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i

The theory of statistical mechanics provides a consolidated framework
for studying the properties of systems composed by a large number of fundamental constituents, at least when the number of constituents is really
large. The word ’really’ means here as large as the Avogadro number
NA ∼ 1023 . While statistical mechanics tools were originally aimed at inferring the average properties of large systems, their actual develompment
offers the prospect of studying fluctuations. Fluctuations generally represent deviations from the average, standard behaviour. Is it worthwhile to
consider such deviations? Even though Josiah Willard Gibbs, one of the
statistical mechanics founding fathers, was almost sure about the practical
irrelevance of fluctuations, Lewis Thomas, in his collection of essays The
Lives of a Cell: Notes of a Biology Watcher, wrote
Statistically, the probability of any one of us being here is so
small that you’d think the mere fact of existing would keep us
all in a contented dazzlement of surprise. We are alive against
the stupendous odds of genetics, infinitely outnumbered by all the
alternates who might, except for luck, be in our places.
Even more astounding is our statistical improbability in physical terms. The normal, predictable state of matter throughout
the universe is randomness, a relaxed sort of equilibrium, with
atoms and their particles scattered around in an amorphous muddle. We, in brilliant contrast, are completely organized structures, squirming with information at every covalent bond. We
make our living by catching electrons at the moment of their
excitement by solar photons, swiping the energy released at the
instant of each jump and storing it up in intricate loops for ourselves. We violate probability, by our nature.
Some of the essential information a system carry, in fact, is hidden by the
large number of constituents. Thus, an observer who looks at the system
with a pair of averaging lenses, would never reach it. Ee need to study
fluctuations, since they encode the most intriguing features of a system:
the blue of the sky1 , for instance, and life, as Thomas’ tought suggests,
are nothing but fluctuations. From 1951 fluctuation-dissipation theorem, a
relation between the fluctuations of a system at thermal equilibrium and its
response to applied perturbation, to 1997 Jarzynski equality, which allows
to compute the free energy difference between two states by averaging the
irreversible work done along an ensemble of trajectories joining the same
states, the study of fluctuations has indeed proven once and again to be a
fruitful endeavor, especially with respect to active matter system.
1

Edward M. Purcell, in his 1968 textbook Electricity and Magnetism, deduced the
colour of the sky by computing the variance of the electric field produced by the excited
atoms residing within a one wavelength wide air layer.
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Those systems probably represent the first attempt at introducing life in
the soft matter realm, being them made of constituents able to absorb energy
from the environment, and convert it in life-related activities such as growth
and self-locomotion. Some active systems, in addition, are able to selforganise or form coherent structures, in order to facilitate the achievement
a specific goal: think at a fish school rapidly changing its formation due
to a predator attack. The Physics of these and related phenomena, clearly
resides in fluctuations. This thesis is focused on the analysis of fluctuations
in a simple model of an interacting self-propelled particles fluid. The thesis
consists of three parts, of which we will give a brief description in what
follows.
(Part I) The first part constitues the theoretical core of the work. It contains
a review of the techniques aimed at introducing fluctuations within
the framework of statistical mechanics, from one hundred years old
seminal ideas to the current research lines. The focal points of the
part are the description of a fluctuations-based approach to ensemble
theory, together with its extension to far-from-equilibrium Physics; the
introduction of the Fluctuation Theorem, a group of relations showing
that fluctuations may reflect some of the most microscopic aspects of
condensed matter; and the disclosure of a particular phase transition,
named condensation of fluctuations. The latter is a transition which
regards fluctuations rather than averages, and is related to the ability
of some system to deviate from their average behaviour in order to
satisfy a specific request.
(Part II) The second part is devoted to a concise introduction to active matter
Physics. With respect to the first part, where we show how a proper
study of fluctuations should be carried on within a given model, this
part is aimed at showing how active systems models can be built, and
reviewing some of the features the most widely known active system
models has been shown to display.
(Part III) In the third part we will focus on the model we studied, i.e. an active
dumbbells model. We will begin by listing and discussing some recent
studies of this model; then, we will describe in detail our study of
fluctuations, by referring to the concepts and the tools introduced in
the first part of the thesis. The main results of our work are the
derivation of a fluctuation relation for the single-molecule limit of the
system we consider, and the numerical evidence of a dynamical phase
transition occuring at the fluctuating level. We will present both the
numerical and analytical results, then comment and arrange them with
respect to the recent literature on active matter and general far-fromequilibrium Physics.
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Part I

Fluctuations in
Many-Particles Systems

1

3

This part of the thesis concerns the approaches currently used for the
study of fluctuations in many-bodies problems. Those problems are commonly addressed by statistical mechanics, a theory which employs probability calculus in order to infer the thermodynamics of many-particles systems.
Within this framework, fluctuations represent deviations from the average
behaviour, and have been recognized to encode some aspects of the Physics
of a given problem which may be completely loss if one looks at the average
behaviour.
Chapter 1 constitute both an explanation of the above statement and a
review of the tools and ideas which, through the last century, had moved statistical mechanics scope from averages to large deviations. We will begin the
discussion by reviewing one the first endeavour to include fluctuations in the
theoretical description of many-particles systems, namely Einstein’s theory
of fluctuations. Einstein’s pioneering result already encased some fundamental ideas such as the relation between fluctuations and system entropy,
and the gaussian behaviour of fluctuations about equilibrium states. We will
then extend Einstein’s work by introducing the theory of Large Deviations,
an elegant mathematical formulation of both the aforementioned ideas and
those behind Gibbs’ Ensemble theory –the main tool of equilibrium statistical mechanics. The first chapter constitutes the theoretical core of this
work: in the remainder of the first part we will present two advanced topics
in the theory of fluctuations, namely fluctuation theorems and condensation
of fluctuations.
The formers, presentend in chapter 2, consist in a symmetry condition
for the probability distributions of some non-equilibrium observables fluctuations, representing thus the closest thing to a non-equilibrium ensemble theory. By relating this symmetry to the microscopic time-reversibility
of dynamics, fluctuation theorems prove that the statistics of fluctuations
encodes essential information to understand the Physics of the system of
interest.
The latter, to which chapter 3 has been devoted, is a phase transition
which occurs at the fluctuating level, rather than regarding averaged properties. Such transition may occur due to a large fluctuation of the considered
macrovariable, which, in order to happen, requires the system behaviour to
differ from the average one. This phenomenon has been shown to be reflected
by singularities in the functions which control fluctuations statistics, just as
a singular thermodynamic potential signals an equilibrium phase transition.

Chapter 1

Fluctuations in statistical
mechanics
In Physics, a system is said to be at equilibrium when its state is stationary
in time and stable against small perturbations. In its early stage, statistical mechanics was aimed at the explanation of the emergence of equilibrium
states in macroscopic systems composed of many, eventually interacting, microscopic constituents. In addition, as thermodynamics suggests, the variables needed to describe these states are far less than those that would be,
in principle, necessary, for a complete identification of the system state. The
number of degrees of freedom of a macroscopic system is indeed so large, that
any attempt to deduce its behaviour from the solution of the microscopic
dynamics is bound to fail.
Hence, in order to infer the properties of equilibrium states, the collection of the microscopic degrees of freedom, known as the microstate, is
taken as a random variable, distributed according to a prior stationary
probability measure. Then, the macroscopic state of the system, or the
macrostate, is described by few properly-chosen observables, which, being
function of the microstate, are themselves random. Thus, observables measurements will follow a probability distribution consistent with the prior
measure, and, if the latter is a valid model for the considered system, one
should observe a concentration of the former as the system size increases
–in the so-called thermodynamic limit. The equilibrium state of the system
is the value around which observables probability distribution concentrates.
As Boltzmann wrote[Bol64],
In the molecular theory we assume that the laws of the phenomena found in nature do not essentially deviate from the limits that they would approach in the case of an infinite number of
infinitely small molecules. . . . This assumption will seem best
justified to those who have carefully considered experiments for
the direct proof of the atomic constitution of matter.
5
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The theoretical basis of such assumption lies in the law of large numbers
(LLN), a theorem from probability theory which ensures the convergence of
the empirical mean of a sequence of indipendent and identically distributed
(i.i.d.) random variables towards their common average, as the number of
those variables goes to infinity. A LLN-based understanding of the foundations of equilibrium statistical mechanics gives some insight into the theory
itself, telling us what observables should look like: sums of independent (or
weakly dependent) quantities which scale as the number of summands (this
kind of variables are said to be extensive, as opposed to intensive). Moreover, the LLN allows to approximate equilibrium values with averages. The
goal of computing those averages has been achieved by Gibbs’ ensembles
theory.
Roughly speaking, Gibbs introduced a rigorous scheme aimed at the
derivation of the probability distribution (namely, the ensemble) which has
to be employed in averages calculation, starting from the prior probabilistic
model and the macroscopic constraints imposed by the environment. Even
though Gibbs agreed with Boltzmann’s view on convergence of equilibrium
values, he knew how to compute fluctuations, deviations of an observable
value from its average. His result on energy fluctuations within the canonical
ensemble, which is going to be outlined in the following section, confirmed
the previous assumption, by showing how fluctuations get immeasurably
small as soon as equilibrium is reached. Despite their smallness and practical irrelevance, Einstein recognized the importance of fluctuations as a
manifestation of the atomic structure of matter, going beyond Boltzmann’s
and Gibbs’ work[Meh01].
The remainder of the chapter is devoted to an introduction to the study
of fluctuations in statistical mechanics. First (sec. 1.1), given some basic
definitions that will be useful in the whole work, we will describe Einstein’s
theory of fluctuations, showing both how it reproduces Gibbs’ result on energy fluctuations and to what extent it generalizes the latter. Then, through
the introduction of the Langevin dynamics, we will see how the straightforward continuation of Einstein’s work gradually moved statistical mechanics
scope from equilibrium to non-equilibrium systems, where the dynamics
plays a major role. The second section (1.2) consists of a brief introduction to large deviations theory, a collection of techniques aimed at giving
a detailed description of the asymptotic distributions of sequences of random variables. From a physical point of view, these sequences model the
behaviour of observables in the thermodynamic limit: that is why that of
the limiting behaviour of random sequences is a recurring issue in statistical
mechanics problems. The theory of large deviations deals with the remote
tails of probability distribution more carefully than other probabilistic techniques, such as the LLN, do: it is indeed aimed at studying rare events. The
last section (1.3) is devoted to a concise description of the interplay between
statistical mechanics and large deviations theory.

1.1. Einstein’s theory of fluctuations and beyond

1.1
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Einstein’s theory of fluctuations and beyond

This section consists of an outline of Einstein’s fluctuation theory, supported
with its application to the computation of energy fluctuations. We will
also introduce the Langevin scheme for fluctuating dynamics modelling, and
mention, at the end of the section, some fundamental results of fluctuations
theory intimately related to Einstein’s ideas.
Before introducing fluctuations, let us recall some basic definitions. Consider a classical system with n degrees of freedom, whose microscopic configuration or microstate is denoted by a n-tuple ω = (ω1 , . . . , ωn ) belonging
to a state space Ωn . We will call Pn {dω} the prior probability measure over
the state space, which assigns a real number (a probability) to each subset
A (an event) of the state space according to
Z
Pn (A) =
Pn {dω}.
ω∈A

Normalization requires Pn (Ωn ) = 1. An observable Xn (ω) is a function of
the microstate, scaling like the number of degrees of freedom as it becomes
sufficiently large. This means that we are taking n to be the scaling parameter representing the system size, thus going to infinity in the thermodynamic
limit. An ensemble is defined to be a restriction of the prior measure over a
subset of the state space, consistent with some conditions depending on the
specific problem.
Let Hn (ω) be the hamiltonian function of the system, the microcanonical ensemble Pn,u {dω} can be obtained by constraining the specific energy
hn (ω) = Hn (ω)/n to lie in a narrow interval du around a fixed value u.
Thus, in the usual notation of conditional measures,

Pn {dω}

if hn (ω) ∈ du,
Pn,u {dω} = Pn {dω|hn (ω) ∈ du} = Pn {hn (ω) ∈ du}

0 otherwise.
Another commonly used ensemble is the canonical one, defined as
exp {−βHn (ω)}Pn {dω}
e−βHn (ω)
=
Pn {dω},
Zn (β)
Ωn exp {−βHn (ω)}Pn {dω}

Pn,β {dω} = R

where β = 1/kB T , T is the temperature of the system, kB Boltzmann’s
constant and Zn (β) is known as partition function. As it will be clear in the
next sections, the canonical measure models a system connected with a heat
reservoir, a larger system able to exchange energy with the first one while
keeping the temperature constant. Microcanonical and canonical ensembles
are representative of two broad classes: we will call an ensemble costrained if
it describes systems with a certain observable Xn fixed, biased if represents

8
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a system in contact with a Xn -reservoir, so that the observable is fixed on
average.
A closer look at the partition function would let us recognize the structure of a cumulant generating function. The m-th order logarithmic derivative of Zn (β) with respect to β gives indeed the energy cumulant of order
m. Thus,pwe can compute the mean energy Un and the square root of its
variance ∆Un2 , then deduce energy fluctuations from their ratio. Such
calculation would tell us, as previously remarked, how fluctuations become
irrelevant in the thermodynamic limit. Einstein’s theory goes beyond this,
providing a method for calculating fluctuations of a generic observable, and
showing, in addition, their Gaussian nature.
Einstein’s derivation can be thought as an inversion of Boltzmann’s definition of entropy,
S = kB log Γ,
where Γ is the accessible region of the state space and may depend on some
control parameters. Let’s now consider an observable X, with equilibrium
value Xeq , and divide the state space into regions where X equals xi , with
i ranging in some indeces set. For a uniform prior measure, the probability
of the outcome xi in a X measurement is given by
P (xi ) =

Γ(xi )
,
Γ

where both Γ(xi ) and Γ are related to entropy via Boltzmann’s formula.
The Einstein’s result thus reads




1
∆S
P (xi ) = exp − (S − S(xi )) = exp
,
(1.1)
kB
kB
where ∆S is the entropy cost for having X different from its equilibrium
value. For small fluctuations, i.e. |xi − Xeq | = |δX|  1, we can substitute
the entropy difference with the first terms of its Taylor expansion around
equilibrium, and, according to the second law, we can discard the first order
term, since S is maximum at equilibrium. We have






∂S
1 ∂2S
1 ∂2S
2
3
∆S =
δX +
δX + O(δX ) '
δX 2 ,
∂X eq
2 ∂X 2 eq
2 ∂X 2 eq
and then

(
P (δX) = C exp

1
2kB



∂2S
∂X 2



)
δX 2 ,

(1.2)

eq

where C is a normalization constant. Note that S attains its supremum
at Xeq , thus (∂ 2 S/∂?2X)eq < 0 and the above probability distribution is
Gaussian.

1.1. Einstein’s theory of fluctuations and beyond
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The argument presented can be easily generalized to systems whose
states need several extensive variables X0 , X1 , . . . to be identified: it suffices to let S depend on all these variables. However, some observables may
not be so easy to control, or even unmeasurable from the experimental point
of view, so that one chooses to fix them only on average, for istance by linking the system to a reservoir. For each observable Xk fixed on average, this
reservoir must have a well defined value of
fk =

∂S(X0 , X1 , . . . )
,
∂Xk

the intensive parameter conjugated to Xk . In such cases Einstein’s formula
still holds, provided we make the dependence on the intensive parameter explicit. Due to entropy convexity about equilibrium, this goal can be achieved
by simply substituting the entropy, which depends on (X1 , . . . , Xk , Xk+1 , . . . ),
with its Legendre transform (see Appendix A, Eq.(A.1)) with respect to Xk ,
i.e.
F (X1 , . . . , fk , Xk+1 , . . . ) = fk Xk∗ − S(X1 , . . . , Xk , Xk+1 , . . . ),
where Xk∗ is the solution of fk = ∂S/∂Xk . The functions like F above
are termed Massieu potentials, and substitute entropy in Eq.(1.1) when we
choose to fix one or more intensive parameters rather their extensive counterparts.
When applied to energy fluctuations, the outlined approach yields the
well-known relation
∂Un
∆Un2 = kB T 2
.
∂T
Indeed, by setting X = H (we will drop the subscript n in this paragraph),
Xeq = U = hHi, Eq.(1.2) becomes
(
P (δH) = C exp

s
=

1
−
π2kB



∂2S
∂H 2

1
2kB



(


exp
eq

∂2S
∂H 2
1
2kB





)
δH 2

=

eq

∂2S
∂H 2

)


δH

2

.

eq

Thus,
∆U 2 = hδH 2 i =
s
=

1
−
π2kB



∂2S
∂H 2

Z

d(δH) δH 2 P (δH) =

v "
u
 2 
 2  #−3
1u
1
∂ S
∂ S
tπ −
= kB
2
2kB ∂H eq
∂H 2 eq
eq 2



−1

.
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At equilibrium, the derivative of S with respect to the energy gives the
inverse thermodynamic temperature, so that
 2 
∂ 1
∂2S
1 ∂T
∂ S
=
=
=− 2
,
2
∂H eq
∂U
∂U T
T ∂U
and, by substituting the above result in the right-hand side of the previous
equation, we get
∂U
∆U 2 = kB T 2
.
(1.3)
∂T
Since the total energy is an extensive variable, while the temperature
is intensive,
the above relation tell us that energy fluctuations, measured
p
√
2
by hδH i/hHi, scale as 1/ n in the thermodynamic limit, being thus
negligible in comparison with the mean total energy. The same result can
be obtained within the canonical ensemble, but, let us restate it, Einstein’s
derivation shows explicitly the ’Gaussianity’ of small fluctuations. Moreover, it catches the fundamental relation between fluctuations and entropy:
P = exp {∆S/kB } tell us that 2-nd law violating outcomes probability is
exponentially small with respect to their entropy cost, yet it is non-zero.
Einstein’s formula (1.1) was derived for the first time in [Ein10]; however,
The beginning of its studies on fluctuations dates back to 1905, when the
seminal work on Brownian motion[Ein05] has been published. In this paper,
Einstein noticed that the same random forces causing the erratic motion
of a Brownian particle are responsible for the dissipative frictional force
the particle feels when it is pulled through the fluid. From this intuition,
Einstein derived the first example of fluctuation-dissipation theorem (FDT):
a relation between fluctuations in the unperturbed system, represented by
the diffusion coefficient D, and the mean response to a perturbation, namely
the motility µ. Even Eq.(1.3) is commonly refferred to as an istance of the
FDT, since it relates energy fluctuations ∆U 2 to the system mean energy U
variations with respect to changes in its conjugate parameter 1/T .
The existence of both a systematic and a random force affecting observables dynamics is a general feature of the statistical description of manyparticle systems, since one tipically chooses to observe few relevant ’slow’
variables, while neglecting the microscopic and rapidly-evolving degrees of
freedom. The latters, however, cannot be completely forgotten, and enter
the dynamics as random forces, random as the collision of a Brownian particle with the surrounding molecules. This kind of aguments constitutes the
basis of the Langevin approach to statistical dynamics, according to which
the time evolution of a generic observable is given by a stochastic differential
equation known as Langevin equation. The latter reads
Ẋ(t) = v(X(t)) + ξ(t),

(1.4)

where X is the variable under investigation, while v(X(t)) and ξ(t) are a
systematic and a stochastic force respectively.

1.1. Einstein’s theory of fluctuations and beyond
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Roughly speaking, the Langevin equation is a phenomenological model
of fluctuating dynamics, since it addresses the effect of the environment
to a single stochastic therm ξ(t), usually taken as a gaussian white noise,
i.e. a gaussian random process with zero mean and two-time correlations
proportional to a delta function,
hξ(t)i = 0,

hξ(t)ξ(t0 )i = 2Γδ(t − t0 ), Γ = cost..

Its stochasticity represents our ignorance on the microscopic degrees of
freedom, whereas the delta-correlation results from the assumption that
their time-scale is well separated from that of the interesting observables1 .
This interpretation of the noise corresponds to take the δ-function as the
zero-amplitude limit of a finite-amplitude correlation function, i.e. to the
Stratonovich rule for Eq.(1.4) integration.
By introducing time in the game, the Langevin scheme tends towards
the realm of non-equilibrium processes, for which the dynamics must be
explicitly taken into account. Nevertheless, this description should agree
with Einstein’s result on the probability of fluctuations about equilibrium.
From the Langevin scheme point of view, an equilibrium state is the
stationary solution of the Fokker-Planck equation (FP) corresponding to
Eq.(1.4). By avoiding all the mathematical subtleties[Ris96], we write it
directly down as
∂t p(x, t) = −∂x [v(x)p(x, t) − Γ∂x p(x, t)] .

(1.5)

The FP equation is a partial differential equation for the one-time probability densities p(x, t) of the process X(t), written consistently with the
stochastic differential equation which rules the dynamics of the process itself. Its stationary solution must have a vanishing time derivative, thus it
satisfies
v(x)peq (x) = Γ∂x peq (x).
For an Einstein-like probability density peq (x) ∼ exp {−F (x)}, where F
is the Massieu potential which substitutes entropy difference in Eq.(1.1)
when a generalized thermodynamic potential is needed, the above condition
becomes
v(x) = −Γ∂x F (x).
Hence, the Langevin equation reads
Ẋ(t) = −Γ∂x F (X(t)) + ξ(t).
1

(1.6)

It is worth mentioning that the Langevin equation may be obtained explicitly by a
projection operator technique due to Zwanzig and Mori. This technique consists in writing
down the equation of motion for all the microscopig degrees of freedom, then projecting
them onto the subspace of the relevant, slow variables.

12
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Eq.(1.6) is, in general, a non-linear (stochastic) differential equation. It
may be linearized by approximating F (x) with a parabola centered on the
equilibrium value, i.e. by limiting its scope to small fluctuations. In addition,
nothing prevents us from inserting an external force, which does not come
from the derivative of a thermodynamic potential, into the systematic term,
or to let some parameters vary with time, in order to obtain a true nonequilibrium dynamics.
Following this train of thought, several authors gave their contribution to
the development of Einstein’s fluctuations theory, being even able to draw
forth very general and precise statements from phenomenological models
such as that presented within the above paragraphs. Kubo, indeed, in
[Kub66], gave a proof of the FDT by addressing observables evolution to
a linearized version of Eq.(1.6), and studying the system response to small
external forces added to the systematic term. The same linear approximation has been used by Onsager and Machlup[OM53, MO53], in order to
generalize Einstein’s formula (1.1) for fluctuation paths. All these results,
as Eq.(1.2), rely on the Gaussianity of small fluctuations about equilibrium,
do not applying for large fluctuations and far-from-equilibrium systems.

1.2

From small fluctuations to large deviations

We will see, within this section, how the exploitation of large deviations techniques allows to tackle the limits of the Gaussian approximations mentioned
in the previous section. Those approximation are usually justified by recalling the Central Limit Theorem (CLT), a theorem which tells when –and to
what extent–the sum of a huge collection of random variables is Gaussian
distributed. This said, in order to make the needing of a large deviations
theory clear, we will begin our discussion with the CLT statement.
We already met the first fundamental tool to handle sequences of random
vaiables, the law of large numbers, which tells us if and where these sequences
converge. The CLT enhances LLN predictions, by stating the convergence
towards the normal law of the sum of i.i.d. random variables with finite
mean and variance, as the number of summands goes to infinity. Hence,
the CLT provides some informations on the distribution of the limit of a
random sequence about its mean. To put this in a more mathematical form,
let’s define a sequence of n random variables Xj on a certain state space,
and let’s assume that those variables are i.i.d., with common mean µ and
common variance σ 2 . Then, define
n
1 X
Yn = √
(Xj − µ).
σ n
j=1

According to the CLT, the Yn distribution tends to the zero-mean and unitvariance gaussian distribution as n → ∞. The CLT tempt us to claim that
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the distribution of the empirical mean of i.i.d. random variables,
Pn
Sn
j=1 Xj
=
,
n
n
tends to be gaussian for sufficiently large n, but this statement is wrong,
unless it is limited to values of Sn /n not too far from µ. In fact,P
the Gaussiandistributed random variable is Yn , not Sn ; rephrasing, the nj=1 (Xj − µ)
fluctuations which are expected to become Gaussian as n approaches ∞ ar
√
those of order σ n, not n. To describe properly fluctuations of order n we
need the large deviations theory.
To clarify this idea, we consider a simple model from probability theory:
the coin tossing. A single toss is represented by a random variable Xj (ω)
mapping the state space {tail, head} into {0, 1}, and we want to study the
asymptotic behaviour of the empirical mean distribution. The probability
measure of the single toss assigns probability p to the outcome 1 (head),
1 − p to 0 (tail), each random variable Xj having mean p and variance
p(1 − p). Hence, we lie within CLT hypoteheses, yet its application would
lead to clearly wrong results: the empirical mean Sn /n belongs indeed to
[0, 1], whereas a normal distribution assigns small but non-zero probabilities
to arbitrairly large outcomes.
Fortunately, this simple model allows a direct calculation of the probability distribution for the empirical mean. Sn = k means that 1 occured
k times over n tosses, thus, calling Pn the probability distribution of the
empirical mean,
Pn (k/n) = P {ω : Sn (ω)/n = k/n} =

n!
pk (1 − p)n−k .
k!(n − k)!

By using Stirling’s formula log n! ≈ n log n−n+O(log n) and setting k = f n,
one gets, in the limit n → ∞,



n!
log n
= −n f log f + (1 − f ) log (1 − f ) + O
,
log
k!(n − k)!
n
and, since
log pk (1 − p)n−k = n [f log p + (1 − f ) log (1 − p)] ,
we have
1
f
1−f
− log Pn (f ) = f log + (1 − f ) log
+O
n
p
1−p



log n
n


,

so that
1
f
1−f
log Pn (f ) = f log + (1 − f ) log
≡ Ip (f ).
n→∞ n
p
1−p

− lim

(1.7)
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Figure 1.1: Comparison of the rate function (green line) with the exponent of a Gaussian
distribution (blue line) with mean p and variance p(1 − p), for p = 0.5 (left) and p = 0.7
(right).

