(N, M) 

χ(N, m) = lim
=

BM δm,m , Condensed phase (N >> N)
M→∞ ∆pm (N)
(5.6)
where BM is a constant. This shows that in the gas phase a shift of one
(or even of a finite number) of the microscopic probabilities cannot alter the
global behavior of P , since this is determined by the synergic contribution of
a number M → ∞ of variables, the situation is profoundly different when
condensation occurs. In this case P is fully determined by the statistical
properties of the most favorable receptor m. Therefore P is independent
of the form of all the other M − 1 variables, whereas a macroscopic effect
can be determined by altering the statistical properties of the single pm .
Actually, starting from equally distributed variables the symmetry between
the receptors is broken by changing the properties of one of them. However
the phenomenon of the giant susceptibility discussed here is more general
since it occurs also when the modification of the probability of a single
variable occurs in a set of (already) non-identically distributed ones.

5.2.2

Case of fat tailed distributions

The occurrence of condensation in the case of non-identically distributed
variables and the giant response phenomenon can be illustrated using again
the probabilities pm (nm ) = c(1 + nm )−Km . The simplest non trivial choice is
when all the Km ’s are equal except one, namely Km = K, ∀m > 1 while K1 can
be different from K. Figure (5.4) we compare P for the three cases Km = K = 6
∀m , K1 = 3, Km = 6 ∀ m > 1. We see that the curves relative to the second
and third case coincide for ρ < ρ, which is up to the maximum of P. This
is so because in this region there is no condensation and the macroscopic
probability is insensitive to a single pm as equation (5.6) shows.
However, for ρ > ρ the two curves become totally different and instead
the curves for the third case behaves as the that of the first case, apart from
a vertical displacement due to the different constant bM . This shows that a
single variable cannot influence the collective behavior unless it is the one
where condensation occurs, in which case a giant response is observed. In
appendix D the same phenomenon described here is discussed in the case
of an exponential form for p(n).
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Conclusions
In this thesis we obtained, independently, some already known and some
new results in the study of the phenomenon of condensation of fluctuations
(COF) but in the context of the Large Deviations Theory. It is getting more
and more attention from the Statistical Mechanics community.
Let us recall the first question we have posed at the beginning of this
thesis: how the two type of condensation, namely on average and of fluctuations, are in relation. To do so we have rederived some already known
results, but using large deviations techniques. We have then considered,
in chapter 4, other non-linear extensive observables and we have studied,
with both Large deviations results and other asymptotic techniques, the
rate function of these observables. This shows a non analytical point as an
evidence of a phase transition. Besides the change of the critical value for
the control parameter, the rate functions do not display a different behavior
from the one found recently by some authors, i.e. it is zero in condensed
phase, with the LDP no more valid. This study has been carried on analytically and numerically, with both Monte Carlo simulations and the numerical
solution of the saddle point equations.
All the results of the previous chapters suggest that the underlying phenomenon of condensation on average is the one determining this comportment. This becomes evident by seeing at the results presented In chapter
3. Here we have reviewed the work of some authors regarding the condensation of fluctuations in the Gaussian Model and in the BEC. In the case
of BEC the computation of the rate function can be made in two different ensembles, one which displays only condensation of fluctuations, and
one that displays both condensation of fluctuations and on average. The
aim of the cited work was to put in relation the phenomenon of condensation of fluctuations with the the so called Grand Canonical Catastrophe.
The importance of this result stays also in the fact that, alongside some
experimental evidence of a fluctuation in the realization of photons BEC,
we have an experimental evidence of the phenomenon of condensation of
fluctuations itself.
This has served as a starting point to discuss the second issue presented
in the introduction to the thesis. As it has been shown, the Large deviation
principle is in relation with the central limit theorem (CLT). In systems
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exhibiting both sides of condensation the LDP seems to do not hold:
• In the Normal phase the probability distribution of the observables
considered scales as an exponential with rate given by the rate function, i.e., a LDP holds.
• In the condensed phase the probability scales as the tail of the distribution of a single microscopic variable. This means that, while in
the normal regime a large fluctuation from the average value of the
considered observable is realized with the uniform change of all the
microscopic variables, in the condensed regime only one variable contributes to the large deviation. When both condensation on average
and of fluctuations happen, it is not possible to distinguish between
the two regimes and separate the regime in which the CLT is valid
and the one in which it is not.
For the mathematical tractability we have chosen to address the above
issues in the context of stochastic models with factorized steady states, like
some Urn-models and the ZRP.
To better understand the connection between condensation on average
and of fluctuations we decided to begin the study of thermodynamically inhomogeneous systems. For the probability distributions of the microscopic
variables considered during the thesis, and in name of the duality between
constrained and unconstrained systems discussed in chapter 1 and 2, our
attention has been focused on the Zeta-Urn model. This model is known
to display condensation on average. We have studied the homogeneous
and the inhomogeneous variant with Monte Carlo simulations. The results
are presented in chapter 5. One interesting feature arises when the system
is dived in two, equally in size, subsystems, equilibrated at infinite temperature, and then quenched at two different temperatures. In the case in
which one is quenched at a temperature below the critical one, which in the
homogeneous case would condenses, an the other above this temperature,
the condensation is inhibited.
The probability distribution of the sum of independent but not identically distributed random variables would corresponds to the partition
function of the inhomogeneous system cited above. Also in this case some
interesting features arises, with condensation of fluctuations still possible if
only one of the microscopic variables has a different distribution. This is a
preliminary study that will serve as a starting point for future investigations.
More specifically it would be interesting to study what happens if a general
fraction α of sites has different probabilistic properties, and given that in
some specific situation the condensation on average that would manifest
itself is inhibited, consider the probability distribution of other observables
in order to compute the rate function and see if this model can be another