Eq.(1.7) is an example of Large Deviation Principle (LDP), usually
stated as
Pn (f )  e−nIp (f ) ,
(1.8)
where ’’[Ell05] means that the equality holds on the logarithmic scale of
Eq.(1.7), in the large n limit. The function Ip (f ) rules, at fixed f , the largen exponential decay rate of the probability of its argument, thus is termed
rate function. It is, as showed in Fig. 1.1, always strictly positive, except
at f = p, i.e. Sn /n mean, where it attains its unique zero. This, according to Eq.(1.8), implies that Pn concentrates on the degenerate measure δp
as n goes to ∞. The last statement tell us that a LDP includes the LLN,
providing, in addition, quantitative informations about the exponential convergence to zero of Pn (f ), for f 6= p.
Moreover, the LDP matches CLT predictions for small fluctuations, as
it can be seen from a second-order Taylor expansion of the rate function,
1
Ip (f ) ≈ Ip (p) + Ip0 (f )|f =p (f − p) + Ip00 (f )|f =p (f − p)2 =
2
=

1
(f − p)2 ,
2p(1 − p)

which yields the exponent of a Gaussian distribution with mean p and variance p(1 − p). As f departs from p, instead, the rate function may differ
from its parabolic approximation, as shown in Fig. 1.1.
Our result on coin tossing, as all the LDPs regarding sums of i.i.d. random variables, is a consequence of a theorem due to Cramér. From the
statistical mechanics point of view, the study of the asymptotics of sums of
random variables is a quite fundamental issue: the relevant observables can
be often expressed as sums of microscopic quantities, referred to the single
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constituents of the system, and we want to know how they behave as the
number of summands goes to ∞.
Before stating the theorem, however, we need to point out what do
we mean when we say that a sequence of probability measures satisfies a
LDP. Here and henceforth, the state space will be the space on which the
considered random variable (e.g. Sn /n for coin tossing) takes values. A
definition as in Eq.(1.8) works well for discrete measures, which assign a nonzero probability to each outcome of the associated discrete random variable.
Such definition can be readily extended to continuous measures Pn endowed
with a probability density function (pdf) pn , such that, for each subset A of
the state space
Z
Z
Pn {dx} =

Pn {A} =

pn (x) dx,
A

A

i.e. Pn {dx} = pn (x) dx. For this kind of measures, we will say that Pn
satisfies a LDP when
pn (x)  e−nIp (x)
(1.9)
for some rate function Ip (x). By the above definition,


Z
Z
−nIp (x)
Pn {A} =
pn (x) dx 
e
dx ≈ exp −n inf (Ip (x)) ,
A

x∈A

A

and the same result arises for discrete measures, where


X
X
−nIp (x)
Pn {A} =
Pn (x) 
e
≈ exp −n inf (Ip (x)) .
x∈A

x∈A

x∈A

Hence, we will take



Pn {A}  exp −n inf (Ip (x))
x∈A

(1.10)

as the general definition of LDP. For the latter to make sense, the rate function should meet some requirements. First of all, it must be non-negative,
otherwise we will end up with infinite probabilities in the large n limit. In
addition, it can be shown that a condition of lower semi-continuity yields
rate function uniqueness for a given LDP.
Loosely speaking, a function f (x) is lower semi-continuous at a given
point x0 if the images of x0 neighbours are close to or well above f (x0 )
(Appendix A, Def. A.3, for a formal definition). Real-valued functions
defined onto a real space which are lower semi-continuous at each point of
their domain are said to be closed. We can look at the property of closure
as a prescription of the function behaviour at discontinuities, as Fig. 1.2
clearly shows. Once a LDP has been proven to hold, nothing prevents the
rate function from displaying discontinuities such as those depicted in Fig.
1.2 panels. Specifically, it can be shown that the same LDP holds for several
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Figure 1.2: The figure shows a discontinuous function for two prescriptions of the
value attained on the discontinuity point. By definition, the choice yielding a lower semicontinuous function is that displayed on the left panel.

prescriptions of the rate function value at the discontinuity. By requiring
closure, we are simply picking the most reasonable2 rate function from all
the allowed ones.
Definitely, a rate function is asked to be a non-negative closed function,
defined on the state space. A formal and more detailed definition of LDP
can be found in [DZ09]. For our purposes, however, definition (1.10) will
suffice.
We are now ready to state the
Theorem 1 (Cramér).
Consider a sequence of random variables Wn (ω)
mapping a sequence of state spaces Ωn into a certain space Γ ⊆ Rd . Then, let
the n-th element of the sequence equals the sum of n i.i.d. random variables
Xj : Ωn → Γ, i.e.
Wn (ω) =

(X1 (ω) + · · · + Xn (ω))
.
n

Let PX be a probability measure over Γ such that
PX {A ⊆ Γ} = P {ω : Xj (ω) ∈ A},

∀j = 1, . . . , n.

If the Xj ’s cumulant generating function3
cX (t) = log etX1

PX

= · · · = log etXn

PX

,

h.iPX denoting the average with respect to the measure PX , is finite ∀t, then
the following conclusions hold.
2

In order to understand the meaning of ’reasonable’ here, one should look at the formal
definition of a LDP. Within the scope of this thesis, it suffices to notice that closure, when
coupled with convexity, yields some interesting features (see Appendix A, final remarks).
3
For d > 1, the products tXj , tx must be taken as scalar products.
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• The sequence of measures Pn on Rd such that Pn {A} = P {ω : Wn (ω) ∈
A} satisfies a LDP;
• The rate function is given by the Legendre-Fenchel transform of cX (t)
IP (x) = sup {xt − cX (t)},
t∈Rd

• IP (x) is a closed convex function which measures the discrepancy between x and the mean c0X (0) = hXj iPX = hWn iPn , in the sense that
IP (x) ≥ 0, with equality iff x = c0X (0).
We can easily show how the L-F transform arises. First, we assume that
the LDP hold with a closed rate function, thus, for large n,
Z
etnWn Pn 
en[tx−IP (x)] dx .
Rd

Next, following Laplace’s principle, we approximate the integral by its largest
integrand, which is found by locating the supremum of the term in square
brackets. Therefore,
entWn

Pn

= exp {n sup {tx − IP (x)}},
x∈Rd

and so
cX (t) = log etX1

PX

=

1
log entWn
n

Pn

= sup {tx − IP (x)}.
x∈Rd

When applied to a closed convex functions like IP (x) (details in Appendix
A), the L-F transform gives another closed convex function, can be inverted
and it is self-inverse, so that
IP (x) = sup {xt − cX (t)}.
t∈Rd

The Cramér theorem can be thought as a refinement of the CLT, since
it provides more detailed informations on the asymptotic behaviour of sums
of i.i.d. random variables. This is no surprise, since the theorem relates the
rate function to the whole cumulant generating function of the summands,
rather than merely considering the first and the second cumulant as CLT
does. However, in statistical mechanics, not all the observables are sums
of microscopic and independent terms, especially for interacting systems.
Thus, we may ask if Cramér theorem can be extended, in order to deal with
a generic random sequence, whose n-th element is not necessairly given by
the sum of n i.i.d. random variables. The answer is positive, and is provided
by the following
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Theorem 2 (Gärtner-Ellis).
Consider a sequence of random variables
Wn (ω) mapping a sequence of state spaces Ωn into a certain space Γ ⊆ Rd
and call Pn the Wn -probability measure over Γ. Define the scaled cumulant
generating function (SCGF) as
c(t) = lim cn (t) = lim
n→∞

n→∞

1
log entWn
n

Pn

.

If c(t) is differentiable ∀t in the interior of its domain dom(c(t)) = {t ∈
Rd : c(t) < ∞}, and its gradient diverges in modulus as t approaches the
boundaries of dom(c(t)) ( steepness), then the following conclusions hold.
• the sequence of measures Pn on Γ satisfies a LDP;
• the rate function is given by the Legendre-Fenchel transform of c(t)
I(x) = sup{xt − c(t)};
t∈Γ

• I(x) is a non-negative, strictly convex, closed function, with I(x) = 0
iff x = c0 (0).
The L-F transform comes off in the same way it does in Cramér theorem,
yet, since Wn is not the sum of n i.i.d. random variables, c(t) does not reduce
to the cumulant generating function of the summands. This said, GärtnerEllis theorem hypotheses are basically the solution to the following problem:
what the L-F transform of a strictly convex and closed function should look
like? Rephrasing, what are the requirements c(t) should meet, in order to be
in a one-to-one correspondence with a strictly convex rate function? Strict
convexity, indeed, as remarked in Appendix A, is the essential condition
for a function to be the only one which yields its L-F transform. Thus, as
the rate function of Gärtner-Ellis theorem, each strictly convex function can
be completely and uniquely traced back from its L-F transform, by simply
performing another transformation.
Hence, it can be concluded that the Gärtner-Ellis theorem is the most
general method for computing strictly convex rate functions. Convexity, in
turn, is not required for a LDP to hold. The SCGF is always the ratefunction L-F transform, as we showed within the discussion of Cramér theorem, but the converse is not true. The L-F transform yields indeed a convex
function, thus a non-convex I(x) cannot be the L-F transform of a SCGF.
In fact, when I(x) is non-convex, c(t) is singular, making the Gärtner-Ellis
theorem not appliable. The reason for the failure of the theorem lies in the
fact that a non-convex function f has the same L-F transform of its convex
envelope, i.e. the function obtained by substituting f non-convex parts with
linear branches, as it is shown in Fig. 1.3. Thus, in such cases, we can not
decree that the SCGF L-F transform is the true rate function, since it may
be only its convex envelope.
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Figure 1.3: The top left panel displays a non-convex rate function (blue) and its convex
envelope (black dashed). The corresponding SCGF is shown on the right panel and is
clearly singular. The arrows represent the application of a L-F transform, showing that
the transform of a singular SCGF does not yield the rate function but only its convex
envelope.

Non-convex rate functions can be computed by a straight evaluation of
log Pn in the large n limit, as we did in the example on coin tossing, or by
employing different methods, such as that reported in what follows.
The last result we will present in this section is a tool allowing the
calculation of a rate function once another rate function is known. It is
called contraction principle, and applies when one has two sequences of
random variables, let’s say An (ω) and Bn (ω), connected by a functional
relation, e.g. Bn = f (An ). Let us assume the probability distributions of
the sequences having a probability density function, so that
Pn {ω : An (ω) ∈ [a, a + da]} = pA,n (a)da
and the same holds for Bn . Assume that An satisfies a LDP with rate
function IA (a), by applying Laplace’s principle it is possible to state a LDP
for Bn and to compute its rate function. For large n,
Z
Z
pB,n (b) =
pA,n (a) da 
e−nIA (a) da 
{a:f (a)=b}

{a:f (a)=b}

 exp {−n

inf

{a:f (a)=b}

IA (a)}.

Therefore, the sequence Bn satisfies a LDP with rate function
IB (b) =

inf

{a:f (a)=b}

IA (a).

(1.11)
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The Large Deviations approach to statistical
mechanics
In my opinion the profoundity of the theory of large deviations is in part due to the fact that the theory is the mathematical
expression of profound statistical mechanics ideas. Conversely,
the exquisite formalism of statistical mechanics readily lends itself to large deviation calculations – R. Ellis

This section concerns the relationship between large deviations theory
and the foundations of statistical mechanics. Following the literature, in the
first subsection we will establish the connection between large deviations
tecniques and equilibrium ensemble theory, showing too how the formers
allow to refine the latter. Then, in the last subsection, we will move to
the study of non-equilibrium systems, where large deviations represent a
guideline for ensemble theory extension.
Even though was Ellis the first to refer to large deviations theory in
statistical mechanics studies, the very first appearence of large deviations
techniques, in studying equilibrium properties of many-particles systems,
can be traced back to a work of Boltzmann[Bol77]. In the above mentioned
paper, Boltzmann derived a LDP for a sequence of multinomial probability
measures, in order to understand the links between macroscopic and microscopic worlds and develop the concept of entropy. We can obtain his result
by a straightforward generalization of the derivation of Eq.(1.7) in section
1.2. Namely, we consider an experiment modelled with a random variable
X, ranging in {1, 2, . . . , l}, and a discrete probability measure P , such that
P (i) = pi for each i = 1, . . . , l. After n independent measurements of X,
each possible outcome i will have occured ki = nfi times, with the empirical
frequencies vector f ≡ (f1 , . . . , fl ) distributed according to a multinomial
law, i.e.
Pn (f ) = P {#{10 s} = k1 , . . . , #{l0 s} = kl } =

n!
pk1 . . . pkl l ,
k1 ! . . . kl ! 1

where #{i0 s} stands for the occurences of the outcome i within the n measurements. Hence, by Stirling’s approximation,
l

X
1
fi
− lim log Pn (f ) =
fi log .
n→∞ n
pi

(1.12)

i=1

The above equation right-hand side is in fact a rate function, and is called
relative entropy. It displays indeed the same mathematical structure of
a Gibbs’ entropies difference, and measures how far the set of empirical
frequencies, read the observed state, is from the probability measure P ,
read the equilibrium state.
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Equilibrium Large Deviations

As the Boltzmann’s result suggests, the key concept behind the large deviations approach to statistical mechanics is the identification of entropy with a
rate function. In order to see how such identification comes out, we consider
the large deviations of the specific energy hn (ω) of an equilibrium system,
with respect to a prior uniform probability measure P over the system state
space[Tou09].
Assuming that the probability distribution of hn admits a probability
density function, we will write
P {ω : hn (ω) ∈ [u, u + du]} = Pn {du} = pn (u)du.
The probability that the specific energy lies between u and u + du is clearly
proportional to the volume
Z
dω
Γ(u) =
{hn (ω)∈[u,u+du]}

of microstates with the given mean energy. In the thermodynamic limit,
this volume is related to entropy density via
s(u) = lim

n→∞

1
log Γ(u),
n

where we set kB = 1.
Hence, if hn satisfies a LDP, i.e., as in def. (1.9), there exists a rate
function I(u) such that
I(u) = − lim

n→∞

1
log pn (u),
n

the rate function must coincide with the negative entropy density, up to some
additive constants. With a uniform prior measure, for istance, normalization
requires P {dω} = dω/|Ωn |, where |Ωn | is the n-particles phase space volume.
Thus,
Z
dω
Γ(u)
pn (u)du =
=
.
|Ωn |
{hn (ω)∈[u,u+du]} |Ωn |
Constants such as |Ωn | can be absorbed by re-defining entropy density as
s(u) = lim

n→∞

1
log pn (u),
n

so that
I(u) = −s(u)

(1.13)

holds exactly.
The next step is the definition of free energy as the SCGF. This will not
be surprising, since the relation between the free energy and the logarithmic
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partition function is known since ensemble theory, as is known that the
logarithmic partition function is the cumulant generating function of system
(canonical) energy. To be consistent with the entropy density re-definition
above, we will define the partition function as
Z
Z
−βHn
Zn (β) = e
P {dω} = e−nβhn P {dω}.
Thus,
D
E
1
1
ϕ(β) = lim − log Zn (β) = lim − log e−nβhn .
n→∞ n
n→∞ n
P
ϕ is the canonical free energy up to a factor 1/β, and the last display shows
that it equals the negative SCGF computed at −β, i.e.
ϕ(β) = −c(−β).

(1.14)

As we have shown in our heuristic motivation of Cramér theorem, whenever the mean energy satisfies a LDP, its SCGF is given by the L-F transform
of the rate function. Hence, large deviations theory provides a motivation
for the choice of the Legendre transform as a tool allowing us to switch between different thermodynamic potentials, refining in fact the well known
principle which states that the free energy is the entropy Legendre transform. In addition, Gärtner-Ellis theorem tell us that the entropy is the L-F
transform of the free energy, at least when the latter exists and is differentiable. The combination of the above argument with Eq. (1.13) and (1.14)
allows us to re-formulate Gärtner-Ellis theorem in a more physical fashion:
recalling that singularities of the free energy are symptomatic of first-order
phase transition, we can state that if there is no-first order phase transition
in the canonical ensemble, then the microcanonical entropy is the Legendre
transform of the canonical free energy[Tou09].
Several authors[Ell99, Tou09] provided a general scheme for a large
deviation-based study of equilibrium properties of many-particle system.
However, this thesis concerns fluctuations, thus we will conclude our discussion of equilibrium statistical mechanics by showing how the arguments
presented above can be extended to deal with fluctuations of a generic
macrovariable. In doing this, we will follow the line drawn by Zannetti
et al. in [ZCGP14], even if the basic ideas behind this approach were given
in [NS11] by T. Nemoto and S. Sasa.
Once the probabilistic model of the system is defined, the probability of
a fluctuation A of a given observable A(ω) can be written as
Z
Pn,J {ω : A(ω) = A} ≡ Pn,J (A) =
(1.15)
Pn,J {dω}δ(A − A(ω)),
Ω

where Ω is the state space and Pn,J {dω} the probability measure on microstates space, with n and J representing respectively the system size and
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the collection of extensive and intensive variables fixed. The microcanonical ensemble, for istance, corresponds to J = {u}, while for the canonical
J = {β}. By introducing the following integral representation of the delta
function,
Z α+i∞
dz −zx
δ(x) =
e
,
α−i∞ 2πi
with α ∈ R, fluctuation probability becomes
Z
Z α+i∞
Z α+i∞
dz −zA D zA(ω) E
dz −zA
Pn,J {dω}ezA(ω) =
Pn,J (A) =
e
e
e
.
Ω
α−i∞ 2πi
α−i∞ 2πi
If we now let A(ω) be an extensive variable, such that an = A/n remains
finite, and set a = A/n, we can rewrite the above equation as
Pn,J (a) =Pn,J {ω : an (ω) = a} = Pn,J {ω : A(ω) = A} =
Z α+i∞
dz −n[za−cn (z)]
=
e
,
α−i∞ 2πi

(1.16)

where

D
E 1
D
E
1
log ezA(ω) = log enzan (ω) .
n
n
A LDP for fluctuations probability can be obtained directly from the
integration of Eq. (1.16), carried out by the saddle-point approximation,
which can be thought as a complex extension of Laplace’s principle. This
approximation yields
cn (z) =

1
lim − log Pn,J (a) = z(a)a − cA (z(a)),
n→∞ n
where cA (z), the large-n limit of cn (z), coincide with the SCGF, while z(a)
is the supposedly unique solution of the saddle-point equation c0A (z) = a.
Finally, we obtain
Pn,J (a)  e−nIA (a) ,
(1.17)
with rate function IA (a) = z(a)a − cA (z(a))4 .
On one hand, the rate function tell us where the probability of a will
0 (a) = 0,
concentrate in the thermodynamic limit, through the condition IA
and measures the rarity of an arbitrary outcome a. On the other hand, the
saddle-point equation shows how to render that arbitrary outcome typical,
since, if z(a) is the solution of the saddle-point equation, then, in the large
n limit,
Z
1
A(ω) z(a)A(ω)
0
a = cA (z(a)) = z(a)A(ω)
e
Pn,J {dω}.
(1.18)
n
e
Ω
4

The approach outlined here seems to be free from the mathematical issues analysed
in section 1.2. Actually, we are simply assuming that the SCGF satisfies Gärtner-Ellis
hypotheses, so that the saddle-point equation admits a solution and the LDP hold.
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The last display implies that the outcome a is the average value of the
ensemble
1
B
Pn,J
{dω} = z(a)A(ω) ez(a)A(ω) Pn,J {dω},
(1.19)
e
which is a biased ensemble, with z, the intensive parameter conjugated to
B = P
0
A, fixed to z(a). Namely, Pn,J
n,J 0 , with J = J ∪ {z(a)}. In this
ensemble, the role of the thermodynamic potential is played by the SCGF,
just as the Helmoltz free energy, read specific energy hn SCGF, is the potential of the canonical ensemble, read the ensemble biased with respect to
hn . The rate function, instead, as cA (z) Legendre transform, is the thermodynamic potential of the constrained ensemble obtained by fixing A itself
rather than the conjugate parameter. The probability measure representing
the constrained ensemble is
C
Pn,J
{dω} =

1
Pn,J {dω}δ(A − A(ω)),
Pn,J (A)

(1.20)

00
C =P
or Pn,J
n,J 00 with J = J ∪ {a}.

This kind of relationship involving constrained and biased ensembles is
known as ensembles duality, and is in fact a generalization of the relation
between the microcanonical entropy and the canonical free energy described
in the first part of the section. Ensemble duality enables us to predict the behaviour in the biased or constrained ensemble by observing fluctuation in the
prior, where the observable A was neither rigidly nor on average fixed, and
viceversa, i.e. to force fluctuations by biasing or even constraining the given
observable. As we will see in the third chapter, the relation we are talking
about becomes particulary interesting when singularities appear in the rate
function. Otherwise, it provides a refinement of the well-known concept
of ensemble equivalence, according to which, at equilibrium and far from
phase transition, the biased and constrained descriptions are completely
equivalent, since, even in the biased ensemble, the value of the considered
observable is almost everywhere equal to its average value.
To conclude, it must be stressed that the approach presented in this
section is not limited to systems at equilibrium. All the results are based
on Eq. (1.15) for the probability of fluctuations, which, to be written down,
needs the only knowledge of the probability distribution over the state space,
whether it comes from Gibbs’ ensemble theory or not. Some hints for the
building of probabilistic models for non-equilibrium systems will be given in
the next section and in the following chapter. Moreover, the whole second
part of the thesis concerns modelling techniques for active matter, a broad
class of out-of-equilibrum systems into which the object of our work falls.
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Non-Equilibrium Large Deviations

As revealed by its own name, non-equilibrium statistical mechanics deals
with systems that are not in their equilibrium state, either for they are
still reaching it or simply because an equilibium state does not exist. The
main difficulty encountered in studying those systems is the lack of a general
theory providing the underlying probability distribution of system’s states,
like ensemble theory does for equilibrium states. In fact, non-equilibrium
states are characterised by time-dependent variables and fluxes crossing the
system, so that the dynamics must be taken into account. Only once the
dynamics is completely defined we can, if able to do so, compute states
probability distributions and perform our statistical analysis.
In spite of this, as underlined in the final part of section 1.1, some general
results got tossed out, especially in near-equilibrium conditions. In the past
50 years, a lot of effort has been placed in the extension of the aforementioned
results to far-from-equilibrium systems: among all the attempts, we can cite
that of Y. Oono[Oon89, Oon93] and L. Bertini et al.[BDSG+ 15]. The formers
proposed a generalization of ensemble theory, based on the identification of
the microstates with system’s trajectories, rather than microscopic (static)
configurations. The latters, instead, developed the so-called Macroscopic
fluctuation theory (MFT): based on an Einstein’s-like formula for the joint
fluctuations of currents and thermodynamic variables, this theory is aimed
at the prediction of the macroscopic behaviour of driven diffusive systems,
and it is valid for arbitrarily large intensities of the external driving force.
In this section we present a large deviation approach to Langevin dynamics: this choice is made out of the model we are going to study in the
third part of the thesis, which is based, indeed, on a set of coupled Langevin
equations. For the sake of clarity, let us recall the general Langevin equation for the d-dimensional stochastic process X(t) representing the relevant
degrees of freedom of the considered system:
Ẋ(t) = v(X(t)) + ξ(t),

(1.21)

where ξ coordinates ξi , i = 1, . . . , d, are zero-mean Gaussian white noises
with hξi (t)ξj (t0 )i = 2Dij δ(t−t0 ). The corresponding Fokker-Planck equation
reads[Ris96]


d
d
X
X
∂ 
∂ 
∂t p(x, t) = −
vi (x) −
Dij
p(x, t).
(1.22)
∂xi
∂xj
i=1

j=1

The advantage of working with a Langevin equation is that, by solving the Fokker-Planck, one can in principle obtain the whole hierarchy of
probabilities needed to know the probability distrbution of the process X(t).
Being the latter a Markovian process, the only probabilities needed are the
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one-time probability p(x, t), solution of Eq.(1.22) with a suitable initial condition, and the transition probability p(x, t|x0 , t0 ), solution of Eq.(1.22) for
p(x, t0 ) = δ(x − x0 ). Due to the Markov property, such probabilities allow
to infer the statistics od both fixed-time observables –such as those usually
considered at equilibrium –and those which depend on the system state at
several different times –e.g. time averages, correlations and response functions.
Actually, as mentioned in the introduction of the section, non-equilibrium
states may be characterised by currents flowing throughout the system. Such
currents are often expressed as additive functionals of the path Xτ ≡ {X(t) :
0 ≤ t ≤ τ }, i.e.
Z
1 τ
J[Xτ ] =
j(X(t)) dt
τ 0
where j is a function of the istantaneous state. In order to analyse the
fluctuations of a path-dependent observable, we need the knowledge of the
path probability. Such probability, at least when the matrix Dij is non
singular, is provided by the path integral representation of the Fokker-Planck
equation. The latter reads

 Z τ
L(x(t), ẋ(t)) dt ,
(1.23)
P [Xτ ] = N exp −
0

where N is a normalisation constant, and
L(x(t), ẋ(t)) =

1X
1 X ∂vj (x)
(ẋi − vi (x))(D−1 )ij (ẋj − vj (x)) +
4
2
∂xi
i,j

i

is known as the Onsager-Machlup functional, from the name of the first to
obtain the above result for a set of linear Langevin equations[OM53].
We can derive, as an application of the Onsager-Machlup formula, a
LDP for the probability of an extensive observable path. To this end, we
consider an extensive observable Xn , whose specific value Xn /n satisfies an
equilibrium LDP in the large n limit
pn (x)  e−nIX (x) .
Next, assume that Xn time evolution follows a stochastic dynamics of the
form
Ẋn (t) = v(Xn (t)) + ξn (t),
(1.24)
where v(Xn (t)) is the systematic term and ξn (t) the Gaussian white noise,
as in Eq.(1.4). In the aim of determining Xn most probable evolution in
the large n limit, we should specify how the terms in the above equation
scale with n. Being an observable, Xn ∼ n, and the systematic term should
display the same scaling, if we want it to survive to the thermodynamic
limit. For the noise, instead, we will choose the scaling which allows to
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recover the Gaussian behaviour of fluctuations in the linear regime, i.e. near
equilibrium.
Fluctuations Gaussianity is represented by the following scaling relation
p
hδXn2 i
1
∼√ ,
hXn i
n
which has been derived in section 1.1 for energy fluctuations. hXn i ∼ n as
Xn , thus hδXn2 i should scale as n too. At least in the linear regime, hδXn2 i
is proportional to the noise amplitude, i.e. the coefficient Γn such that
hξn (t)ξn (t0 )i = 2Γn δ(t − t0 ).
√
In order to have Γn ∼ n, the noise itself should scale as n. This said, we
can divide by n both sides of Eq.(1.24), then obtain a Langevin equation for
the observable specific value, the stationary state of which we will impose
to be consistent with the LDP. Hence, the same considerations that allowed
us to write down Eq.(1.6) in section 1.1, can be applied in this case, leading
to
r
2Γ
0
ẋ(t) = −ΓIX (x) +
η(t),
(1.25)
n
√
where we set Γn = nΓ and ξ(t) = n2Γη(t), so that hη(t)η(t0 )i = δ(t − t0 ).
The above Langevin equation corresponds to the Fokker-Planck Eq.(1.22),
00 (x), and D
with d = 1, v1 (x) ≡ v(x) = −ΓIX
11 ≡ D = Γ/n. Its path integral
representation P [xτ (t)] is realised by the stochastic Lagrangian
L(x, ẋ) =

2 Γ 00
n 
0
ẋ + ΓIX
(x) − IX
(x),
4Γ
2

thus the path rate function S[xτ (t)] is given by
Z τ

2
1
1
0
S[xτ (t)] ≡ lim − log P [xτ (t)] =
ẋ + ΓIX
(x) dt.
n→∞ n
4Γ 0

(1.26)

The above display, together with the ensuing LDP
P [xτ ]  e−nS[xτ (t)] ,
is nothing but the main result of the Freidlin-Wentzell theory[FW12], which
regards noise-perturbed dynamical systems in the vanishing noise limit.
The Freidlin-Wentzell LDP shows that the most probable path, also
termed the optimal path, is the minimizer of the Onsager-Machlup functional L(x, ẋ). By the contraction principle (Eq.(1.11)), in addition, we can
draw the most probable value of path-dependent observables by computing
them onto the optimal path. It is worth mentioning, at this stage, that the
1/n scaling for the amplitude of the noise acting on an extensive variable is
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rather the rule than the exception. It occurs, for istance, when the considered observable is the sum of n microscopic variables, each each affected by
an independent noise of finite amplitude.
We conclude this section by showing how Donsker & Varadhan theory for
Markov processes large deviations may help us in the determination of LDPs
for generic additive variables. The latters display the following functional
form
Z
1 τ
Jτ [Xτ ] =
j(X(t)) dt,
τ 0
which is analogous to that of an extensive observable, if one replaces the
number of degrees of freedom n with the system observation time τ . Macroscopic currents equal indeed time-averaged functions of the istantaneous
state, just as an extensive observable often coincide with the average of
some microscopic variable over the constituents of the system.
Hence, a LDP for Jτ may be derived in the long τ limt, using for istance
the Gärtner-Ellis theorem. The SCGF is
E
D
1
cJ (k) = lim log eτ kJτ ,
τ →∞ τ
where the mean is taken over all the paths, so that it is given by a path
integral,
D
E Z
τ kJτ
= D[Xτ ]P [Xτ ]eτ kJτ [Xτ ] .
e
The average above needs the path integral representation to be computed;
however, Donsker & Varadhan gave in [DV75a, DV75b, DV76, DV83] its
general expression for Markovian stochastic dynamics. They showed, by
recalling the Perron-Frobenius theorem, that cJ (k) is given by the largest
eigenvalue of the operator L + kj, being L the generator of the process X(t).
The generator of a stochastic process is a differential operator acting on the
functions g defined on the state space as
Lg(x) = lim

t→0

hg(X(t))i − g(x)
,
t

where X(t) denotes the evolution of the process from X(0) = x, and the
average is taken over all the realizations of the process itself.
We will not give any formal proof of Donsker & Varadhan result, yet we
can se how it works in its discrete version, by assuming that changes in X(t)
occur at fixed times 0 = t1 , t1 < t2 , . . . , tn−1 < tn = τ , i.e. approximating
the continuous process with a Markov chain. Under this assumption, the
trajectory is represented by a sequence of random variables, Xτ = (X(t1 ) =
X1 , . . . , X(tn ) = Xn ) and its probabilistic weight P [Xτ ] factorizes as
P [Xτ ] = P (X1 )

n
Y
i=2

Q(Xi |Xi−1 ),
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where Q(Xi |Xj ) are the transition probabilities. For the sake of simplicity,
we will consider a random variable taking integer values µ = 1, . . . , m, and
assume that the transition probabilities do not depend on time, so that all
the information on the dynamics can be stored in a single transition matrix
Q of elements
Qµ,ν = Q(Xi = µ|Xi−1 = ν), ∀i.
In the discrete case, a generic additive observable reads
n

1X
Jn =
j(xi ),
n
i=1

so that its generating function is given by
D

m
X

E
enkJn =

n
Y

P (X1 )ekj(X1 )

Q(Xi |Xi−1 )ekj(Xi ) .

i=2

X1 ,...,Xn =1

The right-hand side of the above equation is nothing but a sequence of
matrix products involving the so-called tilted transition matrices (Qk )µ,ν =
Qµ,ν ekj(µ) . Thus, by defining the vector Pk of components (Pk )µ = P (X1 =
µ)ekj(µ) , we get
D

e

nkJn

E

=

m
X

(Qn−1
Pk )µ =
k

X
(Qkn−1 )µ,ν Pkν .
µ,ν

µ=1

If a Markov chain is ergodic, i.e. it exists an integer value l such that Ql
has positive entries, the Perron-Frobenius theorem ensures the existence of
a principal eigenvalue λ(Q) such that
X

(Ql )µ,ν  λl (Q)

µ

in the large l limit. Since ekj is positive, the ergodicity of Qk follows from
that of the Markov chain, thus
(
)
D
E
X
1
1
nkJn
n−1
= lim log λ
(Qk )
Pkν =
cJ (k) = lim log e
n→∞ n
n→∞ n
ν
= log λ(Qk ).

(1.27)

When one consider the generator instead of the transition matrix, the logarithm disappears because of the usual relation subsisting between the generators of a trasformation and the transformation itself.
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Summary

We will summarize in the following lines the main results outlined within
section 1.3, being the latter the endpoint of our introduction to the study of
fluctuations in statistical mechanics. In addition, these results will serve as
both a basis to understand the topics we are going to present in the following
two chapters, and to a framework for the analysis that will be carried on
within the third part of this thesis.
The first is the large deviations approach to ensemble theory, described
in section 1.3.1. Such approach, represented by Eqs.(1.15), (1.16), (1.17),
(1.18), (1.19) and (1.20), allows to infer the fluctuations statistics of a general
macrovariable within a given probabilistic model. This alternative way of
introducing thermodynamic potentials can be readily extended to system
far from equilibrium, for which a bottom-up approach which connects the
microscales with the macroscopic world does not exist yet.
Then, in section 1.3.2, we listed the fundamental equations which, once
solved, allows to derive all the properties of stochastic processes ruled by
a dynamics of the Langevin kind. These equations are the Fokker-Planck
(1.22) and its path integral representation (1.23), and provide the probabilistic model needed to employ the machinery described in section 1.3.2.
Moreover, we presented a large deviations technique aimed at inferring the
long-time statistics of macroscopic currents, the observables which distinguish in general a non-equilibrium state from an equilibrium one.

Chapter 2

Fluctuation theorems
The arising of many-particle systems macroscopic irreversible behaviour in
statistical mechanics has been under debate for more than a century, since
the theory derives it starting from reversible microscopic equations of motion. This objection is known as Loschmidt’s paradox, from the name of
the scientist who, provoked by the H-theorem of Boltzmann, rose the dispute. A turning point for the irreversibility issue was given by the discovery
of fluctuation theorems (FT), a group of relations dealing with the relative
probability of entropy producing and entropy absorbing events. This chapter is devoted to an analysis of both foundations and implications of such
theorems.
The first appearance of a FT dates back to 1993, when Evans, Cohen
and Morris[ECM93] showed, in a numerical study of a deterministic model
for fluids under an external shear, that the probability of observing a certain
entropy production rate σ = A, averaged over a time interval τ , is related
to the probability of the opposite outcome −A by
P (σ = A)
= eτ A .
P (σ = −A)

(2.1)

The above formula embraces all the FTs power, since it provides a condition for the probability distribution of a typical non-equilibrium variable.
From this point of view, FTs are the closest thing to a hypothetical nonequilibrium ensembles theory.
The first mathematical proof of Eq.(2.1) has been given by Evans and
Searles[ES94, ES02], while Gallavotti and Cohen[GC95a, GC95b] derived a
FT for the phase space contraction rate of a broad class of chaotic dynamical systems. Motivated by Evans et al. results, Gallavotti and Cohen then
formulate a chaotic hypotesis, stating that thermostatted many-particle systems behave as the dynamical systems they considered, at least from the
macroscopic point of view. In the same period, Jarzynski showed how to relate non-equilibrium properties to equilibrium quantities through the derivation of some relations involving work and free energy differences[Jar97].
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Within a couple of years, Kurchan[Kur98] set up a framework for deriving
FTs for stochastic Langevin dynamics, followed by an extension for general
Markov processes by Lebowitz and Spohn[LS99]. The last 20 years displayed
a huge growth in the literature on FTs, from both the theoretical and the
experimental point of view[Rit03].
The fundamental aspects of FTs, which also motivate the great effort
placed in their understanding, can be summarized by the following points:
• FTs provide relations a non-equilibrium probability distribution, read
non-equilibrium ensemble, must satisfy;
• FTs hold even for small systems and arbitrairly far from equilibrium;
• Near equilibrium they reduce to Green-Kubo relations;
• They can be verified experimentally.
The present chapter is organized as follows. In the first section we will
introduce the concept of entropy production, relating it to irreversibility.
Then, following[SF13, Sei05], we will derive a general fluctuation theorem
for stochastic dynamics, showing how it implies both Evans-Searles FT and
all the others so-called transient fluctuation relations. The second section
is devoted to the interplay between FTs and large deviations. The general
framework into which our discussion falls is that of Langevin dynamics, so
that the equation of motion for a general variable of interest X(t) reads
Ẋ(t) = µF (X(t), λ(t)) + ξ(t),

(2.2)

where ξ is a white gaussian noise of amplitude 2D, D denoting diffusion
coefficient, µ is a motility and λ(t) an external control parameter varied
according to a prescribed protocol during the observation of the system.
The forcing term F is allowed both to come from a ’potential’ V and to be
exerted directly on the variable under analysis, so that, in general
F (x, λ) = −∂x V (x, λ) + f (x, λ).

2.1. Entropy production: a measure of irreversibility
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We will give, in this section, the definition of entropy production for a
stochastic trajectory. This definition will be motivated by referring to a
specific example, namely the Markov process which models the velocity of a
Brownian particle. Then, relying on entropy production definition, we will
introduce another measure of trajectories irrreversibility, and show that it
satisfies a fluctuation theorem.
A common statement of thermodynamics second law tell us that the
time-reverse of an entropy producing process is impossible to observe. Tough
conscious of the reversibility of microscopic dynamics, we easily accept this
statement, since every attempt in providing the conditions that would ensure
such reversibility is bound to fail. The reason for this failure lies in one of
the key ingredients of a statistical description: coarse-graining.
The coarse-grained description is what enables us to identify the system
state with only few properly-chosen quantities, yet it forces us to loose microscopic reversibility: in order to observe a time-reversed process, we need
to reverse both the equations of motion and initial conditions for every degree of freedom involved in the process, even for those we have decided to
neglect or to deal with as ’environment’. Within the Langevin scheme, for
istance, both the forward and the reverse process are no longer guaranteed
to occur, as environmental effects attribute a certain probability to each
path. Given this dynamics, a natural question arises: how may we measure
irreversibility?
To give a concrete answer, let’s consider a specific stochastic dynamics,
running from time 0 up to time τ . As we mentioned in the introduction
of the chapter, all the changes to which system parameters are subjected
are embodied by the variation of a parameter λ. Given a trajectory Xτ =
{X(t) : 0 ≤ t ≤ τ }, we will write X τ for the time-reversed trajectory,
whose istantaneous values equal ±X(τ − t), where the sign depends on X
behaviour under time-reversal (+ for positions, - for momenta). The timereversed protocol λ(τ −t) will be denoted by λ(t). Following [SF13], we label
path probabilities depending upon the original (reversed) protocol with the
superscript F (R), which stands for forward (reverse).
The probability of observing a given trajectory in the forward process
comprises two contributions: the probability of the path given its starting
point and the initial probability of being at the beginning of the path. Thus,
in the usual notation of conditional probabilities, we write
F
P F [Xτ ] = Pstart
(X(0))P F [Xτ |X(0)].

Analogously, we can build the probability of a path in the reverse process,
R
P R [Xτ ] = Pstart
(X(0))P R [Xτ |X(0)].
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In order to measure the difference between the probability of a path in the
forward process and that of the time-reversed path in the reverse process,
we define the functional
I[Xτ ] = log

P F [Xτ ]
.
P R [X τ ]

(2.3)

In the above display, the probability of the reversed path should take into
account that the reversed motion starts from the end of the forward process,
so that
R
F
Pstart
(X(0)) = Pend
(X(τ )),
F (X(τ )) is the solution at time τ of the Fokker-Planck equation
where Pend
F
for the forward process, with Pstart
(X(0)) as initial condition.
In the aim of understanding Def. (2.3), let’s compute the above defined
functional for a specific Langevin equation, namely that of the OrnsteinUhlenbeck theory of Brownian motion. The latter can be obtained from
Eq.(2.2) by setting X(t) = mV (t), µ = γ, F (x) = −x and D = kB T γ, i.e.
p
mV̇ (t) = −γmV (t) + 2kB T (t)γξ(t),
(2.4)

and models the evolution of the velocity V (t) of a brownian particle with
mass m, immersed in a heat bath at a time-dependent temperature T (t).
γ is the friction coefficient. Clearly, the quantity playing the role of the
external parameter λ is the bath temperature, which is varied according to
T (t) = Tj ,

f or

t ∈ [(j − 1)∆t, j∆t],

where j = 1, . . . , N such that N ∆t = τ . Hence, the process we are considering is a combination of N Ornstein-Uhlenbeck processes, each taking
place at fixed temperature Tj . Between two temperature changes, then, the
transition probabilities are those of a usual Ornstein-Uhlenbeck process, i.e.
Pj (v2 , t2 |v1 , t1 ) ≡ P (V (t2 ) = v2 |V (t1 ) = v1 ) =
(
)
r
m
m(v2 − v1 e−γ(t2 −t1 ) )2
=
,
exp −
2πkB Tj (1 − e−2γ(t2 −t1 ) )
2kB Tj (1 − e−2γ(t2 −t1 ) )

(2.5)

for t1 , t2 ∈ [(j − 1)∆t, j∆t].
Let’s try now to compute I[Vτ ] from the above transition probabilities.
Since the velocity is odd under time-reversal, we get
F
Pstart
(V (0))
P F [Vτ |V (0)]
+
log
=
R (V (0))
Pstart
P R [V τ |V (0)]
P F (V (0))
P F [Vτ |V (0)]
= log start
+
log
,
F (V (τ ))
Pend
P R [V τ | − V (τ )]

I[Vτ ] = log

(2.6)
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with V τ = {−V (τ − t) : 0 ≤ t ≤ τ }. The conditional path probabilities can
be computed both for the forward and for the reverse process by employing
the Markov property of Ornstein-Uhlenbeck process and splitting the whole
trajectories into slices of time-length ∆t,
P F [Vτ |V (0)] =

N
Y

P (V (j∆t)|V ((j − 1)∆t)),

j=1

P R [V τ | − V (τ )] =

N
Y

P (−V ((j − 1)∆t)| − V (j∆t)).

j=1

Because of the temperature varying protocol choosen, the factors in the
above formulas are given by Ornstein-Uhlenbeck transition probabilities
with T = Tj . Thus, setting vj = V (j∆t) and tj = j∆t, the second term in
Eq.(2.6) right-hand side becomes
N
X
Pj (vj , tj |vj−1 , tj−1 )
P F [V (t)|V (0)]
=
=
log
R
P [−V (τ − t)| − V (τ )]
Pj (−vj−1 , tN −j+1 | − vj , tN −j )
j=1
s
N
X
1 − e−2γ(tN −j+1 −tN −j )
=
+
log
1 − e−2γ(tj −tj−1 )
j=1
"
#
N
X
(vj − vj−1 e−2γ(tj −tj−1 ) )2 (−vj−1 + vj e−2γ(tN −j+1 −tN −j ) )2
m
+
+
−
=
2kB Tj
1 − e−2γ(tj −tj−1 )
1 − e−2γ(tN −j+1 −tN −j )
j=1
s
N
X
1 − e−2γ∆t
+
=
log
1 − e−2γ∆t

log

j=1

+

N
X

m (vj−1 − vj e−2γ∆t )2 − (−vj + vj−1 e−2γ∆t )2
=
2kB Tj
1 − e−2γ∆t

j=1

=

N
X
j=1

N
2
X
− vj2 )(1 − e−2γ∆t )
m (vj−1
1
=−
−2γ∆t
2kB Tj
1−e
kB Tj
j=1

2
mvj2 mvj−1
−
2
2

!
.

(2.7)
The right-hand side of Eq.(2.7) equals the sum of the negative changes in
particle kinetic energy, scaled by kB Tj . Since the considered model consists
only of the particle and the heat bath, each of this negative changes must
be associated with a positive heat flow into the bath ∆Qenv,j , thus
N

kB log

N

X ∆Qenv,j
X
P F [Vτ |V (0)]
=
=
∆Senv,j = ∆Senv ,
Tj
P R [V τ | − V (τ )] j=1
j=1

i.e. the total environmental entropy production.
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On the other hand, the other summand in Eq.(2.6) right-hand side can
be identified by the entropy production due to the particle itself. Indeed,
by looking at Gibbs’ definition of entropy
Z
dvP (v, t) log P (v, t) = h−kB log P (v, t)i,
SGibbs (t) = −kB
where P (v, t) = P (V (t) = v), we can define the particle configurational
entropy as −kB log P (v, t). Therefore, dropping momentarily the superscript
F,
Pstart (V (0))
kB log
= −kB (log P (v, τ ) − log P (v, 0)) = ∆Ssys .
Pend (V (τ ))
By putting together the last results, we get
kB I[Xτ ] = ∆Ssys + ∆Senv ⇒
⇒ ∆Stot [Xτ ] = kB log

P F [Xτ ]
,
P R [X τ ]

(2.8)

at least for the Ornstein-Uhlenbeck process. As Seifert has shown in [Sei05],
definition (2.8) remains consistent whenever the dynamics is given by a
general Langevin equation like the one presented in the introduction of the
chapter.
Then, the average of e−∆Stot [Xτ ]/kB over all the forward realisations of
X(t), carried out assuming the invariance of the functional measure under
time-reversal1 , gives the so-called Integral Fluctuation Theorem (IFT)
D

e−∆Stot [Xτ ]/kB

E

=

P R [X τ ]
=
P F [Xτ ]

Z

D[Xτ ]P F [Xτ ]

Z

D[X τ ]P [X τ ] = 1,

=

(2.9)

R

which, combined with Jensen’s inequality hexp xi ≥ exp hxi, yields thermodynamic’s second law h∆Stot i ≥ 0. However, we should note that nothing
prevents entropy change to take negative values for individual realisations,
in fact is the existence of both entropy-producing and entropy-consuming
trajectories which ensures that its negative exponential averages to 1.
We are know ready to show how entropy production, defined as in (2.8),
measures the irreversibility of a process, helping us to determine whether the
system is in an equilibrium state or not. To begin with, we consider systems
for which the control parameters do not vary with time, so that λ(t) =
cost. and all the terms in the Langevin equation do not depend explicitly
on time. Tipically, this kind of systems settles down into some stationary
state characterised by a time-independent probability. For a stationary state
1

Actually, both forward and reversed trajectories live in the same functional space.
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Pstart = Pend = Pst and, since the protocol λ is time-independent, P F =
P R = P , thus
∆Stot [Xτ ] = kB log

Pst (X(0))P [X(t)|X(0)]
.
Pst (X(τ ))P [X τ |X(0)]

Hence, the condition to satisfy for a zero entropy production reads
Pst (X(0))P [Xτ |X(0)] = Pst (X(τ ))P [X τ |X(0)] ∀X(0), X(τ ),
which can be tought as a path level detailed balance condition. When detailed balance holds, the stationary state is an equilibrium state. However,
for some systems, entropy production does not vanish in the stationary state,
meaning that there is some entropy-producing current. States of this kind
are reffered to as non-equilibrium stationary states (NESS).
Apart from reducing to detailed balance for stationary states, (2.8) can
be taken as the definition of irreversibility which makes the most sense for
a stochastic trajectory. There is no chance, indeed, for the system to come
always back where it was after a time-reversal. However, if it does so with
the same probability as for getting where it is, we can call the dynamics
reversible. We conclude this discussion by presenting, in what follows, a
general FT for an entropy-like quantity, which, as foreshadowed at the beginning of the section, can be used to derive all the transient fluctuation
relations.

2.1.1

A general transient FT

Within this subsection, we will present a general relation which rapidly
leads to all the transient or finite-time FTs (TFT) for stochastic dynamics.
The adjective apposed, that still depends on where one looks, serves to
distinguish this kind of FTs from those initially observed by Evans et al.,
which are expected to hold only in the long time limit.
The trajectory functional that is going to be considered in the next few
paragraph is very similar to the entropy production, except for the relaxation
R (X(0)) = P F (X(τ )). Following the literature we
of the requirement Pstart
end
call it R[X] and write it as
R[Xτ ] = kB log

= kB log

F
Pstart
(X(0))P F [Xτ |X(0)]
=
R (X(0))P R [X |X(0)]
Pstart
τ

F
Pstart
(X(0))
+ ∆Senv [Xτ ].
R
Pstart (X(0))

First, we remark that in this case we are not imposing any constraint on
the starting probabilities, otherwise R[Xτ ] = ∆Stot [Xτ ], and that R[Xτ ] is
odd under time-reversal of the trajectory. Next, we compute the probability
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distribution for R evaluated on the time-reversed trajectory, over the reverse
process. The probability for an outcome A reads
Z
P R (R[X τ ] = A) = D[X τ ]P R [X τ ]δ(R[X τ ] − A) ⇒
⇒ P R (R[X τ ] = −A) =

Z

D[X τ ]P R [X τ ]δ(R[X τ ] + A).

Now, if we substitute D[X τ ] with D[Xτ ], then set, by using R[Xτ ] definition,
P R [X τ ] = P F [Xτ ]e−R[Xτ ]/kB ,
and recall that R[X τ ] = −R[Xτ ], we obtain
Z
R
P (R[X τ ] = −A) = D[Xτ ]P F [Xτ ]e−R[Xτ ]/kB δ(A + R[X τ ]) =
Z
=

D[Xτ ]P F [Xτ ]e−A/kB δ(A − R[Xτ ]) = e−A/kB P F (R[Xτ ] = A).

The relation
P R (R[X τ ] = −A) = e−A/kB P F (R[Xτ ] = A)

(2.10)

is the aforementioned general fluctuation theorem. We can readily observe
that the integration over A of the above equation yields an integral fluctuation theorem analogous to Eq.(2.9). Eq.(2.10) is a general relation holding
for all times, protocols and initial conditions: the specific choice of some
or all of them is likely to lead to all known TFTs, like that for entropy
production or Jarzynski’s equality.
The former, for instance, is obtained under the conditions leading to
R[Xτ ] = ∆Stot [Xτ ],
R (X(0)) = P F (X(τ )). Under the above condition,
i.e. by setting Pstart
end
Eq.(2.10) becomes

P R (∆Stot [X τ ] = −A) = e−A/kB P F (∆Stot [Xτ ] = A),
or, written in a more common form,
P F (∆Stot )
= e∆Stot /kB .
P R (−∆Stot )

(2.11)

The above relation has been derived by Crooks in [Cro99] and is a general
feature of microscopic reversible stochastic dynamics.
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The fluctuation theorem of Eq.(2.10) is a very general result, since it follows
from the definition of the considered variable, namely R[Xτ ]. Actually,
Eq.(2.10) is so general that we may find it useless. Indeed, nothing ensures
that R[Xτ ] is related to a relevant and experimentally accesible quantity.
The reason is two-fold: first, all the relations involving stationary states
require the system to be already in one of these states at the beginning of
the observation; second, we may have no access to the part of R[Xτ ] which
depends on starting probabilities, the latter being related to the microscopic
configuration of the system.
Obviously, the above argument does not mean that all the results presented in the previous section should be thrown away. Indeed, they still
hold under the proper hypoteses, and can even hold when these hypotheses
are relaxed, if supplemented with a long-time limit, as we will see in the
following paragraphs. To begin with, let’s remark that R[Xτ ] comprises two
contributions. The first depends on the probability distributions of path extremities, and we will refer to it as the ’boundary term’. The last, instead,
equals the entropy production of the environment.
As Eq.(2.7) suggests, ∆Senv can be expressed as a sum of contributions
coming from small slices of the whole path, making us able to write it as an
additive functional
Z
τ

∆Senv =

dt0 σenv (X(t0 )).

0
R (X(0)) = P F (X(τ )), R[X ] coincides
As mentioned earlier, when Pstart
τ
end
with the total entropy production. However, we may be unable to make
the reversed process to start with a given probability distribution, or even
to measure the starting probability distribution, if the number of degrees
of freedom involved is huge. ∆Senv , instead, being related to the quantities
the system exchanges with the bath it is coupled with, is easier to measure
than the boundary term.
At this stage, the question is whether ∆Senv satisfies a FT or not. The
answer is, in principle, negative, but let us make some observations. ∆Senv
additivity causes it to increase as the observation time τ is raised, while,
except for some special cases that will not be discussed here, the boundary
term is expected to remain bounded. Hence, we write

R[Xτ ]
∆Senv [Xτ ]
1
lim
= lim
= lim
τ →∞
τ →∞
τ →∞ τ
τ
τ

Z

τ

dt0 σenv (X(t0 )).