5.2. Non identically distributed variables
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example of the claim discussed earlier. Also this issues could be addressed
in a more general and rigorous way, and this is still object of study.
Besides the novelty and the interest for itself of the phenomenon of
condensation of fluctuations found and discussed recently only for a few
paradigmatic models of statistical mechanics, the study carried on in this
thesis would be of fundamental importance for non-equilibrium phase transitions. For these systems indeed an ensemble theory providing us the
thermodynamic potential does not exist, yet we may be able to compute a
rate function. The latter, according to the arguments proposed in chapter 2,
can be perceived as a thermodynamic potential, so that one can carry on the
investigation within ensemble theory framework. A complete characterization of the behavior of the rate functions in equilibrium systems would
in principle help the study of phase transitions for non equilibrium states.
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Appendix A

Factorized steady states and
general mass transfer model
Given the steady state of the ZRP factorizes it is natural to ask under what
conditions may a factorized steady state be admitted. Recent work has
answered this question and revealed an appealing simple condition for
factorization within a framework that encompasses a wide range of models.
The class of models considered are defined on a one-dimensional lattice
of L sites with periodic boundary conditions; associated with each site
is a continuous mass variable mi = 1, ..., M. The total mass is given by
P
M= M
i=1 mi .
The work [EMZ04] generalizes the ZRP in three ways
• The mass is a continuous variable
• Arbitrary amounts of mass may move from one site to another
• The dynamics comprises discrete(or parallel) time-steps
The dynamic is defined as follows: at each time step, at each site i, mass
µi , drawn from a distribution φ(µi |mi ) "chips off" the mass mi and moves
to site i + 1. Thus all sites are updated in parallel and mass is transferred
simultaneously between sites. This model encompasses the ZRP as a special
case.
The central result is necessary and sufficient condition for the steady to
factorize which state that the chipping function must be of the form
φ(µ|m) =

v(µ)w(m − µ)
,
[v ∗ w](m)

where the convolution is defined as
Z m
[v ∗ w](m) =
dµ v(µ)w(m − µ) .
0
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(A.2)
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In this case the single-site weights become
f (m) = [v ∗ w](m) .

(A.3)

Equation (A.1) express that the hoping function should be a product of
a function of µ, the mass which moves, and a function of m − µ, the mass
which remains, divided by a normalization which is a function of m.
Although (A.1) is appealingly simple, it does not tell us directly if a
given hopping function φ yields a factorized steady state. A direct test is
easily constructed [EMZ04] . We require that
∂ ∂
∂µ σ ∂σ

ln φ(µ|µ + σ) = h(µ + σ) ,

(A.4)

µ

i.e the result of differentiating ln φ with respect to µ, the mass that moves,
and σ, the mass that remains, must be a function of m = σ + µ alone. Then
from (A.1) we would have
h(m) = −

d2
ln f (m) ,
dm2

(A.5)

and integrating twice yields
"

Z

f (m) = exp −

m

Z
dm

m0

#
dm h(m ) .

0

00

00

(A.6)

In the same way we can construct a test for the integer mass case : we
require
φ(µ + 1|n + 2)φ(µ|n)
= R(n) ,
(A.7)
φ(µ + 1|n + 1)φ(µ|n − 1)
i.e. the cross-ratios on the l.h.s (defined when all of the φ’s are positive) are
functions of n alone. Then from (A.1) we would have
R(n) =

f (n + 1)2
,
f (n)g(n + 2)

(A.8)

which implies the recursion
f (n + 2)
1 f (n + 1)
=
.
f (n + 1) R(n) f (n)
Integrating twice the last equation yields
f (1)
f (n) = f (0)
f (0)

!n Y
j
n−2 " Y
j=0

k=0

#
1
,
R(k)

(A.9)

(A.10)

for n ≥ 2. This gave us a condition for the the hopping function φ, through
(A.3), to give a factorized steady state.