0

In addition, by setting A = aτ in Eq.(2.10), we get
P R (R/τ = −a) = e−τ a/kB P F (R/τ = a),
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thus, the equivalence R/τ ≈ ∆Senv /τ ≈ ∆S/τ in the long-τ limit yields
P F (∆S/τ = a)
 eτ a/kB .
P R (∆S/τ = −a)

(2.12)

The above display shows nothing but a fluctuation theorem, holding in the
large time limit, i.e. the same as for a LDP of the kind discussed in the last
part of section 1.3.2.
Indeed, the existence of a link between large deviations and fluctuation
relations has been pointed out by Gallavotti and Cohen in [GC95a]. To
appreciate this link, we shall consider systems for which the forward and
reversed processes coincide. This may occur, for istance, when the parameters variation protocol λ(t) is invariant under time reversal, or, generally,
for stationary states. In such cases, Eq.(2.12) becomes
P (∆Senv /τ = a)
 eτ a ,
P (∆Senv /τ = −a)

(2.13)

where we set kB = 1. To put it in a more general perspective, let Aτ denote
a non-equilibrium observable integrated over a time interval τ and R(a)
the ratio between outcomes Aτ = ±a probabilities. Aτ is said to satisfy a
fluctuation theorem if, for some constant b,
R(a)  eτ ba .

(2.14)

The above relation holds whenever Aτ satisfies a LDP with a rate function
IA (a) having the following simmetry porperty:
IA (−a) − IA (a) = ba.

(2.15)

Indeed, if P (Aτ = a)  e−τ IA (a) , then
R(a) =

P (Aτ = a)
 e−τ [IA (a)−IA (−a)] = eτ ba .
P (Aτ = −a)

From the large deviations point of view, a FT act as a prescription of
the rate function anti-symmetric part. Moreover, it implies a simmetry
condition for the SCGF, which is known to be rate function L-F transform.
cA (k) = sup {ka − IA (a)} = sup {(k + b)a − IA (−a)} =
a

a

= sup {(−k − b)a − IA (a)} = cA (−k − b).

(2.16)

a

If, in addition, Aτ falls within the hypotheses of Gärtner-Ellis theorem, or
when in general its rate function is SCGF L-F transform, the above condition
suffice to ensure that Eq.(2.14) holds.

Chapter 3

Condensation of fluctuations
In the first chapter we described the connection between statistical mechanics and large deviations theory. The power of this connection, as previously
remarked, arises when dealing with non-equilibrium states. For those states,
indeed, an ensemble theory providing us the thermodynamic potential does
not exist, yet we may be able to compute a rate function. The latter, according to the arguments proposed in section 1.3.1, can be perceived as a
thermodynamic potential, so that one can carry on the investigation within
ensemble theory framework.
We will present, within this chapter, an approach to non-equilibrium
phase transitions based on the above referred connection. This approach
has been successfully employed in [BDSG+ 10, BKP12, ZCG14], where the
authors related the transitions to the rate function non-analytic behaviour,
just as free energy non-analyticities signal equilibrium phase transitions.
Specifically, we will deal with condensation transitions.
In a physical context, the word condensation refers to a class of phase
transitions characterised by the concentration of a significant fraction of
some quantity into a small region of the phase space. Two paradigmatic
instances of this phenomenon are given by vapor-liquid phase transition
and Bose-Einstein condensation (BEC). Despite the prominent role played
by molecular interactions in the former case, the latter shows how a phase
transition of this kind may occur even in a non-interacting system, provided
the conservation of the condensed quantity. A global conservation law acts
indeed as an effective interaction, being even able to drive a phase-transition.
Actually, we will focus on another manifestation of the phenomenon,
namely condensation of fluctuations. It can be thought as the counterpart
of ordinary condensation, to which we will refer as condensation on average,
in the realm of rare events. These two related, yet conceptually different,
sides of condensation may occur jointly or disjointly. Non-interacting systems, for instance, cannot substain condensation on average, but nothing
prevents fluctuations to condense. Indeed, a given fluctuation correspond in
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some sense to constraining the fluctuating variable to take a certain value,
arbitrarily far from the mean, and we now, from BEC and related models,
that constraints are able to drive phase transitions.
The chapter is organized as follows. In the first section we will outline
the general features of condensation of fluctations, by studying the large
deviations of a sum of i.i.d. random variables. This problem is representative of a broad class of non-equilibrium systems whose stationary states
probability measures take a factorised form. Then, in the second section,
we will describe the condensation occurring in the temperature quench of
the Gaussian model. The Gaussian model is a paradigmatic example of
non-interacting system, but the quench breaks time-translational invariance,
making it conceptually different from the non-equilibrium stationary states
where condensation of fluctuations has been previously observed.

3.1

Non-analytical rate functions

A quite simple explanation of the mechanism underlying fluctuations condensation comes from the study of the probability distribution of sums of
random variables, as it has been shown in [Cor15].
The model considered in the above referred work consists of M receptors labeled with an integer i = 1, . . . , M , each hosting ni particles with
probability
1
1
p(ni ) =
,
ζ(K) (1 + ni )K
where ζ(K) is the Riemann’s zeta function and K > 1. The zeta function
is defined as
∞
X
1
ζ(K) =
,
(1 + n)K
n=0

and is real and finite for K > 1. The total number of particles N is distributed according to
PM (N ) =

∞
X

p(n1 )p(n2 ) . . . p(nM )δN,Pi ni .

(3.1)

n1 ,...,nM =0

P
The factorised form of the probability of the macrovariable N = M
i=1 ni
is analogous to the stationary state of models for the transfer of a mass
variable, such as the Zero-Range Process[EH05]1 .
1

The Zero-Range Process is a model of driven diffusive system where some particles
hop from site to site on a lattice, with a rate depending on the site occupancy. It has been
shown to display a factorized non-equilibrium steady state, the factors of which depend
on the hop rates.
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In order to infer a LDP for PM (N ), we shall compute the scaled cumulant
generating function c(t). Being N is the sum of M i.i.d. random variables,
the SCGF equals the cumulant generating fuction of the summands, i.e.
∞

c(t) = log etn

p

= log

1 X
etn
.
ζ(K)
(1 + n)K
n=0

Due to normalization, the argument of the logarithm equals 1 for t = 0, thus
c(0) = 0. For t > 0, instead, the sum diverges, so that we set c(t) = +∞.
For t < 0, the sum converges, and can be cast in a closed form by resorting
to the polylogarithm definition
LiK (z) =

∞
X
n=0

z 1+n
.
(1 + n)K

The polylogarithm of real order K is real if z < 1, thus, for t < 0,
∞
X
n=0

∞

X et(1+n)
etn
−t
=
e
= e−t LiK (et ) ⇒
(1 + n)K
(1 + n)K
n=0



⇒ c(t) = log e−t LiK (et )/ζ(K) .
Definitely,

 −t

t

 log e LiK (e )/ζ(K) if
if
c(t) = 0


+∞
if

t < 0,
t = 0,

(3.2)

t > 0.

The c(t) above is differentiable in the interior of its domain, i.e. for
t < 0. Hence, we can check if it falls under the hypotheses of the GärtnerEllis theorem by analysing c0 (t) behaviour as t approaches 0 from below.
For all t < 0,
"∞
#−1 ∞
X
X
netn
etn
0
c (t) =
.
ζ(K)(1 + n)K
ζ(K)(1 + n)K
n=0

n=0

Therefore,
∞

∞

n=0

n=0

1 X
n
1 X
1
lim c (t) =
=
− 1.
t%0
ζ(K)
(1 + n)K
ζ(K)
(1 + n)K−1
0

Since the Riemann’s zeta function diverges for K <= 1, we can conclude
that

 ζ(K − 1) − 1
if K > 2,
0
ζ(K)
lim c (t) =
(3.3)

t%0
+∞
if K ∈ (1, 2].
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Figure 3.1: Scaled cumulant generating function of the urn model described in the text,
for K = 2. The black dashed line represent c(t) derivative at the domain boundary, which,
according to Eq.(3.3), diverges.

Fig. 3.1 shows the SCGF of the model for K = 2. It fulfills Gärtner-Ellis
hypotheses, hence PM (ρ), with ρ = N/M , satisfies a LDP in the large M
limit.
PM (ρ)  e−M [t(ρ)ρ−c(t(ρ))] ≡ e−M I(ρ)
where t(ρ) is the unique solution of c0 (t) = ρ and the rate function I(ρ)
is shown in Fig. 3.2. The value of t(ρ) has been obtained numerically
via the Newton’s method for each value of ρ. We note that, according
to the Legendre duality (theorem A.1, Appendix A), I 0 (+∞) → 0− , as
c0 (0− ) → +∞, while I 0 (0+ ) → −∞, as c0 (−∞) → 0+ .
For K > 2, c(t) derivative is finite at t = 0, as Fig. 3.3 displays. We
can surely compute c(t) L-F transform, but, as remarked in section 1.2, it
gives only the convex envelope of the true rate function. The result of the
transformation is shown in Fig. 3.4: it displays a discontinuity on the second
or third derivative at ρ = ζ(K − 1)/ζ(K) − 1. However, since the considered
variable, namely ρ = N/M , is the sum of M i.i.d. random variables, we
claim that the function in Fig. 3.4 is in fact the true rate function.
In order to motivate our claim, we shall reconsider the reason of the
Gärtner-Ellis theorem failure. The latter requires a differentiable SCGF
simply because the rate function must be strictly convex, if we want to trace
it back by knowing the solely SCGF. Nevertheless, as remarked in Appendix
A, convexity and closure suffice to ensure that a couple of conjugated func-

3.1. Non-analytical rate functions

45

Figure 3.2: Rate function of the urn model described in the text, for K = 2. The black
dashed line represent the horizontal asymptote at x = 0.

Figure 3.3: Scaled cumulant generating function of the urn model described in the text,
for K = 3. The black dashed line represent c(t) derivative at the domain boundary, which,
according to Eq.(3.3), equals ζ(2)/ζ(3) − 1 ' 0.37.

tions are in a one-to-one correspondence through the L-F transform. Hence,

46

Chapter 3. Condensation of fluctuations

Figure 3.4: Rate function of the urn model described in the text, for K = 3. It develop
a linear branch at x ' 0.37, i.e at c0 (t) limiting value.

if we are able to show that the rate function must be convex, we can compute
it, in spite of the Gärtner-Ellis theorem, as the L-F transform of a singular
or non-steep SCGF.
To prove the rate function convexity, let us fix M and N andP
consider the
probability of the outcome ρ = N/M for the random variable M
i=1 ni /M .
!
M
1 X
PM (ρ) = PM {ni } :
ni = ρ .
M
i=1

By setting M1 = αM , M2 = (1−α)M , where α is a rational number ∈ (0, 1)
we can re-write the above formula as
!
M1
M2
M1 1 X
M2 1 X
PM (ρ) = PM {ni } :
ni +
ni+M1 = ρ ,
M M1
M M2
i=1

i=1

which, being the ni ’s identically distributed, we re-write again as
!
M1
M2
1 X
1 X
PM {ni } : α
ni + (1 − α)
ni = ρ = PM (αρ1 + (1 − α)ρ2 ).
M1
M2
i=1

i=1

PM1/2
In the above display, ρ1/2 = N1/2 /M1/2 , with N1/2 = i=1
ni .
The probability of the outcome ρ = αρ1 + (1 − α)ρ2 depends on the total
number of particle N , irrespective of how many particles lies in the first M1
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sites and in the others M2 . In fact, due to ni ’s independence, we may write
it as
0
X
PM (αρ1 + (1 − α)ρ2 ) =
PM1 (ρ0 )PM2 (ρ00 ),
ρ0 ,ρ00

where the 0 on the sum stands for the condition αρ0 + (1 − α)ρ00 = αρ1 + (1 −
α)ρ2 , which, obviously, does not imply ρ0 = ρ1 and ρ00 = ρ2 . The sum on the
above equation right-hand side is clearly greater than any of the summands;
specifically, it is greater than the term with ρ0 = ρ1 and ρ00 = ρ2 . Thus,
PM (αρ1 + (1 − α)ρ2 ) ≥ PM1 (ρ1 )PM2 (ρ2 ).
By taking the logarithm of the above display, we get
log PM (αρ1 + (1 − α)ρ2 ) ≥ log PM1 (ρ1 ) + log PM2 (ρ2 ).
Then, dividing each member by −M = −M1 /α = −M2 /(1 − α), the inequality becomes
−

1
α
(1 − α)
log PM (αρ1 + (1 − α)ρ2 ) ≤ −
log PM1 (ρ1 ) −
log PM2 (ρ2 ).
M
M1
M2

Supported with a large M limit, the above inequality shows that the
rate function, if exists, must satisfy
I(αρ1 + (1 − α)ρ2 ) ≤ αI(ρ1 ) + (1 − α)I(ρ2 ),
i.e. it must be convex. Actually, to guarantee I(ρ) convexity we should
show that the above relation is satisfied for all α ∈ (0, 1), but ρ can take
only rational values, thus the proposed argument suffices.
We conclude, then, that the function drawn in Fig. 3.4 is the true
rate function of the model for K = 3, and perceive its non-analiticity at
ρc = ζ(2)/ζ(3) − 1 ' 0.37 as an evidence of a phase transition. We, as
in [Cor15], call the transition a condensation, since it happens that, given
the probabilities of the single sites, the only way to accomodate N > M ρc
within the M sites, is to store a significant fraction of them into a single
site.
The above statement is strictly connected to the linear branch the rate
function develops at ρc . Due to linearity, for ρ1 , ρ2 > ρc , the convexity
condition holds on equality, i.e.
I(αρ1 + (1 − α)ρ2 ) = αI(ρ1 ) + (1 − α)I(ρ2 ).
By working backwards the presented argument for I(ρ) convexity, we translate the rate function linearity as
PM (αρ1 + (1 − α)ρ2 ) =

0
X
ρ0 ,ρ00

PM1 (ρ0 )PM2 (ρ00 )  PM1 (ρ1 )PM2 (ρ2 ).
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The above relation tell us that, at least on the exponential scale of the LDP,
there is only one way to accomodate the N = M ρ particles among the M
receptros. As a statistical Physicist would say, there is one microstate which
is responsible for a significant fraction of the macrostate.
We end this section by remarking that, according to the ensemble duality
discussed in section 1.3.1, a condensation of fluctuations can be always perceived as a condensation on average within the constrained ensemble. The
latter, indeed, being obtained by fixing ρ, has PM (N ) as partition function.

3.2

Quenching in the Gaussian model

The results we are going to describe in this section have been reported by
Zannetti et al. in [ZCG14]. This paper is part of a program aimed at
studying fluctuations of processes without time translation invariance, such
as the relaxation following an istantaneous temperature quench from an
equilibrium state. As far as we know, the appearance of singularities in this
kind of systems fluctuations was reported in [CGPZ13] for the first time.
Following [ZCGP14], we will consider a system of volume V , described
by a scalar order parameter field ϕ(~x) and the energy functional
Z
1
H [ϕ] =
d~x[(∇ϕ)2 + rϕ2 (~x)],
2 V
where r is non-negative. The system, initially prepared in an equilibrium
state at temperature Ti , is istantaneously quenched to the lower temperature
Tf at time t = 0. The relaxation dynamics is given by the Langevin equation
ϕ̇(~x, t) = [∇2 − r]ϕ(~x, t) + η(~x, t),
where η is a white Gaussian noise satisfying
hη(~x, t)i = 0,

η(~x, t)η(~x0 , t0 ) = 2Tf δ(~x − ~x0 )δ(t − t0 ).

A quadratic hamiltonian such H [ϕ] can be diagonalized via Fourier transformation. Thus, we set
Z
~
ϕ̃~k =
ϕ(~x)eik·~x .
V

ϕ reality requires ϕ̃~k = ϕ̃−~k . Hence, once we have splitted the set of allowed
wavevectors K (they can be limited in modulus due to the existence of a
microscopic length scale) into a ’positive’ set K+ and a ’negative’ one K− ,
such that K− = {~k ∈ K : −~k ∈ K+ } and K+ ∩ K− = K − {~0}, it is
worthwhile to consider as independent variables x(~k) such that


ϕ̃
if ~k = 0,

 ~0
x~k = Reϕ̃~k ,
if ~k ∈ K+ ,



if ~k ∈ K− .
Imϕ̃~k
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In the new variables, the hamiltonian separates as
H [x] =

X

H~k (x~k ) =

~k

X 1
θk ωk x~2k ,
V
~k

with θk equaling 1/2 for ~k = ~0, 1 elsewhere, and the Langevin equation
becomes
ẋ~k (t) = −ωk x~k (t) + ζ~k (t),
(3.4)
where ωk = k 2 + r and the noise covariance is given by
ζ~k (t)ζ~k0 (t0 ) =

Tf
V δ~ ~ 0 δ(t − t0 ).
θk k,−k

Basically, we have decoupled the degrees of freedom of the system by finding its normal (read independent) modes. Each mode dynamics follows an
independent Langevin equation, so that the system’s state probability is
factorized for all times, i.e.
Y
P (x, t) =
P~k (x~k , t).
(3.5)
~k

For each mode, we can define its effective temperature βk−1 (t) as its mean
energy. This definition yields
βk−1 (t) = (Ti − Tf )e−2ωk t + Tf .
We will not give a derivation of the above display, but it seems reasonable
that the effective temperature of a mode equals Ti at t = 0, then relax to
Tf with a rate depending on the mode frequency. Once βk−1 (t) is given, it
can be shown that single mode contributions to P (x, t) read
r
βk (t)θk ωk −βk (t)H~ (x~ ) e−βk (t)H~k (x~k )
k k ≡
P~k (x~k , t) =
e
.
(3.6)
πV
Zk (t)
Having an exact expression of the microstate probability distribution,
we are able to compute fluctuations probability, by following the scheme
outlined in section 1.3.1. As it has been done in [ZCGP14], we will consider
separable observables of the kind
A(x) =

X
~k

A~k (x~k ) =

X 1
θk ak x~2k .
V
~k

and define the probability of an outcome A as
Z
P (A(x) = A, t) = dxP (x, t)δ(A − A(x)).
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In order to infer a LDP for the above probability, we need an expression for
ezA(x) which, due to probability factorization and A separability, is given
by
E
D
E YD
YZ ∞
zA~k (x~k )
zA(x)
dx~k P~k (x~k , t)ezA~k (x~k ) =
=
e
e
=
~k

~k

=

YZ

−∞

~k

r

∞

dx~k
s

=

Y
~k

~k

−∞

βk (t)θk ωk −βk (t) V1 θk ωk x~2 z V1 θk ak x~2
ke
k =
e
πV

Y
βk (t)ωk
=
βk (t)ωk − zak

s

~k

where
ρk =

1
βk ωk
=
A~
ak
2 k

1
,
1 − z/ρk (t)

−1

(3.7)

.

As we showed in section 1.3.1, P (A(x) = A, t) rate function IA (a) reads
IA (a) = z ∗ a − cA (z ∗ ),
where a = A/V ,
cA (z) =

D
E
1
log ezA(x)
V

and z ∗ is the solution of the saddle-point equation c0A (z) = a. By computing
cA derivative, the saddle-point equation can be cast in the following form.
a=

1 X
1
.
V
2(ρk (t) − z)

(3.8)

~k

Since c0A (z) equals A’s biased mean at fixed z (Eq. (1.18)), each term of the
above sum, due to probability factorisation, equals A~k ’s biased mean. Thus,
A~k

z

=

1
1
=
.
−1
2(ρk (t) − z)
A~k
− 2z

(3.9)

Assuming A to be positive, Eq.(3.7) tell us that the SCGF cA (z) is defined
for z ≤ mink ρk ≡ ρkm , tending to ∞ as z tends to ρkm . Where defined, the
SCGF is differentiable, and, due to convexity, its derivatives are limited by
that on z = ρkm . We write
c0A (z) ≤ c0A (z = ρkm ) = aC (t),
expliciting time dependence. When the limiting value diverges, c0A (z) =
a can be inverted for every a’s, yielding the solution of the saddle-point
equation and, finally, the rate function. This is indeed the most general case
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for the Gärtner-Ellis theorem to be applied, ensuring that the whole rate
function is given by the SCGF Legendre transform.
For a finite aC (t), conversely, the saddle-point equation can be solved
only for a ≤ aC (t), causing the rate function to be SCGF Legendre transform
only under the critical value. However, it is possible to obtain rate function
behaviour both by proceeding as in the standard BEC treatment, as it has
been done in [ZCGP14], and by convexity considerations, as we did in the
previous section. Obviously, both the derivations agree on the rate function
behaviour, which reads
(
z ∗ a − cA (z ∗ )
if a ≤ aC (t),
IA (a) =
(3.10)
ρkm (t)(a − aC ) + IA (aC )
if a > aC (t),
and is shown in Fig. 3.5. The physical meaning of such a rate function is

P
d~
xϕ2 (~
x) = V1 ~k θk x~2k . It is
worth underlining that fixing the density s = S/V corresponds to a spherical constraint à
la Berlin and Kac.

Figure 3.5: Rate function for the observable S[ϕ] =

R

V

simple: once a fluctuation has gone beyond a critical value, the exceeding
observable quantity is provided by a single mode, namely that whose k
minimises ρk . Due to the above statement, we can see that the mechanism
is very similar to BEC. However, in this case, condensation is a rare event,
since it requires a fluctuating variable
P (A) to exceed a critical value (V ac ),
usually quite far from the mean ( k ρ−1
k ).

Part II

The Physics of Active
Matter: a short introduction
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This part concerns the Physics of active systems, many-particles systems
which are permanently held far from equilibrium by processes involving the
individual constituents. Active systems can exhibit, with respect to the
’passive’ systems usually encountered in soft matter Physics, many new behaviours, some of which extremely relevant to applications. This motivates
the effort which has been placed in building up a general active matter
theory within the last twenty years.
Chapter 1 consists in a broadscope description of active systems. We
will consider both systems found in nature and synthetic ones, and list their
main features, especially those which cause those systems to differ from their
passive counterparts. The end of the chapter is devoted to a brief discussion
of the challenges that active systems modelling offers to theoretical Physics.
In Chapter 2 we will outline and comment some of the theoretical models
currently employed by the theory of active matter. For each model considered, we will specify the level of description to which it refers, by examining
the detail it includes and the predictions it allows to draw.

Chapter 4

Active systems
This chapter is aimed at giving a phenomenological introduction to the
Physics of active matter. Following the literature, we will call a system
active when its constituents are able to absorb energy from either their surroundings or internal tanks, and dissipate it to engage in non-equilibrium activities such as self-propulsion, growth and replication[DMM15]. It is clear,
from the above definitions, that active matter includes all living organisms.
Indeed, as mentioned by Ramaswamy[Ram10], the first appearence of active matter idea dates back to 1969, when Finlayson and Scriven argued
that the macroscopic instable behaviour of biological matter is driven by
stresses arising from its metabolic activity.
It is suggestive, from this point of view, to think at active matter theory
as an attempt in incorporating living matter in the soft matter realm. One
of the most famous physical models of an active system, namely the Vicsek
model (1995), is aimed indeed at catching the essential physics behind birds
flocking.
The chapter is organized as follows. In the first section we will give a phenomenological description of some systems which can be considered active,
in order to clarify both the meaning of active and the scope of the theory.
Then, on the basis of the examples presented, we will outline the main features of active systems, i.e. those features active matter theory is expected
to explain and predict. The description that follows is entirely based on
observation and experiment, and will serve as a basis for understanding the
modelling techniques that will be presented in the next chapter.
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What is active matter?

A good way to answer the posed question consists in exhibiting the behaviour
of a few of the amazing variety of active systems found in nature. Especially,
we will consider three kinds of systems: bacterial colonies, gregarious animal
groups, non-living self-propelled particles. This choice is aimed at showing
that active matter systems length-scales range from bacteria micrometres
to the macroscales of mammals, and that the fundamental constituents of
such systems may be both living organisms and unanimated objects.
Bacterial colonies
Among systems consisting of many interacting organisms and displaying a
non-trivial macroscopic behaviour, microorganisms colonies deserve a special
mention. Due to individuals’ simplicity and the easiness of culture monitoring, a huge number of studies focused on both experimental and theoretical
aspects of colony formation and microorganisms collective behaviour. We
can cite, for istance, the work of Ben-Jacob et al.[BJST+ 94] on Bacillus
subtilis colonies, from which Fig. 4.1 has been taken. This and related

Figure 4.1: Colnies of Bacillus subtilis growing in fractal forms. Picture realised by E.
Ben-Jacob.

studies showed how, depending on environmental conditions, bacteria can
arrange themselves in a wide variety of patterns, including also fractal-like
structures. It has been shown that the complexity of the colony shape increases as the environment is made hostile, for istance by limiting nutrients,
since complex formations allow long-range information trasmission and cell
differentiation.
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Figure 4.2: The growth and ordering of a E. Coli colony in a 2D environment. The
two snapshots are are taken respectively at 60 and 138 minutes after the beginning of the
experiment. From [VCHT08]

Another kind of collective phenomenon is observed when bacteria density
is raised. Under this condition, B. subtilis is known to form a collective
phase characterized by large scale orentational order, thus reminiscent of the
molecular alignment in nematic liquid crystals. This phase is indeed called
Zooming BioNematics (ZBN), and occurs since, due to a concentration near
to close-packing condition, the most efficient way to move consist in forming
ordered clusters, the velocity of which easily overcome that of the single
bacterium. A phase transition of this kind has been observed for E. Coli
colonies too, as depicted in Fig.4.2. It should be stressed that this kind of
bacteria, as B. Subtilis, has a rod-like shape, which ease allignment due to
collisions.

Figure 4.3: Colonies of Myxococcus Xanthus at several packing fractions η. η = 0.1 in
A, 0.16 in B and 0.24 in C. Adapted from [PSJ+ 12].

The individuals’ shape issue has been investigated by Peruani et al.
within an experimental study of Myxococcus Xanthus colonies[PSJ+ 12]. Actually, the bacterium considered was a M. Xanthus mutant: it is the mutation which, by suppressing the complex inter-bacteria interactions, has
allowed the authors to focus on the emergence of collective behaviour due
to self-propulsion and elongated individuals’ shape. They showed that these
two factors suffice to cause the aggregation of bacteria into moving clusters,
finding in addition that the clusters size distribution depends strongly on the
density of bacteria, as shown in Fig. 4.3. At high densities (packing fraction
above ∼ 0.17, panel C of Fig. 4.3) such distribution decay as a power of the
cluster size, meaning that the clusters size may become so large that can
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be interpreted as the emergence of collective motion. Aggregation occurs
even at lower packing fractions (panel A,B of Fig. 4.3), but the clusters
are significantly smaller that those seen at higher densities: the clusters size
distribution displays indeed an exponential decay.
Flocks, herds and schools
Flocking of birds is one of the most striking evidence of living matter collective behaviour. Everyone knows about the extremely high correlated motion
patterns flocks can exhibit. The reason for them to occur lies in the advantages brought, including defense against predators, more efficient exploration
for resources, improved decision making in larger groups. Some of the most
fundamental questions regarding birds and other gregarious animals, such
as fish schools, mammal herds and insect swarms, are listed below:
• What are the mechanisms causing organization?
• How a common decision is reached? Is it governed by a leader or by
some kind of consensus?
• Are these aspects influenced by the size of the group?
The experimental observations conducted on several animal species, have
led to the conclusion that this kind of collective motion is caused by the tendency of every individual to align to its neighbours. The same feature has
been found in bacterial colonies too, yet, while there it seems to depend on
the shape of the individuals, here it is due to their ability to track other
members trajectories and consequently adjust their one. There is, however,
still some debate on the kind of interaction: studies on flocks showing density indepedent behaviours suggest a metric interaction, i.e. two members
of the flock see each other if less distant than a certain R; other experiments, conversely, show that individuals interact only with ther N nearest
neighbours, causing the interaction to be topological. The above statement
tell us that the density, though can play the role of the control parameter
determining collective behaviour, as we have seen for bacterial colonies, it
is not the only relevant variable.
Sheeps provide a good example of density independt behaviour, since,
while able to move very coherently, do not display orientational order when
hanging around with no overall motion. Thus, it can be concluded that the
control parameter driving a sheep herd collective behaviour is individuals
velocity, rather than density. A density driven ordering phase transition,
however, has been found in studies concerning locust swarms, as shown in
Fig. 4.4.
The same uncertainities affects the understanding of decision making,
since the mechanisms are strongly species dependent, even if the resulting
macroscopic behaviour is qualitatively similar. Some fishes, in addition,
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Figure 4.4: Alignment of a locust swarm as a function of the density. The alignment
is measured as the averaged orientation, so that values close to 1 and −1 means that all
the locusts move in the same direction. The motion of the swarm is nearly uncorrelated
at low densities (A). Then, at intermediate densities, relatively long periods of ordered
motion are separated by abrupt changes in direction (B). The alignment is persistent at
high densities (C). From [BSC+ 06].

though would normally change direction only when a treshold number of
conspecific does so, while foraging can be led to the food site even by a
single informed individual. Thus, decision making mechanism varies also
with the state of the whole group, i.e. with the phase of the system.
Self-propelled particles
All the exemples presented in the previous paragraphs refer to living organisms. However, even some dead objects are able to display such a variety of
collective phenomena. With respect to living matter, the main differences
are activity causes and interactions between individuals. The latter, indeed,
have to be physical, rather than based on communication. These kind of
systems deserve a special mention since, apart from the amazing technological implications1 , are more willing to be controlled experimentally than a
collection of living entities. Thus, non-living active systems, usually referred
to as self-propelled particles (SPPs), constitute a good benchmark for active
matter theory experimental tests.
The simplest SPPs are the so-called Janus paricles. Like the ancient roman god after which they are named, Janus particles have two (or more) different physico-chemical properties on their surfaces. This difference causes
activity under certain environmental condition. To be concrete, let us consider a colloid with its halves coated with different substances. When immersed in a fluid which reacts only with one of those substances, the colloid
will generate a local gradient of some physico-chemical property, and then
engage a self-phoretic motion. The products concentration difference at the
sides due to reaction, for istance, lead to a net propulsion. Provided activity, Janus particles are able to exhibit collective behaviours similar to that
1

Some of the most intriguing prospect the employment of active particle offers consist in
directing nanostructure formation, such as tissue scaffold for wound repairing; or creating
driven drug deliverers and probes.
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encountered in the previous sections.
Even granular rods can acquire an activity, when agitated in the proper
way. Systems of periodically, vertically vibrated symmetric rods have been
intensively investigated in the last decade. Narayan et al.[NMR06] showed
how they form a nematic phase under certain conditions, while Blair et
al.[BNK03] focused on the emergence of vortex patterns in spontaneously
formed ordered domains. Granular rods play an important role in understanding how ordered phases and coherent motions can appear in a system in
which particles do not communicate except by contact. The ordering effect
can be understood via a simple example from ordinary life. Some thootpick
bins consist of a plastic cylinder with a small hole on the top. The hole is
so tight that a toothpick can be pulled out only if lying in a vertical position. What we do in fact is vertically shake the bid until the toothpicks get
aligned, making us able to extract one. With this example in mind, the fact
that verically vibrated rods undergo a nematic phase transition should not
be surprising.

Figure 4.5: Examples of patterns observed when granular rods are vertically vibrated
(50 Hz). The cylindrical surface of the rods is coated with a gray tin-oxide layer to alter
light reflection: if the rods are inclined greater than 35°, they reflect far less light compared
to nearly vertical and horizontal rods. The left panel shows the nematiclike state obtained
when the number fraction ϕ = number of rods/maximum number of rods
equals 0.152. On the right panel ϕ = 0.551, and the rods arrage themselves into vorteces.
Adapted from [BNK03].
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Modelling challenges

The richness of the phenomenology, a sample of which has been given in
the previous section, makes active matter modelling a real challenging task.
First of all, since an active system is a collection of active particles, any theoretical investigation shall be carried on within the framework of statistical
mechanics. The latter, indeed, successfully dercribes collective phenomena
in passive systems, and we have seen, through the examples listed in the
previous section, how the emergence of collective behaviours is a leitmotif
in active systems physics.
We are especially interested in those active systems whose macroscopic
behaviour differs from that of their passive counterpart, since one of the
main question active matter theory addresses is
• How the macroscopic behaviour depends on activity?
The most striking consequence of individuals motility is that it causes an active system to never reach the thermodynamics equilibrium. Active matter,
indeed, is often referred to as a peculiar non-equilibrium regime of condensed
matter[Ram10].
The macroscopic properties, in addition, varies from system to system.
There are even systems, as B. Subtilis colonies, able to display several collective behaviours, depending on both environmental conditions and which
parameter is varied. In order to reproduce such feature, a realistic model
should inculde an appropriate interaction mechanism between individuals,
and take into account the medium in which they move. This raises another
couple of questions:
• How active particles see each other? Does the enviroment influence
them?
According to the kind of interaction, even the individuals’ shape may
have a prominent role in the description. The behaviour of a system of
vertically vibrated graular rods, indeed, suggests that even a simple hardcore interaction may be able to drive a phase transition. It is clear, then, that
the result of a collision depends strongly on the shape of the colliding objects.
Hence, individuals’ shape is another aspect to consider in the construction
of a Physical model.
We will see, within the following chapter, how the questions listed here
are addressed by the fast developing theory of active matter.

Chapter 5

Three levels of theoretical
description
This chapter consists of a brief review of the theoretical models currently
employed in active matter Physics. We grouped these models by the level
of description to which they refer, i.e. by the characteristic length-scale of
the phenomena the model wants to highlight.
From statistical mechanics point of view, active matter can be perceived
as condensed matter in a new non-equilibrium regime[Ram10], characterised
by the following features:
(i) The energy input takes place directly at particles level, being thus
homogenously distributed through the bulk of the system;
(ii) Self-propulsion is force free, i.e. the forces that particles and media
exert on each other cancel;
(iii) Due to (ii), self-propulsion direction is set by the orientation of the
particle.
These are the aspect a theoretical description should take into account,
while the set goal is both the reproduction and prediciton of the various collective phenomena observed and the understanding of the underlying mechanism. Specifically, let us re-state it, the macroscopic behaviours we are
interested in are those relying on particles activity, otherwise we would not
use the phrase ’active matter theory’. Unfortunately, the first property of
the above list tell us that self-propulsion arise at the microscopic level, so
that the request of a model explaining both activity arising and how it
influences system’s collective behaviour seems too strong to be met.
In spite of this, the evergrowing list of simple, succesful models suggest
that, at least at a phenomenological level, some details could be neglected
without altering system’s macroscopic properties. Hence, to build up an efficient model, one has to choose a specifical level of description, by balancing
included details and to be predicted properties.
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Microscopic dynamics

The smallest scales involve the modeling of individual motile organisms, such
as birds and bacteria. A basic concept underlying self-propulsion arising in
almost all the known examples of active systems is that it is force-free,
as mentioned in the secont point of the numbered list at the beginning of
the chapter. As birds need to flap their wings, some active particles gain
momentum from its surroundings by transducing the energy taken from
any internal depot into a periodic deformation of its body. For bacteria, e.
g., this deformation correspond to the cyclic movement of cilia or flagella.
During this deformation, Newton’s 3rd law ensures that the forces exterted
on the medium by the particle and those exterted on the particle by the
medium cancel out.
Following the literature, we call this class of active particles swimmers.
It should be mentioned, at this stage, that this is not the only possible
self-propulsion mechanism. Janus particles, for istance, gain activity from a
self-phoretic process. We call a motion phoretic when it is driven by some
external fields. Self-phoretic motion, instead, take place when the driving
field is generated locally by the different value of a certain physical properties at the two sides of a Janus particle. Both self-phoresis and swimming
mechanisms, however, can be understood by considering the Navier-Stokes
equations for the velocity field of the medium surrounding the particle,
ρ(∂t u + u · ∇u) = −∇p + µ∇2 u,

(5.1)

equipped with an incompressibility condition ∇ · u = 0.
The above equations describes the velocity field of a fluid with uniform
density ρ and uniform dynamic viscosity µ, under the pressure field p(r, t).
An active particle can be inserted in such description via boundary conditions: Eq.(5.1) gives the velocity field exterior to the particle, whose surface’s
speed equals that of the fluid adhering to it. Thus, if S(t) denotes the surface
of the active particle at a given time t, we set
u(rs , t) = ṙs ,

∀rs ∈ S(t).

The above set of equalities is termed no-slip boundary condition.
Eq.(5.1) allows us to predict the net propulsion gained due to either a
local pressure gradient or a given ’deformation protocol’ S(t). In the last
case, however, the problem can be made very difficult by the complexity of
the surface of the active particle we want to model. Hence, what one usually
do is to plug realistic numbers into Navier-Stokes equations and search for
the dominant terms. The relevant forces here are viscous and inertial forces,
thus the number to check is the Reynolds number
Re =

ρLv
Lv
≡
µ
ν
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where L and v are respectively typical length and velocity scales. The
Reynolds number measures the ratio between inertial and viscous forces,
since the former is given by
v
Finertial = m∂t v ∼ ρSL ,
t
while the latter can be approximated with
Fviscous ∼ µS∂x v ∼ µS

L
,
tL

so that

ρLv
Finertial
=
.
Fviscous
µ
Let us consider a human swimming in the sea, by taking L ∼ 2m and v ∼
1m/s. The kinematic viscosity of the sea ν = µ/ρ at standard temperatures
approximately equals 10−6 m2 /s, resulting in a Reynolds number of ∼ 106 .
We can conclude theat human swimming is an inertial effect. Table 5.1 shows
Reynolds number estimates for various living organism. For those with high
Re, the viscous term in Eq.(5.1) can be negleted (Eulerian approximation),
while at low Re the term to be discarded is the inertial one (Stokesian
approximation).
Re =

Table 5.1: Re estimates for some living organisms. ν = 0.15 cm2 /sec. for
air, = 0.01 cm2 /sec. for water. Taken from [Chi81].
L(cm) v(cm/sec.)
Re
Bacterium
10−5
10−3
10−5
Stokesian
Spermatozoan
10−3
10−2
10−3
−2
−1
Ciliated Protozoan 10
10
10−1
Locust
4
400
104
Eulerian
Pidgeon
25
500
105
Medium-sized fish
50
100
5 × 104
For our purposes, it suffices to say that a periodic body deformation can
give rise to a momentum gain if the displacement due to the first half-cycle
does not cancel out that of the second half-cylce. This task is easy to achieve
within the Eulerian realm. A scallop, for istance, first slowly opens its shells:
then it quickly shuts them, squeezing the fluid in-between backwards, and
gains momentum by taking advantage of the water recoil. The acquired
velocity is not lost in the subsequent shells-opening phase due to inertia.
In the Stokesian regime, conversely, the Physics of locomotion is quite
different. A scallop cannot swim in a viscous fluid, since its body deformation is reciprocal: it appears the same if viewed forwards or backwards in
time. The reason is that, by discarding the inertial term, Eq.(5.1) becomes
−∇p + µ∇2 u = 0,

(5.2)
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known as Stokes equation. With respect to Navier-Stokes, Eq.(5.2) is linear
and time-independent: this causes each swimming strategy based on a reciprocal body deformations completely uneffective. The above statement is
in fact known as the Scallop theorem, stated by E. M. Purcell in [Pur77].
In the same work, Purcell suggested two ways in which an organism
could swim:
(i) They could do so with a flagellum, a long external appendage which
rotates in a propellor-like fashion, pushing the medium backwards and
the organism forwards (pushers);
(ii) They could use flexible arms, termed cilia, which perform a complex
motion similar to the breaststroke swimming style (pullers).

Figure 5.1: Pictorial representaions of a pusher (left panel) and a puller (right panel).
Adapted from [Ram10].

The above classification is in fact still employed in the Physics of swimming
at low Re. Fig. 5.1 shows a pictorial representation of pushers and pullers:
since a swimmer cannot exert a net force on the medium, it is modeled with
a force dipole, extensile for pushers and contractile for pullers. Fig. 5.2
displays the typical velocity flow generated by swimmers, and shows how a
swimmer can move through the fluid even without exerting a net force on
it.

Figure 5.2: Flow streamlines genrated by a pusher (left), puller (right) and a neutral
swimmer (middle) in the lab frame. Adapted from [GMST15].
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Active Brownian motion

Once we have understood how a particle may become active, we need to
put together a large number of active particles and let them interact, in
order to understand the emergence of collective phenomena. Since the formalism outlined in the previous section is too complex to be successfully
employed in a many-bodies problem, the achievement of this goal requires a
coarse-graining of the description. Usually, this coarse-graining consists in
regarding individuals’ activity as a datum, as in the model we are going to
present in the following lines.
A paradigmatic model of flocking has been proposed by Vicsek et al.
in 1995[VCBJ+ 95]. In his approach, Vicsek considered a single bird as a
point-like particle and addressed the dynamics to the following updating
rules,
hvj (t)iR
vi (t + 1) = v0
+ perturbation,
|hvj (t)iR |
xi (t + 1) = xi (t) + vi (t + 1),
where vi (t) and xi (t) are the i-th bird velocity and position at a given
time t and v0 is costant. h·iR stands for the average over a circle of radius R
surrounding the i-th bird. The fraction multiplying v0 in velocity update rule
yields a unit vector pointing in the average direction of motion of i-th particle
neighbourhood. Thus, the dynamics is that of a flock whose constituents
move with constant absolute velocity and regularly adjust motion direction
accordingly to that of their neighbours. In the original version of the model,
the perturbation acts directly on the direction, so that the evolution rule for
the velocity can be substituted with
θi (t + 1) = hθj iR + ∆θ,
where ∆θ is a uniformly distributed random number ranging in [−ηπ, ηπ], for
some fixed η. For a given system size, the free parameters are the density
ρ, the intensity of the noise η and the absolute velocity v0 . The latter
determines the updating rate for particles positions and angles.
Despite the simplicity of the model, simulations of thousands of particles had shown that, as depicted in Fig. 5.3, at high densities and low noise
amplitudes, all the particles move coherently in a spontaneous selected direction. Moreover, Vicsek showed how this collective behaviour emerge trough
a second order phase transition. The order parameter he considered was a
normalized average velocity
N

ϕ=

1 X
|
vi |,
N v0
i=1
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Figure 5.3: Snapshots of a system of 300 Vicsek’s particles with v0 = 0.03. In (a) ρ = 6,
η = 2 and the particles move randomly. In (b) ρ = 0.5 and η = 0.1: the particles tend
to form gropus moving coherently. In (c) ρ = 12, η = 0.1 and the motion is ordered.
Adapted from [VCBJ+ 95].

which is expected to vanish in a disordered state and close to 1 in the ordered
one. Fig. 5.4 shows how ϕ varies with η and ρ, displaying the typical pattern
of a second order phase transition.

Figure 5.4: (a) Order parameter versus noise amplitude at fixed ρ. As the system
size in increased, the curve approaches the typical equilibrium phase transition behaviour
ϕ ∼ (ηc − η)β . (c) Order parametr versus density at costant ρ. The numerical results
(squares) are plotted with the thermodynamic limit prediction ϕ ∼ (ρ−ρc )0.35 (solid line).
Adapted from [VCBJ+ 95].

From this basic review of the Vicsek’s model, we can sum up some of the
questions arising in large scale active systems modeling. The first regards
interparticles interaction. From this point of view, the Vicsek’s one is an
imitative model, since the interaction term is built by reproducing field
observations. Some models, instead, do not consider an explicit alignment
mechanism, being aimed at understanding how an effective alignment can
be caused by the activity itself. Basically, alignment arises from collisions
between particles having elongated shapes. Thus, in this kind of models,
active particles cannot be considered point-like, and one has to choose an
appropriated shape according to the macroscopic behaviour he wants to
reproduce. Let us remark, however, that even if individuals’ shapes are
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taken into account, the description is still coarse-grained, at least until one
does not consider explicitly the self-propulsion arising mechanism.
The minimal description of such systems consists of 2N Langevin equations, where N is the number of active particles,
X
ṙi = Fact,i + µ
Fi,j + ξi ,
j6=i
(5.3)
˙
θi = ζi ,
for the i-th particle (i = 1, . . . , N ) center of mass coordinates ri and the
angle θi between the self-propulsion axis and a fixed frame of reference.
Here, the activity enters phenomenologically as a force Fact acting on each
particle center of mass. It is usually constant in modulus, while its direction
is given by that of the particle. The number of angular equations that need
to be prescribed depends on system dimensionality. A single angle θi for
each particle correspond with the two-dimensional case, where the particles
axes are given by
ν̂i = (cos θi , sin θi )
and depends generally on time. Fi,j is the force on the i-th particle due
to the interaction with the j-th one. It may include the solely steric effect,
but any kind of interaction can be considered in principle, at the cost of
a general complexity increase. Both ξi and ζi are Gaussian white noises,
satisfying
hξi,a (t)ξj,b (t0 )i = 2Dδi,j δa,b δ(t − t0 ),

hζi (t)ζj (t0 )i = 2DR δi,j δ(t − t0 ),

for all i, j = 1, . . . , N and a, b = 1, 2, and are assumed to be independent
of each other. As in the usual Langevin shceme, they represent the fastevolving degrees of freedom we have ecided to neglect by coarse-graining the
model. D, the displacements diffusion coefficient, is assumed to be related
to the motility µ by the Einstein formula
D = kB T µ,
where T is the thermodynamic temperature of the medium into which active
particles move. DR is the rotational diffusion constant, which can be shown
to be given, apart from eventual numerical prefactors, by
DR = D/σ 2 ,
where σ is a characteristic size: it can be the diameter for spherical particles
or the lenght for rods.
Models such as Eqn.(5.3) are referred to as active Brownian motions, or
active Brownian particles (ABPs) systems. The description of single particle
behaviour and diffusion coefficients computation are carried on within the

72

Chapter 5. Three levels of theoretical description

framework of stochastic calculus. To determine the collective behaviour,
instead, numerical techniques are required, since the analytical solution of
a 2N coupled Langevin equations system does not generally exist. The
term Brownian refers to the fact that particles orientations do not change
according to an alignment rule or a run-and-tumble dynamics: they simply
undergo a standard diffusion. Actually, this claim is limited to spherical
active particles: for more complex individuals’ shapes, as we will see in the
end of the section, each kind of interaction will result in a torque acting on
the particle axis.

Figure 5.5: Top panel: dynamics of an active colloids cluster. The particle marked
by the black arrow at t = 0s is substitued by another colloid approaching at t = 4.5s.
Bottom panel: the aggregation mechanism. Each trapped particle becomes free when its
orientation changes due to angular diffusion. Taken from [GMST15].

The most intriguing collective phenomenon, observed in several ABPs
simulations, is Motility-induced phase separation (MIPS), a description of
which can be found in [CT14, GMST15]. It consists in the tendency of selfpropelled particles to aggregate into clusters quite larger than single particle
size, even without an explicit attractive interaction between them. Fig. 5.5
shows some snapshots of those clusters and an explanation of the aggregation
mechanism for spherical colloids: when two or more of them collide, activity
causes them to get stuck to each other and form small clusters, at least
until angular diffusion break those clusters by changing colloids orientation.
MIPS has been observed for both spherical and rod-like ABPs: ref. [PDB06],
for istance, provide a study on the effect of partcles elongation in MIPS. The
results of the above reffered work can be summarized, for our purposes, by
noticing that elongated particles aggregate at lower densities, and clusters
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are more likely to display long-range orientational order, as can be deduced
form Fig. 5.6. A more detailed discussion of the phenomenon outlined will
be given in the next chapter, where we will consider a specifical model of
ABPs.

Figure 5.6: Ordering due to anisotropy at fixed packing fraction (top row), and due to
increasing packing fraction at fixed anisotropy (bottom row). The anisotropy is measured
as the rods aspect ratio k = (long side length)/(small side length). Adapted from
[PDB06].

The modelling strategy presented here is very powerful, since, how we
will see within the following sub-section, it allows to consider some details
of the system, such as individuals’ shape and interactions, while keeping the
problem -at least numerically- solvable.

5.2.1

ABPs model of low Re swimmers

We end this section by summarizing the derivation of a ABPs model for a
system of swimmers at low Reynolds number, developed by Baskaran and
Marchetti in [BM09]. The authors proposed a time-averaged description
based on the concepts briefly outlined in the end of the previous section. It
has been shown, indeed, that the temporal asymmetry of swimmers deformation, required by the Scallop theorem, becomes a spatial asymmetry by
averaging upon several deformation cycles. Thus, the shape of each swimmer can be considered fixed, and the velocity field of the fluid determined,
due to equations linearity, by the superposition of contributions coming from
the constituents of the ’time-averaged swimmer’.
The time-averaged swimmer considered in the above referred work consists of two spherical colloids of different radii, linked by an infinitely thin
rigid rod, as in Fig. 5.7. Since the swimmer cannot exert a net force on the
fluid, it is modeled with a force dipole centered in the middle of the rod.
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Figure 5.7: Time-averaged model of the swimmers considered in [BM09]. aL and aS
denotes the spheres radii, while l is the swimmer’s length and ν̂ its orientation. Propulsion
is centered at the hydrodynamic centre C, while the geometrical midpoint M is the centre
of the force dipole, the intensity of which is denoted by f . Depending of the sign of f , the
dumbbell shown in the figure can model either a pusher (f > 0) or a puller (f < 0).

The self-propulsion, instead, is applied to the hydrodynamic centre of the
particle, which, due to asimmetry, do not coicide with the geometric centre.
The two colloids are assumed to be point-like from the fluid point of view, so
that their velocities are given by the fluid velocity field evaluated at colloids
centres of mass. By solving Stokes equations for the velocity field, Baskaran
and Marchetti derived a set of Langevin equations for each time-averaged
swimmer centres of mass and self-propulsion angular direction with respect
to a fixed frame of reference. What in fact eases the solution is the substitution of swimmers time-dependent shape with a moving force dipole, since
equations linearity allows to compute the velocity field as a superposition of
the contributions coming from single colloids.
A detailed derivation goes beyond the purpose of this thesis, yet we will
present the final result, showing that the explicit consideration of the effects
of the medium yields both a long-range inter-particles interaction and a
torque acting as an alignment rule of the Vicsek kind. The equations for
swimmers hydrodynamic centres rC,i and angular rotation velocities about
them θ̇i read
X
ṙC,i = v0 ν̂i + k
Fi,j + ξi ,
j6=i

θ̇i = kR

X

(5.4)

τi,j + ζi ,

j6=i

where k and kR are constants depending on the parameters of the problem,
while ξ~i and ζi are Gaussian white noises. The self-propulsion gained due
to interactions with the medium is represented by the term v0 ν̂i , where
v0 = −

f al − aS
,
4πηl aL + aS
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and η is the fluid viscosity. We stress that v0 vanishes for symmetric
time-averaged swimmers (aL = aS ), which correspond to swimmers moving
through a time-reciprocal stroke, in agreement with the Scallop theorem.
Fi,j is the force due to the j-th swimmer, for which we expect a dipolar
character. It can indeed be shown that the field each swimmer produces
is analogous to that depicted in Fig. 5.2, with a dipolar leading term and
higher order multipolar contributions due to interactions with the medium.
τi,j is the torque caused by j-th particle swimming,a and provides both an
apolar interaction, which aligns swimmers axes regardless their direction
3 , and a polar one (as in Vicsek model) decaying as 1/r 5 .
and decay as 1/ri,j
i,j

5.3

Hydrodynamic limit and field equations

A standard approach in dealing with many-body problems consist in describing the huge collection of interacting degrees of freedom in terms of a
few coarse-grained fields. In an ABPs model, for istance, the microscopic
variables are in general particles positions and orientations. For the sake
of understanding properties emerging at large both spatial and temporal
scales, as the mechanical and rheological properties of an active system,
they may be too fast-evolving to be controlled, so that a description such
as those presented in the previous section is likely to be useless. We have
seen, however, that the arising of large-scale phenomena is rather the rule
than the exception in active matter systems. Thus, we simply bypass the
problem with a further approximation, aimed in this case at introducing
field variables ’slow enough’ to give a suitable description of the system.
In fact, what we do is to substitute the collection of variables referred
to single particles with smoothly-varying fields. First, a density field ρ(r, t)
takes the place of active particles positions {ri : i = . . . , N }, and is microscopically defined as
ρ(r, t) =

*N
X

+
δ(r − ri (t)) .

i=1

Second, we need a local field describing particles velocities. Since in some
models the individuals’ velocity is fixed in modulus, the orientation field,
which may be defined as
1
ν̂(r, t) =
ρ(r, t)

*N
X

+
ν̂i δ(r − ri (t)) ,

i=1

take the place of the velocity field. Third, we must also consider others
potential field variables representing more subtle orientational orders, such
as nematic or hexatic order. The question, now, is how to write down
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dynamics equation for the coarse-grained fields. As usual, there are several
routes which can be pursued, once the relevant fields are identified.
The first consists in writing down such equations on general gounds of
symmetry, and consistently with the known conservation laws[TT95]. The
symmetries of the system dictate which terms have to be included in the
equations, then the conservation laws allow to discard some of those term.
A further reduction of the equations complexity may be obtained by performing a spatial-temporal gradient expansion, i.e. by keeping only the
lowest terms in gradients and time derivatives of the dynamical fields: this
approximation allows to focus only on the large scale and long time properties of the system, which, as remarked at the very beginning of the section,
this kind of models are oriented to.
In the above referred work, the authors considered a Vicsek-like model,
in which the particles velocity is costant in modulus (v0 ). The relevant fields
are ρ(r, t) and u(r, t) = v0 ν̂(r, t). Being the particles velocity modulus fixed,
the model does not have Galilean invariance: a general costant boost would
change individuals speeds. The only symmetry is rotation invariance, since,
by the particles point of view, all the directions are equivalent. In addition,
due to the lack of Galilean invariance, the total momentum is not conserved.
The resulting equations are
∂t ρ + ∇(ρu) = 0,

(5.5)

for particles number conservation, and
∂t u + λ1 (u · ∇)u + λ2 (∇ · u)u + λ3 ∇(u · u) =
(α − βu2 )u + D1 ∇2 u + D2 (u · ∇)2 u + D3 ∇(∇ · u) − ∇p(ρ) + ξ.