Appendix B

Proof:Legendre-Fenchel
conjugate is always convex
We want to show that the the Legendre-Fenchel transform of a function
always gives a convex function. The L-F transform of a real function f (x) is
defined as
f ∗ (z) = sup{xz − f (x)} .
(B.1)
x∈R

In order to prove that the function is convex, we need to prove that for
0 ≤ λ ≤ 1 the function should obey the Jensen’s inequality i.e.
f ∗ (λz1 + (1 − λ)z2 ) ≤ λ f ∗ (z1 ) + (1 − λ) f ∗ (z2 ) .

(B.2)

Let us expand the left hand side of the inequality to be proved.
f ∗ (λz1 + (1 − λ)z2 ) = sup x(λz1 + (1 − λ)z2 ) − f (x) .

(B.3)

x∈R

We can rewrite f (x) as
f (x) = λ f (x) + (1 − λ) f (x) ,

(B.4)

and replacing in the equation above yields a new expression which is
f ∗ (λz1 + (1 − λ)z2 ) = sup{λ(xz1 − f (x)) + (1 − λ)(xz2 − f (x))} .

(B.5)

x∈R

Assuming p1 = (xz1 − f (x)) and p2 = (xz2 − f (x)) for brevity, we know that1
sup{λp1 + (1 − λ)p2 } ≤ sup{λp1 } + sup{(1 − λ)p2 } .
x∈R

x∈R

(B.6)

xinR

Therefore, we can substitute for
sup{λ(xz1 − f (x))} = λ f ∗ (z1 )
x∈R
1

It is the property of supremum that states that sup{x + y} ≤ sup{x} + sup{y}.
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and
sup{(1 − λ)(xz2 − f (x))} = (1 − λ) f ∗ (z2 ) .

(B.8)

x∈R

We arrive at our desired result which is
f ∗ (λz1 + (1 − λ)z2 ) ≤ λ f ∗ (z1 ) + (1 − λ) f ∗ (z2 ) .

(B.9)

Therefore, f ∗ (z) is convex always irrespective of wether the function f (x) is
convex or not.

Appendix C

Probability distribution in the
condensed phase
Here we want to give a reasonable argument for equation (4.13).
We assume that particles condensed in a single receptor contribute a
fraction C(N, M) = (1 − a)P of the global probability while the others, scattered over the remaining scattered over the remaining locations, provides
the remaining part G(N, M) = aP (this would be a Condensation Ansatz).
The parameter a depends on N in such a way that a = 1 (there is no condensate) at N ≤ N, while a → 0 (all the particles are condensed) for N → ∞. We
can cast
P(N, M) =

N
X

π(n, N, M)

(C.1)

n=0

as
P(N, M) '

n gl
X
n=0

π(n, N, M) +

N
X

π(n, N, M) = G(N, M) + C(N, M) ,

(C.2)

n=n gl

where n gl is the value of n where π is minimum, allows one to identify G
and C as the first and second therm on the rhs, respectively.
For N  N the peak around nl becomes sharper and a Gaussian approximation for the evaluation of the second term gives
C(N, M) = (1 − a)P(N, M) ' σP(Nl , M − 1)p(N − Nl ) ,
(C.3)
p
where Nl = N − nl ' N and σ = 2π[−(∂2 ln π/∂n2 )n=nl ]−1 . Assuming that
in the large-N limit σP(Nl , M) has only a weak dependence on N, equation
(C.3) has an approximate solution with
σP(Nl , M − 1) ' (1 − a)bM ,
97

(C.4)
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and
P(N, M) ' bM p(N − N) ,

(C.5)

where we have confused Nl with N for large N. Equation (C.5) is a general expression for the probability in the condensed phase for identically
distributed variables, irrespective of the specific form of the p’s.