(5.6)

It is worth noticing that, if Galilean invariance did hold, it would force λ2 =
λ3 = 0, λ1 = 1, and we would have the usual material derivative on the lefthand side of Eq.(5.6). On the right-hand side, instead, the D’s are diffusion
coefficients, ξ a random noise, and p(ρ) a density-dependent pressure. We
stress, in addition, that the passive conunterpart of the considered model is
nothing but the well-known XY model.
p
The model defined by the above equations has |u| =
α/β as uniform solution, at least when α > 0. Toner and Tu, indeed, showed how
it undergoes a dynamical phase transition with a spontaneous break of the
rotational symmetry, which means that all the birds of the Vicsek model
move coherently in a spontaneously selected direction. The main result of
Toner and Tu analysis, is that such phase transition occurs even in two dimension, where it is classically forbidden by the Mermin-Wagner theorem.
The latter states that continuous symmetries cannot be spontaneously broken at finite temperature (here noise amplitude) in systems with short-range
interactions (as the Vicsek alignment rule) in dimensions d ≤ 2. The fact
that the transition occur is a marker of the non-equilibrium character of
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active systems. In addition, the same non-linear terms responsible for the
transition, namely convective terms, have been shown to suppress velocity
long-range fluctuations, with respect to the corresponding passive model.
This way to proceed is very general, and allows to catch the universality
underneath active systems collective behaviours. Its main disadvantage is
the complete lack of a physical interpretation for all the parameters appearing in the equations of motion, since they depend strongly on the specific
system considered. The only way to relate these coefficients to the specifications of the problem, is to obtain equations such as Eqn.(5.5,5.6) by
performing a straightforward coarse-graining of a microscopic model. This
method has been employed by Bertin et al. in [BDG06], for instance, to
obtain a hydrodynamic description of a system of active Brownian particles
interacting via ’aligning collisions’ (when two particles collide, their direction
is set to the mean plus some noise).
By writing down collisional intergrals both for the angular diffusion and
for the true collisions, the authors of the above mentioned paper derived a
Boltzmann-like equation for the probability p(r, θ, t) for a particle to be at
r in t with orientation θ. Then, they obtain the density and velocity fields
as
Z π
Z π
v0
ρ(r, t) =
dθp(r, θ, t), u(r, t) =
dθp(r, θ, t)ν̂(θ),
ρ(r, t) −π
−π
where ν̂(θ) is the unit vector in direction θ. From the above definitions
and the Boltzmann equation they derived, the authors have been able to
reproduce all the terms in Eq.(5.6), relating in addition all the unknown
coefficients to the system charactersitics, namely the angular diffusion mean
free path, the system density, the amplitudes of the two noises and the
particles size. The straightforward coarse-graining of smaller scales models
is the cleanest way to obtain a large scale description, since it provides both
a physical meaning for costant coefficients and an explanation for all the
terms in the equations. All these advantages, however, come at the price of
the complexity of the whole method, there are in fact usually no chances to
perform it rigorously.
The easiest way to proceed consists in employing the standard hydrodynamics equations, such as the Navier-Stokes or the heat equation, and substitute the quantities therein, such as the diffusion coefficient, the viscosity
or the stress tensor, with ones more appropriate for the specific problem.
In order to explain the above statement, let us write down the diffusion
equation for a system of spherical active colloids. The passive system large
scale behaviour is described by
∂t ρ = D∇2 ρ,
where D can be obtained from the Ornstein-Uhlenbeck model of Brownian
motion mentioned in the first part of the thesis. By requiring the system to
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be in thermal equilibrium with a heat bath at temperature T , one obtains
kB T
D=
,
γ
where γ is the friction coefficient, while kB T comes from the averaged kinetic
energy, i.e.
d
1
kB T = mv 2 ,
2
2
where d is the system dimensionality, m the colloids mass and v their mean
velocity. Hence, by noticing that the ratio m/γ equals the so-called inertial
time τ , the time required for this specific system to reach its stationary
state, we write
mv 2
v2τ
D=
=
.
dγ
d
A description of the active system can be easily obtained by considering
again the heat equation,
v2τ 2
∇ ρ ≡ Def f ∇2 ρ,
(5.7)
d
where now v and τ are referred to the active system. v, for istance, may
be the typical velocity due to self-propulsion, and τ the characteristic time
of angular diffusion. In [GMST15], indeed, it has been shown that the
above display coincide with the result obtained by coarse-graining a more
fundamental model, at least in the specific case we have considered here.
Actually, the straightforward coarse-graining lead to
τ
∂t ρ = ∇ · [v∇(vρ)] ,
d
with a running velocity which may depend on the position. This causes the
steady-state density ρS to be inverselly proportional to the running velocity,
meaning that active particles tend to accumulate where they go slower. This,
together with the slowing down due to aggregation, constitutes the positive
feedback mechanism rensposible for motility-induced phase separation. Eq.
(5.8) will never display such a feature, its steady-state solution being a
uniform density. In order to reconcile the two description, we should let the
effective diffusion coefficient to depend on density, so that Eq. (5.8) becomes
∂t ρ =

∂t ρ = ∇ · [Def f (ρ)∇ρ] .

(5.8)

In the same spirit, Simha and Ramaswamy showed in [SR02] that the
standard Navier-Stokes equations capture the hydrodynamics properties of
a system of swimmers at low Re, if one add to the stress tensor an ’active
stress’
a
σij
(r, t) = f ρ(r, t)ui (r, t)uj (r, t),
where f is the strength of the force dipole modeling individual swimmers.
These examples tell us that old equations, augmented with new ingredients,
may suffice to model the large scale behaviour of an active system.

Part III

Fluctuations in an Active
Particles System
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We present, in this part of the thesis, our study of fluctuations in a selfpropelled dumbbells system. In a large number of active system models,
individuals are represented as spherical colloids, yet some active particles,
e.g. swimmers, have an elongated shape. In the aim of mimicking such
systems behaviour, the simplest alteration of colloidal active particles models
consists in linking colloids in pairs, forming thus a system of dumbbells.
Chapter 6 is devoted to the introduction of the model we consider, and
a list of the features it has been shown to display in recent studies. We will
present –among many other things –the system phase diagram, and describe
both its general features and those of the region we choose to observe.
The study of fluctuations begin with Chapter 7, where we consider the
statistics of the entropy production. A remarkable result presented in this
this chapter is the isometric fluctuation relation we derived, for the zero
density limit of the dumbbells system we consider. We will provide, in
addition, numerical estimates of the finite density system entropy production
distribution.
The most intriguing result of our studies is outlined in Chapter 8. Namely,
we found that the system at hand undergoes a condensation transition at
the fluctuating level. We will analyse this transition both from the large
deviations point of view and with the most standard approach of statistical
mechanics, i.e. tht based on the definition of an order parameter.

Chapter 6

Active dumbbells
In this chapter we will provide a detailed analysis of a specifical active systems, being it the object of the investigations carried on within the present
thesis work. Namely, a bidimensional system of active dumbbells.
A dumbbell consists of two spherical colloids linked by either a rigid rod
or an elastic spring. Its properties depend on colloids sizes, how they interact
and how are linked. Thus, dumbbells can be used to model the elementary
units of a wide class of many-particle systems, ranging from polymers to
bacterial suspension. We already encountered indeed a dumbbell in sec.
5.2, as a time-averaged swimmer (Fig. 5.7).
This chapter consists of four section. In the first we will define the
model, by specifying the forces acting on dumbbells components, how the
solvent which they are immersed in is taken into account and the interactions
between two or more dumbbells[SGL+ 14]. We will solve the single-molecule
limit of the proposed model in the second section. Then, in the third section,
we will discuss the phase separation the system may undergo for certain
values of parameters such as density and temperature[SGMO14]. Such phase
separation is an instance of the MIPS we described in section 5.2. We will
give, in addition a brief description of the peculiar features of both the dense
phase[GLS14] and the gaseous one[CGS15a].
The fourth section is devoted to a description of the algorithm implemented for the numerical solution of the model we consider. We will support
such description with a numerical study of the system behaviour, for a peculiar choice of the parameters. The latters represent the region we chose to
observe for studying fluctuations, for reasons that will be explained later.
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The model

We will describe, in this section, the active dumbbells model investigated in
[GLS14, SGL+ 14, SGMO14, CGS15a] by Gonnella, Suma et al..
In the dumbbell we consider the two colloids have the same mass m,
diameter σ and are linked by a finitely extensible non-linear elastic (FENE)
spring. Compared to a standar Hookeian spring, a FENE one has a finite
maximal extension r0 , which forbids colloids to be further than r0 from each
other. The presence of the spring result in a potential
1
VF EN E = − kr02 log [1 − (r/r0 )2 ],
2
where r is the distance between beads centres of mass r1 and r2 and k the
elastic constant of the spring. The excluded volume interaction between
colloids is represented by the so-called Weeks-Chandler-Anderson (WCA)
potential, which is nothing but the repulsive part of the Lennard-Jones
potential, shifted by its minimum in order to become null at long distances.
(
VLJ (r) − VLJ (rmin ), r ≤ rmin
VW CA (r) =
,
0,
r > rmin
where

 

σ 12  σ 6
VLJ (r) = 4
−
,
r
r

thus rmin = 21/6 σ and VLJ (rmin ) = −. In addition, the dumbbell is in contact with a thermal bath at temperature T , accounting for both dissipation
and fluctuations.
Hence, the equations of motion for beads centres of mass read
mr̈i (t) = −γ ṙi (t) −

p
∂V
+ Fa + 2kB T γη i (t),
∂ri

i = 1, 2,

(6.1)

where ri consists of the two cartesian coordinates of the i-th bead centre of
mass, γ the friction coefficient, and V = VW CA + VF EN E . η 1 , η 2 √
are unit
variance, independent, gaussian random noises, whose coefficient 2kB T γ
is fixed by the energy equipartition for the corresponding passive system.
The noises have to be perceived in the Stratonovich sense, i.e. the deltacorrelation is intended as the zero-width limit of a finite width correlation.
Self-propulsion here enters phenomenologically as a force Fa acting on both
the colloids and always lying on dumbbell axis: it is clear that the model
belongs to the active Brownian motion class. A pictorial representation of
the described dumbbell is shown in Fig. 6.1.
Given the single-particle dynamics, a straightforward generalization allows to write down the set of 2N equation needed to describe a system of
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Figure 6.1: Sketch of an active dumbbell, from [SGL+ 14].
N interacting dumbbells, i.e.

p
∂Vi


+ Fa,i + 2kB T γη i (t)
 mr̈i (t) = −γ ṙi (t) −
∂ri
,
p
∂Vi+1


 mr̈i+1 (t) = −γ ṙi+1 (t) −
+ Fa,i + 2kB T γη i+1 (t)
∂ri+1

(6.2)

with i taking all the odd values between 0 and 2N , and
Vi = VF EN E +

2N
X

ij
VW
CA ,

j=1,j6=i
ij
where VW
CA is the repulsive potential between the i-th and the j-th beads.
We have thus simply added to Eq. (6.1) the contribution due to WCA interaction with the beads belonging to the other N − 1 dumbbells. This,
unfortunately, is what prevent the equations set obtained to be solved analitically, so that numerical calculations are required.
A few comments are in order. Since activity has been placed by hand, the
model just described belongs to the active brownian motion class. Actually,
we did not introduce an explicit angular diffusion: it comes as an effect of
the medium. The latter is represented here as a source of dissipation and
noise. The noise, in fact, by acting independently on each colloid of the
dumbbell, is responsible for angular diffusion. From this point of view, the
model just described is more realistic than those where angular diffusion is
introduced by adding another Langevin equation individuals orientations.
The model, in addition, completely ignores eventual solvent-mediated
hydrodynamics interactions. It is aimed indeed at studying the effects of individuals’ elongated shape on the motility-induced phase separation the system, being active, should undergo. Though neglecting the hydrodynamics,
this model has been proven to be a reliable idealisation of a two-dimensional
bacterial bath, at least at low densities[VLN+ 11].
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A single dumbell

As opposed to the many-dumbbells system, the properties of a single dumbbell can be derived analitically with stochastic calculus methods. Therefore,
such study may provide a criterion for comparisons with the interacting
dumbbells system properties, which are usually inferred from numerical simulations. Thus, before proceeding with the analysis of the system collective
behaviour, let us solve the single-body problem.
To begin with, we assume that the specifical choice of the parameter lead
to the overdamped limit, in which all the terms proportional to the beads
mass m can be neglected. Thus, Eq.(6.1) becomes
γ ṙi (t) = −

p
∂V
+ Fa + 2kB T γη i (t).
∂ri

Actually, the presence of inertial terms does not prevent the equations of
motion of a single dumbbell to be solved analitically, yet it is worthwhile
to work in the overdamped regime. On one hand, such an approximation
will be justified by the values we will choose for the system parameters; on
the other hand, the simplification of the single-particle problem is always a
good preparation for facing the interacting particles system.
Now, we notice that both the FENE and the WCA potential V comprises, depends only on the relative position modulus r = |r1 − r2 |, so that
we expect the equations to take a simpler form in the centre of mass reference
frame. Indeed,
∂V
∂V (r) r1 − r2
∂V (r) ∂r
r1 =
,
=
∂r1
∂r ∂
∂r
r
∂V
∂V (r) r2 − r1
= ··· =
,
∂r2
∂r
r
thus
p
2γ ṙcm (t) = 2γ[ṙ1 (t) + ṙ2 (t)] = 2Fa + 2 kB T γξ(t),
(6.3)
√
where ξ = (η 1 + η 2 )/ 2. ξ is a Gaussian white noise, since its average
vanishes and the two-time correlation, due to η i independence, reads
hξa (t)ξb (t0 )i =


1
hη1,a (t)η1,b (t0 )i + hη2,a (t)η2,b (t0 )i = δa,b δ(t − t0 ),
2

where the indeces a, b label the cartesian components. The relative elongation equation of motion is
γ ṙ(t) = γ[ṙ1 (t) − ṙ2 (t)] = −2

p
∂V r(t)
+ 2 kB T γζ(t),
∂r r(t)

(6.4)

√
where ζ = (η 1 − η 2 )/ 2 is another Gaussian white noise with the same
properties of ξ and independent from it.
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Let’s start with dumbbell elongation, for which we rewrite the equations
of motions in polar coordinates. Having chosen Stratonovich approach, the
coordinates transformation can be carried on with the ordinary differential
calculus rules. Namely, it suffices to compute
q
r = rx2 + ry2 , θ = arctan ry /rx
time derivatives, then substitute ṙx/y with Eq.(6.4) right-hand side. For the
elongation modulus we have
ṙ =
1
=
r

1
(2rx ṙx + 2ry ṙy ) =
2r

√

2rx2 ∂V
rx 2 kB T γ
−
+
ζx +
γr ∂r
γ

"

!#
√
2ry2 ∂V
ry 2 kB T γ
−
=
+
ζy
γr ∂r
γ

√
2 ∂V
2 kB T γ
=−
+
(cos θ ζx + sin θ ζy ) ,
γ ∂r
γ
while the polar angle time derivative is given by


ṙy
ry ṙx
1
θ̇ =
− 2
=
1 + tan θ2 rx
rx
√
√

 

2ry ∂V
2ry ∂V
ry 2 kB T γ
2 kB T γ
−
=
+
ζy − −
+
ζx
γrrx ∂r
γrx
γrrx ∂r
γrx2
√


2 kB T γ
1
1
1
tan θ
=
ζy −
ζx =
γr
1 + tan θ2 cos θ
1 + tan θ2 cos θ
√
2 kB T γ
=−
(sin θ ζx + cos θ ζy ) .
γr

1
=
1 + tan θ2

By setting ζr = ζx cos θ +ζy sin θ and ζθ = ζy cos θ −ζx sin θ, we finally obtain
√

2 kB T γ
2 ∂V


+
ζr
 ṙ = −
γ ∂r
γ
.
√


 θ̇ = 2 kB T γ ζθ
γr

(6.5)

We will make now another assumption to further simplify the equations of
motion. The FENE spring prevents r to be greater than r0 , while WCA
interaction push r towards 21/6 σ when the former becomes smaller than
the latter. Thus, by choosing r0 = 1.5σ, we can neglect r variations about
σ, provided k, the FENE spring elastic constant, is high enough enough.
Hence, we set r = σ and forget the first equation of the above set.
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In order to draw θ(t) properties, we notice that its time derivative, apart
from multiplicative factors, equals the second component of the ’rotated
noise’



cos θ sin θ
ζx
R(θ)ζ(t) ≡
.
− sin θ cos θ
ζy
We will show in Appendix B that such noise can be handled as a Gaussian
white noise for all practical purposes, thus
D
E 4k T γ
4kB T
B
θ̇(t)θ̇(t0 ) =
ζθ (t)ζθ (t0 ) =
δ(t − t0 ).
(6.6)
2
(γσ)
γσ 2
Actually, it can be shown that θ(t) is a true Wiener process, i.e. that all its
moments equal those of a Wiener process1 . By recalling the Green-Kubo
relation, the angular diffusion coefficient is finally given by
Z ∞D
E
2kB T
DR =
θ̇(t)θ̇(0) dt =
,
(6.7)
γσ 2
0
in agreement with our general treatment of ABPs models.
We close the section by computing the diffusion coefficient for the dumbbell centre of mass. The equation to deal with is Eq.(6.3), and, due to Fa
being alwais directed along the dumbbell axis, we cast it in the following
form,
s
Fa
kB T
ṙcm =
n̂(t) +
ξ(t),
γ
γ
where n̂ is a unit vector with n̂x = cos θ, n̂y = sin θ. The dynamics of θ(t)
depends on the noise ζθ , which in turn is independent from ξ, so that, for
a = x, y,
 2
Fa
kB T
0
ṙcm,a (t)ṙcm,a (t ) =
na (t)na (t0 ) +
ξa (t)ξa (t0 ) .
(6.8)
γ
γ
Both nx (t)nx (t0 ) and ny (t)ny (t0 ) depend on the process θ(t) at two different
times, so that the joint probability p(θ1 , t; θ2 , t0 ) is needed to compute the
averages. Since θ(t) is a Wiener process, and due to the Bayes rule,
p(θ1 , t; θ2 , t0 ) = p(θ2 , t0 |θ1 , t)p(θ1 , t) =




1
(θ2 − θ1 )2
1
θ12
√
=p
exp −
exp −
.
4DR (t0 − t)
4DR t
4πDR t
4πDR (t0 − t)
Since nx (t)nx (t0 ) = cos θ(t) cos θ(t0 ) and ny (t)ny (t0 ) = sin θ(t) sin θ(t0 ),
both of them may be expressed as linear superpositions of complex exponentials. The whole calculation of their averages reduces then to computing
Gaussian integrals. The results are


1
0
0
0
nx (t)nx (t0 ) = e−DR (t+t ) e2min(t,t ) + cos (2θ0 )e−2min(t,t ) ,
2
1

We will prove this statement in Appendix B.
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1 −DR (t+t0 )  2min(t,t0 )
−2min(t,t0 )
ny (t)ny (t ) = e
e
− cos (2θ0 )e
,
2
0

where θ0 is the dumbbell orientation at t = 0. By plugging the above results
into Eq.(6.8) right-hand side, we obtain
kB T
δ(t − t0 )+
γ
 2

1 −DR (t+t0 )  2min(t,t0 )
Fa
0
+
e
± cos (2θ0 )e−2min(t,t ) ,
e
γ
2
(6.9)
where the sign + is for a = x, − for a = y. By summing over the cartesian
index the terms proportional to cos (2θ0 ) cancel out. Thus, the Green-Kubo
relation
Z
1 ∞
DCM =
hṙcm (t) · ṙcm (0)i dt
2 0
ṙcm,a (t)ṙcm,a (t0 ) =

yields
DCM =

kB T
γ

∞

Z

δ(t)dt +
0

kB T
=
+
2γ

6.2.1



Fa
γ

2

1
2



Fa
γ

2 Z

∞

e−DR t dt =

0

1
.
2DR

(6.10)

Persistent motion due to activity

We can infer the whole mean squared displacement time evolution, by integrating Eq.(6.9) with respect to t and t0 . The Green-Kubo relation yields
indeed only the long-time diffusion coefficient, ignoring eventual intermediate regime. In the overdamped limit t >> tI ≡ γ/m, the mean squared
displacement is given by
2
∆rcm
(t)

Z
=

t

Z

t

dt1
0

0

2kB T
=
t+
γ

X

hṙcm,a (t1 )ṙcm,a (t2 )i =
a=x,y
 2

Fa
2
DR t + e−DR t − 1 .
2
γ
DR
dt2

(6.11)

The second term in the above display right-hand side coincide with the
mean squared displacement of a persistent random walk x,


t
2
−t/τ
x = 2DP τ
+e
−1 ,
τ
a stochastic process employed in ecology to model living entities motion.
The term persistent refers to the tendency of some organisms to keep on
moving in the same direction and with the same speed, at least for a given
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time[MCB13]. Such kind of motion results in a finite width velocity correlation
hẋ(t)ẋ(0)i ∝ e−t/τ ,
where τ is the persistent motion time-scale. Hence, the mean squared displacement displays a transient ballistic regime x2 ∼ DP /τ t2 ≡ v 2 t2 ,
followed by a diffusive regime x2 ∼ 2DP t, attained for t >> τ . τ , in
our model, is the so-called active time tA ≡ 1/DR = γσ 2 /2kB T , while
DP = (Fa /γ)2 /DR , so that v, the persistent motion velocity, equals Fa /γ.
With respect to a standard persistent random walk, Eq.(6.11) includes
another diffusive term 2(kB T /γ)t. On one hand, the latter adds to 4DP t
for t >> tA , resulting in the diffusion coefficient of Eq. (6.10). On the other
hand, for t << tA ,
2
(t)
∆rcm

2kB T
=
t+
γ



Fa
γ

2

t2 .

We call t∗ the time at which contributions from the linear and the quadratic
term coincide, i.e.
t∗ =

2kB T γ
=
Fa2



kB T
2Fa σ

2

8γσ 2
=
kB T



4
Pe

2
tA ,

where P e is the Péclet number we will define in the following section. t∗ separates the usual diffusive regime attained after some intertial times tI from
the intermediate ballistic regime due to motion persistency. Such separation, however, occurs only if the time-scales are themselves well separated,
i.e. tI << t∗ << tA . The intermediate diffusive and ballistic regimes may
be hidden if t∗ < tI or t∗ > tA , or even confused with superdiffusion, i.e. a
mean squared displacement growing as a power α ∈ (1, 2) of the time, if the
time-scales are not well separated.
In experiments, indeed, the observed intermediate regime is always superdiffusive. It is worth to mention, however, that such experiments often
deal with the diffusion of passive tracers in active particles fluids, e.g. the
bacterial bath considered by Wu and Libchaber in [WL00]. The persistency,
there, is caused by the coherent structures formed by the particles of the
bath. Here, conversely, it is due to the activity of the diffusing particle itself.
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Aggregation properties and phase diagram

The macroscopic behaviour of the many-dumbbell system we consider has
been the object of an intensive investigation: the collective phenomenon
observed is a motility-induced phase separation. Let’s try, just to begin, to
figure out how this transition arise. Imagine, to this extent, to prepare N
dumbbells in an initial, random configuration, then let them hang around
according to the prescribed stochastic dynamics. Small, compact clusters
form spontaneously due to the occuring of events like that shown in Fig. 6.2,
since, when some dumbbells move towards a common centre, active forces
cancel out. The new-born aggregate is very flimsy: both a fluctuation of one

Figure 6.2: Sketch of the clusters nucleation mechanism. The arrows represent the
direction of motion. Adapted from [GLS14].

of the dumbbells in its interior and a colission with another dumbbell/cluster
are able to break it. However, the arrival of new dumbbells could even make
it more stable, for if they do not destroy the aggregate, they will prevent
other particles to escape. Moreover, while spherical active particles are
always free to ’turn back’ and leave the cluster, the aggregation of elongated
objects slow down angular diffusion, generating thus more stable clusters.
We have collected enough information to infer which parameters are relevant for the above described mechanism. First, we expect that the higher
clusters-formation rate is, the more is the likelihood that one of them survives, leading to phase separation. This rate measures the amount of aggregating collisions occuring in a given time window, thus it will depend on
the density. Since we are considering a bidimensional system, we will talk
about the surface fraction
φ=

π(σ/2)2 2N
N πσ 2
=
,
A
2A

were A is the total area of the system. Then, we have seen how thermal
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fluctuations compete with the directed trasport due to activity in the determination of clusters stability. The relevant number to check, here, is the
Péclet number, which generally measures the ratio between advective and
diffusive transport. The canonical definition is
Pe =

Lv
,
D

where L is a typical length, v a typical velocity and D a diffusion constant.
By setting L ∼ σ, v ∼ Fa /γ and D ∼ kB T /2γ, i.e. the translational diffusion
coefficient of a passive dumbbell, we have
Pe =

2Fa σ
.
kB T

Last, too fast active particles would break clusters due to collision even at
low temperatures, thus we need a measure of activity strength independent
from temperature. The latter is provided by Reynolds number
Re =

σ
mFa
ρLv
= (m/σ 2 )(Fa /γ) = 2 .
γ
γ
γ σ

Being proportional to m/γ, Re has to remain low if we want to keep the
overdamped approximation of Langevin equations.
The system phase diagram at fixed Re has been revealed by Suma et al.
in [SGMO14]. All the parameters are expressed in terms of unitary LenardJones parameters σ, , and mass m. According to the costant elongation
approximation, the FENE parameters are set to k = 30 and r0 = 1.5σ,
while γ = 10 is high enough for the overdamped limit to be valid. To
explore several P e values while keeping Re fixed, the temperature is varied rather than Fa , fixed at 1. These are the choices generally adopted in
[GLS14, SGL+ 14, SGMO14, CGS15a, CGS15b] and within this work, unless
differently stated.

Figure 6.3: Distributions of the local surface fraction ϕ(r), for ϕ = 0.4 and T = 0.5 (a),
0.05 (b) and 0.01 (c). As the system crosses the coexistence curve, the density distribution
splits up into two peaks. From [GLS14].
By lowering T at fixed surface fraction, the system has been shown to
separate into a particle-rich region and in a gas-like phase. In crossing the
coexistence curve, the local density distribution, being peaked at system
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surface fraction in the homogeneous phase, develops two peaks (see Fig.
6.3): the lower corresponds to the dilute phase, while the higher equals
clusters average density. These densities are the coexistence values at fixed
temperature. Thus, the coexistence curve can be traced by lowering T at
fixed φ and measuring the position of the peaks. Conversely, the system
comes back to the homogeneous phase by increasing Fa , since a too strong
activity causes collisions to break clusters instead of stabilising them.
The φ-P e diagram at fixed Re is shown in Fig. 6.4, with a blue dashed
line. The insets are snapshots of the system state in the two regions of the
diagram, wheareas the red solid line marks the phase diagram of a system
of spherical active particles, having the same diameter of the dumbbells
beads. It can be noticed that, with respect to spherical particles, dumbbells
undergo separation at smaller Peclét numbers, i.e. at higher temperatures.
This is an effect of the elongated shape: while clustered spherical colloids
are always free to rotate, dumbbells can only do it coherently with their
neighbours, making the trapping exerted by clusters more effective.

Figure 6.4: φ-P e phase diagram at fixed Re, with Fa = 1. The blue dashed line correspond to an active dumbbell system, the red solid one to active colloids. The snapshots
shows the configuration of the dumbbells system in the dilute (left) and in the dense phase
(right). From [GMST15].

The most striking fact about the phase separation described by the phase
diagram in Fig. 6.4, is that it occurs without any attractive interactions.
This is one of the main differences between MIPS and usual phase separation.
Other peculiarities of the phenomenon will be explored in the following
subsections, which are devoted to a discussion of both the homogeneous
and the segregated phase. While some of the features we will find have
been already observed in passive systems phase separation, there are new
properties which mark the activity of the system at hand.
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Clusters kinetics

The observation of a phase separation induced by motility, i.e. that do
not occur in the passive system, readily leads to some questions. How do
aggregates grow in time? Do they move? Do they display any kind of longrange order? An answer within the context of the system at hand has been
given in [GLS14, SGMO14]. In the next few paragraphs, we will summarize
the main results of the above referred works.
Let’s begin with clusters growth. In order to analyze it, we need to
define a parameter L(t) measuring clusters average size. Gonnella et al., in
[GLS14], took L(t) from the inverse of a typical wave-vector modulus, given
in turn by the first moment of the spherically averaged structure factor
C(k, t) = hρ̃(k, t)ρ̃(−k, t)i ,
where ρ̃(k, t) is the Fourier transform of the system density field. The brackets denote an average over directions in Fourier space. In order to infer L(t)
time evolution, one has to prepare the system in a region of the phase space
under the coexistence curve, so that it will separate as time passes. It has
been shown that
L(t) ∼ tα ,
where α seems to depend on the surface fraction φ. It should be mentioned
that, for a gas-liquid system without hydrodynamics interaction, ono expects α = 1/3. Such system is the cosest passive counterpart of the active
dumbbells fluid considered here. Studies on different ABP models showed
indeed that, after an initial transient, α stabilises on a value which converge
to 1/3 in the thermodynamic limit. The transient time is the time it takes
for the cluster size to reach the typical length of the ballistic flights active
particles perform[SMAC14].
Another main feature of clusters is their rotation, which is in turn strictly
connected to orientational order. Clusters rotations, in fact, is what makes
a system of active dumbells to differ from both a collection of spherical
beads and a system of rods, so that it can be placed in their middle. This
rotation can be visualised by measuring the coarse-grained velocity field of
the system, shown in Fig. 6.5 (central panel). Clusters rotation is due to
the elongated shape of the active particles: the rotational fluctuations of
a dumbbell in a cluster are suppressed by steric interaction, thus the only
way for these dumbbells to rotate is to do it coherently. Such phenomenon
cannot indeed be observed for spherical particles, since they are free to rotate
even in the dense phase. Dumbbells behaviour differs from that of longer
rods too, being the former unable to display a long-range nematic order as
the latter do. A local nematic order may however be observed, as depicted
in Fig. 6.5 (right panel), where the orientation field attains a spliralling
pattern.
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Figure 6.5: (A) Snapshot of the system in the separated phase. The inset shows a detail
of the dumbbells configuration; red and green beads indicate the tail and head of each
dumbbell and are connected by a line. (B) and (C) show respectively the coarse-grained
velocity and orientation fields, obtained by local averages on a square mesh. Adapted
from [SGMO14].

This concludes our brief summary of the separated phase behaviour; we
will analyze, in the next subsection, that of the homogenous one.

6.3.2

Diffusion in the homogeneous phase

The finite density diffusive behaviour of the active dumbbell system we
consider has been investigated in [CGS15a, CGS15b]. The centre of mass
mean squared displacement is shown in Fig. 6.6, for two values of P e and
several densities ϕ.

Figure 6.6: Centre of mass MSD normalised by time-delay, so that standard diffusion
is represented by a plateau, for Fa = 0.1, T = 0.005, 0.1 and several densities specified
in the key. The dashed lines in the left panel highlight the ballistic behaviour, while that
on the right panel marks the density dependence of the last crossover time. The black
arrows indicate tI (leftmost) and tA (rightmost), the red points towards t∗ . Adapted from
[CGS15a].

A first look at the mean square displacement (MSD) of the many-particles
system suggest that, as for the single-particle system, its behaviour is separated into four regimes (or three, depending on tI , t∗ and tA values), at
least in the homogenoeus phase. The crossover times are approximately the
same as for the single dumbbell, while a general lowering of the curves is
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observed as the density increases. Such lowering is a general feature of manyinteracting-particles systems, when their properties are compared to those of
a single particle, and may be strong enough that it causes the intermediate
diffusive regime to become subdiffusive ( ∆r2 ∼ tα , α ∈ (0, 1)). Moreover,
as it is shown in the above figure right panel, the crossover time between the
intermediate ballistic regime and the long-time diffusive behaviour acquires
a ϕ dependence at low P e.

Figure 6.7: Angular MSD normalised by time-delay for the same parameters of the
previous figure. As in Fig. 6.6, the arrows indicate the time-scales tI , t∗ , tA . Adapted
from [CGS15a].

The most remarkable difference with the single-dumbbell case, is that
the finite density angular MSD displays a temporal behaviour similar to
that of the translational MSD (Fig. 6.7), whereas it undergoes a standard diffusion at ϕ = 0. The question of how rotational diffusion becomes
activity-dependent at finite densities has a simple answer: due to te elongated shape, collisions transfer some angular momentum between particles,
and such transfer depends on the activity. In addition, while the long-time
angular diffusion coefficient, as the translational one, decreases with the
density at low P e, the finite density enhances angular diffusion at high P e.
This effect is caused by the unstable clusters formation occuring at high
P e: such phenomenon accelerates the rotational degrees of freedom due to
clusters rotation.
Hence, at low P e, where t∗ > tA , one observes the initial ballistic regime
up to tI , then the dynamics slow down and the angular MSD attains its
long-time diffusive regime (Fig. 6.7, right panel). Depending on ϕ, one may
observe an intermediate subdiffusion for tI < t < tA . At high P e, instead,
t∗ < tA , thus the angular MSD displays all the four regime (Fig. 6.7, left
panel). Specifically, that attained for t∗ < t < tA is superdiffusive, and its
features cause the long-time diffusion coefficient to increase with the density.
The issue of the finite density rotational diffusion will be explored further
in the next section.
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Numerical simulation of the active dumbbells
fluid

The model defined in section 6.1 mimicks the behaviour of a N active dumbbells fluid with a set of 2N coupled Langevin equations. Since an analytic
solution of the model is not provided, we, as in the studies mentioned within
the whole chapter, employed an algorithm aimed at Eq.(6.2) numerical solution. We will give, in this section, a brief description of the algorithm, and
show the results it produces for a scpecifical choice of the parameters. We
set, namely, Fa = 1 and kB T = 0.01, so that P e = 200; while the other parameters are fixed to the values mentioned in section 6.3: k = 30, r0 = 1.5,
γ = 10, m =  = σ = 1. By setting m,  and σ to one, we are practically
using m as unit of mass,  as unit of energy, and σ as unit of length. In such
units, for istance, k = 30 means
k = 30


,
σ2

since k is dimensionally akin to an energy over a squared length.
The algorithm core is the integration scheme for the Langevin equations, which is that proposed by Vanden-Eijnden and Ciccotti[VEC06]. Such
scheme consists in substituting a general Langevin equation of the kind
p
mv̇(t) = F (r(t)) − γv(t) + 2kB T γξ(t)
with the following update rules for position and velocity:
r(t + ∆t) = r(t) + ∆tv(t) + A(t);
√
∆t
v(t + ∆t) = v(t) +
[F (r(t + ∆t)) + F (r(t))] + λ ∆tφ+
2m
γ
− [∆tv(t) + A(t)];
m
√
where λ = 2kB T γ/m,


∆t2
φ
θ
A(t) =
[F (r(t)) − γv(t)] + λ∆t3/2
+ √ ,
2m
2 2 3
and φ, θ are independent Gaussian random numbers with zero mean and
unit variance. This discretisation of the Langevin equation is exact up to
the squared timestep ∆t.
We should spend, at this stage, a few words on the timestep value. It
has been fixed to 1/100 of the dumbbells oscilation time, i.e.
√
2π √ 2
tosc = 2π mk =
mσ .
30
In Lennard-Jones reduced units tosc = 1.14, but we set, for convenience,
tosc = 1, so that it becomes our time unit, and, consequently, ∆t = 1/100.
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Such ∆t is low enough, with respect to the others time-scales of the problem.
The inertial time, indeed, equals m/γ = 1/10 = 10∆t, while, for the active
time,
1
γσ 2
tA =
=
= 500 = 50000∆t.
DR
2kB T
The timestep ∆t, in addition, must not allow beads to draw too near too
each other, otherwhise the WCA forces may become so high that they will
destroy the dumbbells, by separating their beads further than r0 . We define,
to this end, the time a bead moving at speed Fa /γ needs to cover a tenth of
its diameter. Since a velocity has the dimension of a length over time, with
our choice of parameters
toverlap =

σ/10
σ/10
=
= ∆t.
Fa /γ
0.1σ

We are then ensured that the two beads of a dumbbell cannot overlap for
more than a tenth of σ within a single timestep.
The WCA forces represent another issue the algorithm should deal with,
since their calculus requires, for each bead, the cheking of all the other beads.
Practically speaking, it is an operation which scales as N 2 , while the others
calculations scale as N . Actually, we can take advantage of the short range
of the WCA forces, and build, for each bead, a list of the beads closer than
σ. The WCA forces are then computed only for beads belonging to the same
list, and we recover the N scaling. Finally, in order to ignore the effects of
the boundaries, we implemented periodic boundary conditions.
Fig. 6.8 shows a snapshot of the system, obtained with the numerical
scheme just described. Each dumbbell in the snapshot has been coloured
according to the time average of its velocity projection along the dumbbell
main axis. The average has been computed over a time interval of length
τ = 15, centered on the timestep at which the snapshot has been taken. The
darker a dumbbell is, the slower it move: such colouring highlights what
the general theory of MIPS predicts, i.e. that active dumbbells accumulate
where they go slower. The most dense regions of Fig. 6.8 are indeed generally
darker than the others.
Let us notice that, even if the system lies out of the coexistence curve of
the phase diagram, small clusters do form, yet the density is not high enough
to trigger phase separation. Roughly speaking, what happens is that the
typical events leading to aggregation (see Fig. 6.2) occur, but, due to the
low density, clusters are destroyed by fluctuations before the arrival of other
particles could stabilise them. With respect to the phase diagram shown
in Fig. (6.4), P e = 200 is indeed high enough to cause active dumbbells
aggregation, yet the density ϕ = 0.1 is lower than the threshold the system
needs to surpass to effectively undergo phase separation.
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Figure 6.8: Snapshot of a system of N = 2546 active dumbbells at P e = 200 and density
ϕ = 0.1. Each dumbbell is coloured according to its time averaged velocity, where the
average has been taken over a time interval of length τ = 15. The darker the dumbbell is,
the slower it move: molecules trapped in small clusters are indeed darker than the isolated
ones. See the text for more details on colouring. Courtesy of A. Suma.

6.4.1

Clustering at Pe=200 and density 0.1

Some of the features of the small clusters found in this region of the phase
space may be inferred from the clusters size distribution CSD(m, t), i.e. the
probability for a dumbbell to be part of a cluster of size m at time t. The
algorithm we used for cluster detection is named DBSCAN. It is based on the
euclidean distance between two dumbbells, and check, for each dumbbell,
whether it belongs to a cluster or not. Specifically, the algorithm counts how
many dumbbells lie within a circle of radius , centerend on the centre of
mass of the first dumbbell, to which we will refer as the seed. If the number
of dumbbells surrounding the seed exceed a certain threshold mpt , then the
seed, together with its neighbours, belongs to a cluster. Otherwise, the seed
is marked as ’noise’. What makes DBSCAN faster than other clustering
algorithms, is that, once a cluster is found, it is expanded up to its border:
all the dumbbells but the seed become seed themselves, and the scheme
described above is applied repeatedly, until dumbbells having less than mpt
neighbours are found. The latters constitute the border of the cluster. Fig.
6.9 displays a pictorial representation of DBSCAN action.
This algorithm works better for the cluster bulk than the border, reaching its maximum accurancy when the clusters to be detected are large, i.e.
when the number of extremal points is far lower than the number of points
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Figure 6.9: Schematic representation of DBSCAN, with mpt = 3 and  equalling the
radius of the depicted circles. Points B and C are initially marked as noise, yet, when the
poin A is taken as seed, the algorithm starts a cluster which eventually reaches both B
and C.

in the bulk. It has indeed been successfully employed in studies of the
sepharated phase. This is not the case, as displayed in Fig. 6.8 inset, which
shows an aggregate so small that all the dumbbells it is made of belong to
its border. Almost all the clusters found at P e = 200, ϕ = 0.1 share such
feature, making the accurate measurement of the clusters size distribution
practically impossible, yet we set up the DBSCAN algorithm, in order to
have at least an order-of-magnitude measure of the typical clusters size. The
DBSCAN, to be concrete, has been launched every 100 simulation seconds,
with  = 2σ and mpt = 3, and the size n of each cluster collected. We
plotted, in Fig. 6.10, the relative frequencies of each outcome: they suggest
that the clusters size averages at 4 ÷ 5, and rarely exceeds ten dumbbells.

Figure 6.10: Clusters size distribution measured with DBSCAN at P e = 200 and
density ϕ = 0.1. For reasons explained in the text, we are unable to perform an accurate
measurement, yet the distribution seems to decay as a power-law of the clusters size.

Though small, clusters have an effect on the properties of the system,
especially with respect to fluctuations. Since this topic will be covered in
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chapter 8, we limit here to discuss how the formation of small aggregates
affects angular diffusion. We measured, to this end, the mean squared angular displacement, and compared it to its single-dumbbell limit. The result
is plotted in Fig. 6.11: the finite density angular diffusion, due to the high
P e, is faster than that of the single dumbbell.
Due to the values of the parameters, tA = 5000, t∗ = 2 and tI = 0.1.
∗
t and tI are not too far from each other: the intermediate diffusive regime
is indeed missing. The superdiffusive regime between t∗ and tA , conversely,
appears clearly in the figure. This is, as mentioned in 6.3.2, an effect of the
clusters, which, by rotating, enhance angular diffusion, rather than slowing
it down. Our result, in addition, shares its features with the diffusion of
passive tracers in a bacterial bath studied by Wu and Libchaber in [WL00].

Figure 6.11: Time-scaled mean squared angular displacement, for P e = 200 and ϕ = 0.1
(blue line) and 0 (black line). Dashed lines represent diffusion coefficients for both cases.
With respect to the single-molecule limit, the long time diffusive regime is characterised
by a higher diffusion coefficient.

The persistent motion found therein is obviously different from that of
a single dumbbell, since the persistency is due to activity in the latter, and
caused by the coherent structure formed by the bacterial bath in the former.
With respect to dumbbells angular diffusion, however, a comparison is in
order: the dumbbells angular displacements behave indeed analogously to
the translational displacements of a passive tracer, in absence of an active
bath. In addition, in both cases the active bath produces an intermediate
superdiffusive regime, which become diffusive again after a time tC greater
than the inertial time. Hence, as Wu and Libchaber perceive such crossover
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time as the mean lifetime of the coherent structures causing persistency, we
may take it as the mean lifetime of small clusters. Those clusters should
indeed have a finite lifetime, since the system does not undergo phase separation for the parameters considered.

Figure 6.12: Mean squared displacement of a passive tracer immersed in a bacterial
bath, from [WL00].

These comments on angular diffusion end our discussion of the system
dynamics at P e = 200, ϕ = 0.1. In the chapters which follow, we will give
more details about the effects such peculiar dynamics has on the statistics
of fluctuations of some quantities of interests, such as the mean entropy
production rate and the time-averaged work done by the active force.

Chapter 7

Entropy production
measurements
This chapter contains an analysis of the entropy production statistics in the
active dumbbells system introduced in chapter 6. The definition of entropy
production in a given time interval [0, τ ] we gave in chapter 2 (Eq. (2.8))
reads
P F [Xτ |X(0)]
P F (X(0))
∆Sτ = log R
+ log F
,
P (X(τ ))
P [X τ |X(0)]
where X is the stochastic process representing the system state, Xτ the
path it follows in the time interval [0, τ ], P F/R [Xτ |X(0)] the probability of
a path Xτ conditioned to its starting point X(0), and P F/R the one-time
probabilities of the stochastic process. The superscripts F,R distinguish the
forward from the reversed dynamics and the overline denotes time-reversal.
Actually, none of the terms in the Langevin equation ruling our active dumbbells system dynamics depends explicitly on time, so that the forward and
reversed dynamics coincide. In addition, we will forget the second term in
the above display right-hand side, by assuming, as it is usually done, that
its relative contribution vanish in the large τ limit. Hence, we write
∆Sτ = log

P [Xτ |X(0)]
.
P [X τ |X(0)]

In the overdamped regime, X coincide with the collection of beads positions, which evolve according to
s
(
1 ∂Vi
1
2kB T
+ Fa,i +
η i (t) , ∀i = 1, . . . , N.
ṙi = −
γ ∂ri
γ
γ
We can infer the path probability from the path integral representation
(Eq.(1.23)) of the above dynamics. Let us set
fi = −

1 ∂Vi
1
+ Fa,i ,
γ ∂ri
γ
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the path integral representation, then, corresponds to the stochastic Lagrangian
L({ri }, {ṙi }) =

N
N
γ X
1X
(ṙi − fi ) · (ṙi − fi ) +
∇ · fi ,
4kB T
2
i=1

i=1

so that
 Z
P [Xτ |X(0)] ∝ exp −

τ


L({ri (t)}, {ṙi (t)})dt ,

0

while

 Z τ
P [X τ |X(0)] ∝ exp −
L({ri (τ − t)}, {−ṙi (τ − t)})dt =
0

 Z τ
0
0
0
L({ri (t )}, {−ṙi (t )})dt ,
= exp −
0

where the last equality is obtained by setting τ − t = t0 . The logarithmic
ratio of the above probabilities reads
Z τ
−
[L({ri (t)}, {ṙi (t)}) − L({ri (t)}, {−ṙi (t)})] dt.
0

It is clear, at this stage, that the only terms of the stochastic Lagrangian
which contributes to the entropy production are those which are odd under
ṙi ↔ −ṙi , i.e. those linear in ṙi .
Therefore, the entropy production of the self-propelled dumbbells system
we consider is given, in the overdamped regime, by
Z
∆Sτ = −

τ

"
−

γ

N
X

#

fi · ṙi (t) dt =
kB T
i=1
N Z
N Z
1 X τ ∂Vi
1 X τ
=
· ṙi (t)dt +
Fa,i · ṙi (t)dt.
kB T
kB T
0 ∂ri
0
0

i=1

(7.1)

i=1

The first term in Eq.(7.1) right-hand side equals the internal energy variation, while the second is the work done by the active force. It is worth
noticing that, since we are working in the overdamped limit, there is no
contribution due to the heat exchanged with the bath.
In the two following sections we will infer ∆Sτ statistics for both the
many-dumbbells system and the single-molecule limit. The latter, specifically, can be solved analiticaly, by performing calculations which allow, in
addition, to derive a fluctuation relation for a macroscopic current that will
be defined in the next section. For the interacting dumbbells fluid, instead,
the results we present come from the numerical solution of Eq. (6.2).