Appendix D

Exponential distributions
The examples considered insofar where based on power-law probabilities.
However, the features above are more general and are not only restricted
to this case. We show this by considering the exponential form
h
i
pm (n) = c exp −Km nkm ,
(D.1)
 α
m
where Km = β M
, with β and c constants. km is an M-dependent exponent.
This case is interesting also because the microscopic probabilities p do not
depend only on m, but also on M. In this case a general form bM is not
available. Starting with an uniform exponent km ≡ k = 1 setting β = 1 and
α = 2 figure D.1shows a pattern behavior similar to the case of power law
distributions, with K > Kc . Note that the convergence of R to R is much
faster than in the case o power law distributions. The phenomenon of the
giant susceptibility is illustrated by comparing the case above with the one
where we change the distribution of n1 as to have k1 = 0.95 and all the
remaining ones are untouched. (km = k, ∀k > 1). Figure (D.2) shows that,
while in the normal phase N ≤ N does not alter the P(a residual difference
between the two curves is due to the finite value of M), a dramatic change
is produced in the condensed region N > N because, since k1 < k, the
statistical properties of the condensing variable have been changed.
As we will show by means of some examples in Sec. V B this may
have dramatic effects on the form of the probability P in the condensed
phase. This anomalous susceptibility is reminiscent of the large response induced by gapless modes [43], such as massless Goldstone modes in systems
with a spontaneously broken continuous symmetry. Actually, starting from
equally distributed variables the symmetry between the receptors is broken
by changing the properties of one of them. However the phenomenon of
the giant susceptibility discussed here is more general since it occurs also
when the modification of the probability of a single variable occurs in a set
of (already) non-identically distributed ones, as will be illustrated by the
second example of Sec. V B (fig. 4).
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Figure D.1: The function R(ρ, M) is plotted against ρ for the model with exponential
probabilities considered
in the text, with β = 1, km ≡ 1, α = 2 for the values of M in
1
the key. The heavy dotted dashed line is the quantity for M → ∞ which coincide
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Figure
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Nowak, G. Papp, and I. Zahed. Wealth condensation in pareto
macroeconomies. Phys. Rev. E, 65:026102, Jan 2002.

[BK52]

T. H. Berlin and M. Kac. The spherical model of a ferromagnet.
Phys. Rev., 86:821–835, Jun 1952.

[Bol77]

L. Boltzmann. On the relationship between the second law
of the mechanical theory of heat and the probability calculus.
Wiener Berichte, 2(76):373–435, 1877.

[Cor15]

Federico Corberi. Large deviations, condensation and giant response in a statistical system. Journal of Physics A:
Mathematical and Theoretical, 48(46):465003, 2015.

[Der94]

B. Derrida. Non-Self-Averaging Effects in Sums of Random
Variables, Spin Glasses, Random Maps and Random Walks,
pages 125–137. Springer US, Boston, MA, 1994.

[DZ09]

A. Dembo and O. Zeitouni. Large Deviations Techniques and
Applications. Stochastic Modelling and Applied Probability.
Springer, 2009.

[EdORD10] José Eduardo de Oliveira Rodrigues and Ronald Dickman.
Asymmetric exclusion process in a system of interacting brownian particles. Phys. Rev. E, 81:061108, Jun 2010.
[EH05]

M R Evans and T Hanney. Non equilibrium statistical mechanics of the zero-range process and related models. Journal of
Physics A: Mathematical and General, 38(19):R195, 2005.
101

102

Appendix D. Bibliography

[Ell99]

R. S. Ellis. The theory of large deviations: from boltzmann
1877 calculation to equilibrium macrostates in 2d turbulence.
Physica D, 133:106–136, 1999.

[Ell05]

Entropy, Large Deviations, and Statistical
R. S. Ellis.
Mechanics. Classics in Mathematics. Springer, 2005.

[EMPT10]

M. R. Evans, S. N. Majumdar, I. Pagonabarraga, and E. Trizac.
Condensation transition in polydisperse hard rods. The
Journal of Chemical Physics, 132(1), 2010.

[EMZ04]

M R Evans, Satya N Majumdar, and R K P Zia. Factorized
steady states in mass transport models. Journal of Physics A:
Mathematical and General, 37(25):L275, 2004.

[Eva00]

M. R. Evans. Phase transitions in one-dimensional nonequilibrium systems. Brazilian Journal of Physics, 30:42 – 57, 03
2000.

[GCS08]

Stefan Grosskinsky, Paul Chleboun, and Gunter M. Schütz.
Instability of condensation in the zero-range process with random interaction. Phys. Rev. E, 78:030101, Sep 2008.

[GL01]

C. Godrèche and J.M. Luck. Nonequilibrium dynamics of the
zeta urn model, journal=the european physical journal b - condensed matter and complex systems. 23(4):473–486, 2001.

[GNEF12]

R.V. Gamkrelidze, D. Newton, M.A. Evgrafov, and M.V. Fedoryuk. Analysis I: Integral Representations and Asymptotic
Methods. Encyclopaedia of Mathematical Sciences. Springer
Berlin Heidelberg, 2012.

[Gol92]

N. Goldenfeld. Lectures on Phase Transitions and the
Renormalization Group. Frontiers in physics. Addison-Wesley,
Advanced Book Program, 1992.

[Kac47]

Mark Kac. Random walk and the theory of brownian motion.
The American Mathematical Monthly, 54(7):369–391, 1947.

[KRL00]

P. L. Krapivsky, S. Redner, and F. Leyvraz. Connectivity of
growing random networks. Phys. Rev. Lett., 85:4629–4632,
Nov 2000.

[Kru91]

Joachim Krug. Boundary-induced phase transitions in driven
diffusive systems. Phys. Rev. Lett., 67:1882–1885, Sep 1991.

[LL13]

L.D. Landau and E.M. Lifshitz. Statistical Physics. Number v.
5. Elsevier Science, 2013.

Bibliography

103

[LM66]

Elliott H. Lieb and Daniel C. Mattis, editors. Academic Press,
1966.

[MF15]

et.al. M. Filiasi, E. Zarinelli. Condensation phenomena in fattailed distributions: a characterization by means of an order
parameter. 2015.

[NS11]

T. Nemoto and S. Sasa. Thermodynamic formula for the cumulant generating function of time-averaged current. Phys.
Rev. E, 84:061113, Dec 2011.

[OEC98]

O. J. O’Loan, M. R. Evans, and M. E. Cates. Jamming transition
in a homogeneous one-dimensional system: The bus route
model. Phys. Rev. E, 58:1404–1418, Aug 1998.

[Roc97]

R.T. Rockafellar. Convex Analysis. Princeton landmarks in
mathematics and physics. Princeton University Press, 1997.

[Sch26]

K.W.F. Kohlrausch Schrodinger. Das ehrenfestsche modell der
h-kurve. Physikalische Zeitschrift, 27:306–313, 1926.

[SDD+ 14]

Julian Schmitt, Tobias Damm, David Dung, Frank Vewinger,
Jan Klaers, and Martin Weitz. Observation of grand-canonical
number statistics in a photon bose-einstein condensate. Phys.
Rev. Lett., 112:030401, Jan 2014.

[Sie49]

Arnold J. F. Siegert. On the approach to statistical equilibrium.
Phys. Rev., 76:1708–1714, Dec 1949.

[SNEM14]

Juraj Szavits-Nossan, Martin R. Evans, and Satya N. Majumdar.
Constraint-driven condensation in large fluctuations of linear
statistics. Phys. Rev. Lett., 112:020602, Jan 2014.

[Spi70]

Frank Spitzer. Interaction of markov processes. Advances in
Mathematics, 5(2):246 – 290, 1970.

[Tou09]

H. Touchette. The large deviation approach to statistical mechanics. Physics Reports, 478(1–3):1 – 69, 2009.

[Viv15]

Pierpaolo Vivo. Large deviations of the maximum of independent and identically distributed random variables. European
Journal of Physics, 36(5):055037, 2015.

[WE12]

Bartłomiej Waclaw and Martin R. Evans. Explosive condensation in a mass transport model. Phys. Rev. Lett., 108:070601,
Feb 2012.

104

Appendix D. Bibliography

[Zan15]

M. Zannetti. The grand canonical catastrophe as an instance
of condensation of fluctuations. EPL (Europhysics Letters),
111(2):20004, 2015.

[ZCG14]

Marco Zannetti, Federico Corberi, and Giuseppe Gonnella.
Condensation of fluctuations in and out of equilibrium. Phys.
Rev. E, 90:012143, Jul 2014.

[ZCGP14]

M. Zannetti, F. Corberi, G. Gonnella, and A. Piscitelli.
Energy and heat fluctuations in a temperature quench.
Communications in Theoretical Physics, 62(4):555, 2014.

[ZDS11]

R. K. P. Zia, J. J. Dong, and B. Schmittmann. Modeling translation in protein synthesis with tasep: A tutorial and recent
developments. Journal of Statistical Physics, 144(2):405–428,
2011.