7.1. Fluctuation relations for an isolated dumbbell
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Fluctuation relations for an isolated dumbbell

The overdamped dynamics of a single active dumbell, as we showed in section
6.2, is ruled by the following Langevin equations,
s
1
kB T
ṙ(t) = Fa (t) +
ξ(t),
γ
γ
(7.2)
s
2 kB T
θ̇(t) =
ζθ (t),
σ
γ
where r(t) the dumbbell centre of mass position (to ease the notation, we will
drop for the whole section the subscript cm) and θ(t) the angle its main axis
forms with the x axis. ξ(t) is a unit-strength Gaussian white noise, and ζθ (t)
is the second component of R(θ(t))ζ(t), where R(θ) is a rotation by θ in the
plane into which the system resides, and ζ(t) another unit-strength Gaussian
white noise independent from ξ. Fa (t) = Fa n̂(t), with n̂(t) representing the
dumbbell orientation at time t, i.e. n̂(t) = (cos θ(t), sin θ(t)).
Let us call such versor n̂k , and introduce another versor orthogonal to
the former, n̂⊥ = (− sin θ, cos θ). This section deals with the statistics of
the current




Z
1 t+τ 0
Jk (t)
n̂k (t0 ) · ṙ(t0 )
(7.3)
Jτ (t) =
=
dt
.
J⊥ (t)
n̂⊥ (t0 ) · ṙ(t0 )
τ t
The reason for considering such current is twofold: on one hand, Kumar et
al. showed in [KSRS15] that it satisfies a peculiar instance of the fluctuation
theorem (we will return to this point later); on the other hand, the component along the dumbbell main axis Jk is proportional to the work done by
the active force in [t, t + τ ],
Z t+τ
Z t+τ
0
0
0
∆W (t, t + τ ) =
dt 2Fa (t ) · ṙ(t ) = 2Fa
dt0 n̂k (t0 ) · ṙ(t0 ).
t

t

The latter, as Eq.(7.1) suggests, contributes to the entropy produced by the
system in [t, t + τ ]. Actually, the single-molecule system entropy production
coincides, in the overdamped limit, with the work done by the active force
scaled by kB T , since the only systematic force acting on an isolated dumbbell
is the active one.
Since


n̂k (t) · ṙ(t)
= R(θ(t))ṙ(t),
n̂⊥ (t) · ṙ(t)
we can compute Jτ integrand (we call it j(t)) by applying R(θ(t)) to the
first equation of the set (7.2). Hence,
s
Fa
kB T
j(t) = R(θ(t))ṙ(t) =
R(θ(t))n̂k (t) +
R(θ(t))ξ(t).
(7.4)
γ
γ

106

Chapter 7. Entropy production measurements

The first term on the above equation right-hand side reduces to the costant
vector j0 of components j0,1 = Fa /γ, j0,2 = 0; the second term is a rotated
noise such as that acting on the dumbbell elongation in polar coordinates.
Thus, the integration Eq.(7.4) with respect to t yields
s
kB T
Jτ (t) = j0 +
Nτ (t),
(7.5)
γ
where
1
Nτ (t) =
τ

Z

t+τ

dt0 R(θ(t0 ))ξ(t0 ).

t

The term j0 is constant, so that the statistics of Jτ (t) is completely determined by Nτ (t) fluctuations. In order to compute the probability distribution of such fluctuations, we recall Eq.(1.15) from section 1.3.1. According
to the above referred equation,
  Z t+τ

1
0
0
0
P (N, t) ≡ P {Nτ (t) = N} = δ
dt R(θ(t ))ξ(t ) − N
, (7.6)
τ t
where the average is taken over all the realisations of the noises ξ(t) and
ζθ (t). Now, as it has been done in section 1.3.1, we substitute the δ function
with its integral representation, obtaining
Z

 Z t+τ

1
1
0
0
0
P (N, t) =
dk exp −ik ·
dt R(θ(t ))ξ(t ) − N
=
(2π)2
τ t



Z
Z
1
i t+τ 0
0
0
=
dk exp −
dt k · (R(θ(t ))ξ(t ))
eik·N .
(2π)2
τ t
(7.7)
In the subsection which follows, we will see that
E
D
k2
e−ik·Nτ (t) = e− 2τ ,
(7.8)
so that
1
P (N, t) = P (N) =
(2π)2

Z


k2
τ − τN2
dk exp − + ik · N =
e 2 .
2τ
2π


(7.9)

We may then use Eq.(7.5) as a change of vaiable Nτ = Nτ (Jτ ), and write


∂Nτ
P {Jτ = J} = det
P {Nτ (Jτ ) = Nτ (J)},
∂Jτ
p
to obtain, since (∂Nτ /∂Jτ )ij = ∂(Nτ )i /(∂Jτ )j = γ/kB T δij ,


τγ
τγ
2
exp −
(J − j0 ) .
P (J) =
(7.10)
2πkB T
2kB T
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We conclude that Jτ fluctuations are Gaussian distributed about the mean
j0 , with covariance matrix Σij = (kB T /τ γ)δij .
Eq. (7.10) allows to compute the logarithmic ratio between the probabilities of two different currents J, J0 . We have

1
P (J)
γ 
(J − j0 )2 − (J0 − j0 )2 =
log
=−
0
τ
P (J )
2kB T
γ
γ
=−
(J2 − J02 ) +
j0 · (J − J0 ).
2kB T
kB T
Hence, if we consider current fluctuations of equal magnitude (|J| = |J0 |),
their probabilities will satisfy
1
P (J)
γ
log
=
j0 · (J − J0 ).
0
τ
P (J )
kB T

(7.11)

The above relation is an example of Isometric Fluctuation Relation (IFR), a
generalised version of the fluctuation theorem which may concern a general
current (such as Jτ (t)) in a system out of equilibrium[HPEdPG11]. As Hurtado et al. wrote in the above mentioned paper, the IFR is a deep statement
on the consequences of the microscopic symmetries at the macroscopic level,
just as the Fluctuation Theorem, described in chapter 2, is caused by the
time-reversal symmetry of the microscopic dynamics. Moreover, by relating
the fluctuations of non-equilibrium currents, the IFR provide an extension
of Onsager’s reciprocity relations holding arbitrarily far from equilibrium.
The constant vector multiplying the currents difference on Eq.(7.11)
right-hand side is known to be related to the entropy production rate of the
system. The problem at hand offers a straightforward check of this statement, and allows to show explicitly that an IFR may include the Fluctuation
Theorem for the entropy production as a special case. The time-averaged
entropy production rate of an isolated dumbbell is indeed proportional to
the work done by the active force ∆W (t, t + τ ), which in turns equals 2Fa Jk .
Namely,
∆Sτ
1 ∆W (t, t + τ )
2Fa
Ṡτ =
=
=
J .
τ
kB T
τ
kB T k
By integrating Eq.(7.10) with respect to J⊥ we get


r
τγ
τγ
2
P (Jk ) =
exp −
(J − Fa /γ) ,
2πkB T
2kB T k
from which we can deduce Ṡτ probability distribution by a change of variable. By setting Jk = Jk (Ṡτ ) = kB T Ṡτ /2Fa , we have
P (Ṡτ ) =

dJk

P (Jk (Ṡτ )) =
dṠτ
s


τ γkB T
τ γkB T
2
=
exp
−
(
Ṡ
−
2F
/γk
T
)
.
τ
B
a
8πFa2
8Fa2

(7.12)
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On one hand, the above probability tell us that Ṡτ averages at


2Fa
Fa
2
2Fa /γkB T =
,
γ
kB T
where the factor in brackets equals the modulus of γj0 /kB T , which in turn is
the vector multiplying the currents difference on Eq.(7.11) right-hand side.
On the other hand, Eq.(7.12) satisfies the Fluctuation Theorem
1
P (Ṡτ )
log
= Ṡτ ,
τ
P (−Ṡτ )

(7.13)

as in Eq.(2.1) of chapter 2.
The remainder of the section is divided into two subsections: in the first,
we compute expicitly the averaged exponential of Eq.(7.8); in the second we
present the numerical estimate of the IFR just derived.

7.1.1

Proof of Eq.(7.8)

The present subsection is devoted to the computation of
E
D
ΦN (k) ≡ e−ik·Nτ ,

(7.14)

where the average, we recall, is taken over all the realisations of the noises
ζθ , acting on the dumbbell orientation, and ξ, which rules the dynamics of
the centre of mass position.
It is worth noticing that the quantity we want to evaluate is nothing
but Nτ characteristic function, i.e. the Fourier transform of its probability
density function. The characteristic function is, in some sense, an alternative
expression of the moment generating function
MN (s) ≡ es·Nτ .
Both ΦN and MN yield in fact Nτ moments by derivation:
 


∂ n1
∂ n2


MN (0),
 ∂s
∂s2
1
n1
n2
 

Mn1 ,n2 = h(Nτ )1 (Nτ )2 i = 

∂ n2
∂ n1

 i
i
ΦN (0),
∂k1
∂k2
and
MN (s) =

∞
X
n1 ,n2 =0

sn1 1 sn2 2
Mn1 ,n2 ,
n1 !n2 !

ΦN (k) =

∞
X
n1 ,n2 =0

(−ik1 )n1 (−ik2 )n2
Mn1 ,n2 .
n1 !n2 !

The characteristic function provide an alternative definition for the cumulants of a random variable. The latters are usually defined as

 

∂ n1
∂ n2
CN (0),
Cn1 ,n2 =
∂s1
∂s2
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where CN (s) is Nτ cumulant generating function,
CN (s) = log es·Nτ = log MN (s),
and may be expanded as
0

∞
X

CN (s) =

n1 ,n2 =0

sn1 1 sn2 2
Cn ,n ,
n1 !n2 ! 1 2

where the prime on the sum means that the term sith n1 = n2 = 0 must be
excluded.
If we call ΓN (k) the characteristic function logarithm, we will have

 

∂ n1
∂ n2
Cn1 ,n2 = i
i
ΓN (0),
∂k1
∂k2
and, consequently,
0

ΓN (k) =

∞
X
n1 ,n2 =0

(−ik1 )n1 (−ik2 )n2
Cn1 ,n2 .
n1 !n2 !

ΦN (k), then, can be computed as
E
D
ΦN (k) ≡ e−ik·Nτ = eΓN (k) .

(7.15)

First, we will show that ΓN (k) equals −k 2 /2τ for a Nτ which equals the
time average of a unit-strength Gaussian white noise. Second, we will prove
that the moments of the rotated noise R(θ(t))ξ(t) coincide with those of a
unit-strength Gussian white noise, so that their time averages will share the
same cumulants.
Let us then consider a vectorial Gaussian white η(t) noise having two
independent components. We will denote its cumulants with lowercase letters, in order to distinguish them from the cumulants of the time averages,
which we indicate with capital letters. By the Gaussian noise definition,
all but the second order η cumulants vanish, and, due to the components
independence, c1,1 = 0. The only non-vanishing cumulants are then c2,0 and
c0,2 , which, being the noise white and of unitary amplitude, read
c2,0 = c0,2 = δ(t − t0 ).
The cumulants of η time-average can be obtained by integrating n times
over [t, t + τ ] and dividing by τ n the η cumulants of order n. Thus
Z Z t+τ
1
1
C2,0 = C0,2 = 2
δ(t0 − t00 )dt0 dt00 = .
τ
τ
t
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The corresponding ΓN (k), according to the aforementioned series expansion,
reads
0

ΓN (k) =

∞
X
n1 ,n2 =0

(−ik1 )n1 (−ik2 )n2
k2
k2
k2
Cn1 ,n2 = − 1 C2,0 − 2 C0,2 = − .
n1 !n2 !
2
2
2τ

(7.16)
We show now that R(θ(t))ξ(t) has the same moments mn1 ,n2 of η. Since
the cumulant generating function equals the logarithm of the moment generating function, each cumulant of order n is completely specified by all the
moments of order n0 ≤ n, so that moments equivalence implies cumulants
equivalence. The mean, for istance, due to the independence of θ(t) from
the noise ξ(t), is given by
X
h(R(θ(t))ξ(t))i i =
hRij (θ(t))i hξj (t)i = 0.
(7.17)
j=1,2

Due to the averages factorisation, all the odd order moments of R(θ(t))ξ(t)
vanish as the odd order moments of ξ(t). Let us now turn our attention
onto the second order moments. Since the first order moments vanish, these
moments will coincide with the second order cumulants.
X
(R(θ(t))ξ(t))i (R(θ(t0 ))ξ(t0 ))j =
Rik (θ(t))Rjl (θ(t0 )) ξk (t)ξl (t0 ) =
k,l=1,2

=

X

0

Rik (θ(t))Rjl (θ(t )) δkl δ(t − t0 ) = (R(θ(t))R| (θ(t0 )))ij δ(t − t0 ) =

k,l=1,2

= Rij (θ(t) − θ(t0 )) δ(t − t0 ),
(7.18)
where | denotes the transpose matrix, and we used the rotation matrices
properties R| (θ) = R−1 (θ) = R(−θ) and R(θ1 )R(θ2 ) = R(θ1 + θ2 ).
The Eq.(7.18) right-hand side behaves, with respect to integration, as
δij δ(t − t0 ). For t = t0 , indeed, θ(t) − θ(t0 ) = 0, and the factor multiplying
δ(t − t0 ) becomes the ij-th component of the identity matrix. The second
order moment M2,0 of R(θ(t))ξ(t) time average, for istance, reads
Z Z t+τ
1
M2,0 = 2
R11 (θ(t0 ) − θ(t00 )) δ(t0 − t00 )dt0 dt00 =
τ
t
Z t+τ
1
1
1
= 2
dt0 hR11 (0)i = δ11 = ,
τ t
τ
τ
as M0,2 , while M1,1 = 0. Hence, we can consider R(θ(t))ξ(t) as having
covariance δij δ(t − t0 ) for all practical purposes. For the same reasons, all
the even order moments of R(θ(t))ξ(t) coincide with those of a unit-strength
Gaussian white noise. Finally, since the moments equivalence yields the
cumulants equivalence, we can conclude that ΓN (k) = −k 2 /2τ , so that
D
E
k2
(7.19)
e−ik·Nτ (t) = e− 2τ ,
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Figure 7.1: Probability distributions of Jτ components (Jk on the left, J⊥ on the right).
τ = 30 on the top row, 100 on the bottom row. Fa = 1.0, kB T = 0.01. Probabilities are
plotted as solid blue lines, while the black dashed lines represent Eq. (7.10) predictions.

7.1.2

Numerical estimate of the IFR

We conclude our discussion of the isolated dumbbell properties by presenting a numerical check of the results of this section, obtained by running
almost 70 millions times the simulation described in section 6.4. Since the
random numbers representing the noises are generated at each timestep of
the simulation, each running of the latter correspond to a different realisation of the noises. Each simulation lasted for 100 seconds, and we measured
Jτ components for τ = 30, 40, . . . , 100.
Both J⊥ and Jk has been measured, according to their definition, as
time averages of the centre of mass velocity projections onto n̂k and n̂⊥ ,
computed at each timestep from the dumbbell orientation. Fig. 7.1 shows
Jk and J⊥ probability distributions, for τ = 30 and 100, together with the
theoretical predictions obtained from Eq.(7.10) marginalisation. The joint
probability P (J) is displayed in Fig. 7.2 for τ = 30. The latter, specifically,
has been obtained by dividing the subset [0.08, 0.12] × [−0.02, 0.02] of the
Jk J⊥ plane into 100 × 100 squares of side 0.004, and counting, for each
square, how many of the 70 millions measured points (Jk , J⊥ ) fell into the
square.
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Figure 7.2: Numerical estimate of the joint probability distribution P (Jτ ) for τ = 30.
The k component is on the x axis, while the ⊥ is on the y axis. Fa = 0.1, kB T = 0.01.

In order to check the isometric fluctuation relation (Eq.(7.11)) numerically, we gathered together the probabilities of currents having approximately the same modulus. Approximately means that, since the measured
P (Jτ ) is defined on a square grid of spacing 0.004, we placed together currents differing at most 0.004 in modulus. To be concrete, we divided the
square [0.08, 0.12] × [−0.02, 0.02] of the Jk J⊥ plane into 100 0.004 tick annuli. For each annulus, we take the current with zero ⊥ component as
reference current J0 , and compute the logarithmic ratio between the probabilities of the currents J falling into the annulus and P (J0 ). Fig. 7.3 displays
a schematic representation of the method just described.

Figure 7.3: Pictorial representation of the method employed in the IFR numerical check.
A red, 0.02 tick annulus is plotted against a 20 × 20 square grid. The dots indicate all
the currents lying within the annulus: these currents will be compared to the reference
current J0 .
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Figure 7.4: Numerical check of the IFR at τ = 30, with Fa = 1 and kB T = 0.01.
All the currents considered in the top panel have modulus J ∈ [0.0856, 0.086], while, in
the bottom panel, J ∈ [0.1188, 0.1192]. The horizontal error bars length equals the size
of the bins employed in P (Jτ ) estimate, while the black dashed lines denote Eq.(7.11)
predictions.

Let us recall the IFR derived at the beginning of the section.
1
P (J)
γ
Fa
log
=
j0 · (J − J0 ) =
(J − Jk0 ).
0
τ
P (J )
kB T
kB T k
Since j0 lies on the k axis, the logarithmic ratio depends on the solely k
component of the currents difference. In Fig. 7.4, which shows the results
of the IFR numerical check, there are indeed several points having the same
k coordinates. These points correspond to currents which, though slightly
different, fall into the same bin of the k axis. For this reason, we equipped
the numerical points with horizontal error bars, having the same length of
the bins employed in the numerical estimate of P (Jτ ). When such errors
are considered, the numerical estimates agree with the analytical result,
represented in the figure with a black dashed line.
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Entropy production in the many-dumbbells system

We consider in this section the statistics of the entropy production for the
interacting dumbbells fluid.
The total entropy produced over a time interval of length τ is given by
Eq. (7.1), i.e.
Z
Z
N
N
1 X 1 τ ∂Vi
1 X1 τ
Ṡτ =
· ṙi (t)dt +
Fa,i · ṙi (t)dt,
kB T
τ 0 ∂ri
kB T
τ 0
i=1

i=1

where, we remark, ri is the position of the i-th bead. With respect to
the single-molecule limit, it comprises the contribution of inter-dumbbells
collisions. There is no way, in this case, of computing ∆Sτ /τ probability
distribution as it has been done for the isolated dumbbell, yet we expect, due
to the summation of many single-dumbbells contribution, the total entropy
production to be Gaussian distributed, at least in the large N and long τ
limit. Before presenting the distributions we measured numerically, let us
try to figure out how they should look like.
The first sum in Ṡτ definition equals the internal energy variation rate
N
1X
V (τ ) − V (0)
(Vi (τ ) − Vi (0)) =
,
τ
τ
i=1

scaled by kB T . Since it depends only on the system configuration at times 0
and τ , it is expected to scale as τ −1 , so that it will be irrelevant with respect
to terms scaling like τ 0 . Then, if we set
Z
∆Sτ
1 τ
Ṡτ =
=
Σ(t)dt,
τ
τ 0
Σ(t), which equals the istantaneous entropy production rate, will be given
by
N
1 X
Σ(t) '
Fa,i · ṙi (t) ⇒
kB T

⇒ kB T Σ(t) ' −

1
γ

i=1
N
X

Fa,i ·

i=1

∂Vi
+
∂ri

N Fa2
γ

s
+

N
2kB T X
Fa,i · η i (t),
γ

(7.20)

i=1

where we substituted ṙi (t) with the overdamped Langevin equation righthand side. Fa,i · η i (t) equals Fa times the second component of the rotated
noise R(θi (t))η i (t). We saw, in section 7.1.1, that such noise is still a Gaussian white noise, provided θi (t) is independent from η i . This is no more true
in the finite density system, since dumbbells are elongated in shape, thus
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the WCA interaction result in a position-dependent torque acting on each
dumbbell orientation.
However, in the aim of taking a long τ limit, we may handle each θi (t)
as an effective Wiener process, independent from both the θj ’s with j 6= i
and the beads positions, and having diffusion coefficient DR (ϕ) rather than
DR (ϕ = 0). This approximation allows to substitute Fa,i · ηi (t) with Fa ζθ,i ,
where the ζθ,i ’s are independent zero mean and unit variance white noises.
Their sum, thus, is another white noise, having variance N . We call it Ξθ (t),
and write
s
s
s
N
N
2
X
X
2kB T
2kB T Fa
2kB T Fa2
Fa,i · η i (t) =
ζθ,i (t) =
Ξθ (t) =
γ
γ
γ
i=1
i=1
s
2N kB T Fa2
=
ξσ (t),
γ
where ξσ (t) has unit variance. Hence, by setting σ(t) = kB T Σ(t)/N , we get
s
N
∂Vi Fa2
2kB T Fa2
1 X
Fa,i ·
+
+
ξσ (t).
(7.21)
σ(t) = −
γN
∂ri
γ
Nγ
i=1

It is worth noticing that σ(t) is nothing but the istantaneous entropy production rate per particle.
Let us now look at the sum on the above equation right-hand side. Each
Vi therein comprises the contributions of both the FENE and the WCA
interactions. The former vanishes, since, for each bead belonging to the
same dumbbell, FENE forces are equal in magnitude and opposite in sign,
while active forces are equal both in magnitude and sign. There remains
then the solely WCA potential, meaning that the sum under analysis is
the contribution to the entropy production rate due to collisions between
dumbbells. We may expect that such contribution converges to some sharp
value N K in the thermodynamic limit due to the law of large numbers, then
write
s
K
Fa2
2kB T Fa2
σ(t) = − +
+
ξσ (t).
(7.22)
γ
γ
Nγ
The last display is analogous to the Langevin equation 1.25 we encountered
in section 1.3.2, within the discussion of the Freidlin-Wentzell large deviations principle. Such principle, we recall, states the exponential convergence
of a fluctuating variable ẋ ruled by
r
1
η(t),
ẋ(t) = v(x(t)) +
N
where η(t) is a white Gaussian noise, towards the optimal path ẋ(t) = v(x(t))
in the large N limit. We can then invoke the LDP, which tell us that σ(t)
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Figure 7.5: Probability distributions of KB T ṡτ for τ = 100 (left) and 300 (right). The
solid blue lines represent numerical estimates, while the black dashed lines are gaussian
distributions having as mean and variance those measured from the sample. Note that
the variance σ 2 is really small, if compared with the mean µ.

is exponentially likely to follow the optimal path σ ∗ (t) = (Fa2 − K)/γ, as
N → ∞. The mean entropy production per particle over τ , then, which is
an additive functional of σ(t), will converge, by the contraction principle, to
the value it attains on the optimal path. Namely,
Ṡτ
1
kB T ṡτ ≡ kB T
=
N
τ

Z
0

τ

σ ∗ (t)dt =

Fa2 K
− .
γ
γ

(7.23)

In order to check this result, we estimated kB T ṡτ probability distribution
for a system of 2546 dumbbells (meaning N = 5092) at P e = 200 and
ϕ = 0.1, up to τ = 300. The statistics has been obtained by running the
system simulation for more than 60,000 times. The results, shown in Fig.
7.5, agree with the prediction: the narrowness of the variances highlights the
convergence of kB T ṡτ towards its average, and the average value (0.0906),
since Fa = 1 and γ = 10, suggests a K equal to 0.094. The numerical
estimates, in addition, are fitted with Gaussian probability distributions,
in order to show, as Eq.(7.22) suggests, the Gaussian behaviour of small
fluctuations.
As we claimed at the beginning of the section, the most significant contribution to the entropy production comes from the work done by the active
force, even in the interacting dumbbells system. Such contribution is indeed
the only we kept in Eq.(7.20). Hence, since each dumbbell travels tipically
with speed v0 = Fa /γ, one may argue that the average entropy production
rate per particle should converge to Fa2 /γ, i.e. that K = 0 in the thermodynamic limit. Our simulations, conversely, strongly suggest a positive K.
With the aim of understanding this result, we analysed in detail the fluctuations of the work the active force does on each dumbbell of the system. The
outcomes of the analysis are going to be presented in the following chapter.

Chapter 8

Large deviations and
condensation of the active
work
We study, in this chapter the statistics of the work Wτ done by the active
force on one of the N interacting active dumbbells modelled by Eq.(6.2).
The work is defined as
Z
1 τ
Fa · vi (t),
Wτ =
τ 0
where vi (t) is the velocity of the dumbbell centre of mass. Our study
spanned the high P e and low density region of the parameters space, located out of the coexistence curve in the phase diagram. To be concrete,
the present chapter refers to a system of 2546 dumbbells, with surface fraction ϕ = 0.1, temperature kB T = 0.01 and active force modulus Fa = 1,
so that P e = 200. The features the system displays in the corresponding
region of the phase space had been outlined in section 6.4.
Fig. (8.1) shows P (Wτ ) numerical estimate for τ = 50, in comparison with the single-molecule limit result obtained in section 7.1. While
fluctuations higher than the single-dumbbell average Fa2 /γ are Gaussian
distributed, P (Wτ ) displays a kink at Wτ = W τ < Fa2 /γ, then decays exponentially towards negative values. The exponential decay of P (Wτ ), i.e. the
linear decay of log P (Wτ ), marked in the figure by the red dashed line, is
analogous to the linear branches of the rate functions encountered in chapter
3, within the discussion of the urn model and the quenched Gaussian model
(see figures 3.4 and 3.5). Since both these models can sustain a condensation
at the fluctuating level, this is the first motivation we give to the title of the
present chapter.
The remainder of the chapter is organised as follows. In the first section,
we will give a phenomenological explanation of P (Wτ ) features, focusing
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Figure 8.1: Probability distribution of Wτ for τ = 50 (solid line) together with the
analytical result at ϕ = 0 (black dashed line). The red dashed line highlights the linear
branch of log P (Wτ ).

especially on the possibility of measuring a negative time-averaged active
work. Then, in the second section, we will study more carefully Wτ large
deviations in the long τ limit, in order to understand which are the factors
causing them to differ so much from the single-molecule limit. Finally, in the
third section, we will focus our attention on the apparently non-analytical
behaviour of P (Wτ ), and relate such behaviour to a dynamical phase transition.

8.1

Negative active work

Apart from the distribution shape, Fig. 8.1 indicates that there is a non-zero
probability of finding a negative Wτ . Such a result may seem counterintuitive, since the single-dumbbell active work averages at Fa2 /γ, and the total
active work done on the system is only slightly smaller, as we showed in
section 7.2.
We begin by considering the Langevin equation of an active dumbbell
immersed in an active dumbbells fluid. Such equation reads
1X
1
ṙi (t) =
Fij + Fa +
γ
γ
j6=i

s

kB T
ξ(t),
γ
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Figure 8.2: Snapshots of a moving cluster, taken from a simulation of the system at
P e = 200, ϕ = 0. The snapshot on the bottom has been taken after 40 simulation seconds
from that on the top. The dumbbells forming the cluster are coloured yellow, while the
red one is being dragged against its active force direction. The latter is represented, for
each dumbbell, by a blue arrow. The black arrows mark the direction of the total WCA
force acting on the red dumbbell. Between the two snapshots, the red dumbbell has clearly
moved in a direction opposite to that set by its own active force.

where Fij is the WCA force between the j-th and the i-th dumbbells. Thus,


s
2
X
1
kB T
F
Fa · vi (t) = Fa · 
Fij  + a +
Fa · ξ(t).
γ
γ
γ
j6=i

Since the second and third terms in the above display right-hand side represent Gaussian fluctuations about Fa2 /γ, the term responsible for Wτ negative
values must be the first one.
In order to understand how this term may yield a negative time-average,
we isolated in simulations the trajectories leading to negative Wτ , and discovered that those events consist of dumbbells which, by colliding with a
small cluster, are dragged in a direction opposite to that set by the active
force. A sketch of this mechanism is shown in Fig. 8.2. At t = 0 (in simulation time units), the red dumbbell collides with the cluster composed by
the yellow ones, and feels a net force oppositely to its main axis. At t = 40,
the red dumbbell has performed a net displacement against the active force,
so that Wτ < 0. As stressed by the black arrows in the figure, the total
WCA force felt by the red dumbbell has been forming, within the time interval [0, 40], an angle with
P the active force greater than π/2, resulting in a
nevative value of Fa · ( j6=i Fij ) time-average.
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We conclude, then, that the occurence of events leading to a negative
active work is caused by the unstable clusters formation phenomenon observed in the region of the phase space under investigation. This explains, in
addition, why the time-averaged entropy production rate per particle kB T ṡτ
is less than Fa2 /γ, as Eq.(7.23) suggests and Fig. 7.5 confirms. According to
the arguments exposed in section 7.2, the relevant contribution to kB T ṡτ in
the large N and long τ limit is indeed that due to the active work, which is
lower than Fa2 /γ since, at each time, some dumbbells are being slowed down,
or even dragged backwards, by clusters. The parameter K we introduced
measures then an averaged fraction of dumbbells which, being trapped in a
cluster, lowen the total active work.

Figure 8.3: Probability distribution of Wτ for τ = 50 and several P e (values in the key).
The black dashed line stress the Gaussian behaviour of Wτ fluctuations at low P e.

To support our claims, we estimated Wτ probability at several P e’s, and
found that it develops the exponentially decaying branch only for sufficiently
high values of the Péclet number, where indeed unstable clusters formation
occurs. The results are shown in Fig. (8.3).
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LDP breakdown

This section is devoted to an analysis of Wτ large deviations in the long τ
limit. For a single dumbbell, Wτ probability reads, from Eq.(7.12),


r
τγ
τγ
2
2
P0 (Wτ ) =
exp −
(Wτ − Fa /γ) .
2πkB T Fa2
2kB T Fa2
Hence,
− lim

τ →∞

1
γ
log P0 (Wτ ) =
(Wτ − Fa2 /γ)2 ≡ I0 (Wτ ),
τ
2kB T Fa2

(8.1)

so that
P0 (Wτ )  e−τ I0 (Wτ ) .
A natural question arises: does the finite-density probability P (Wτ ) satisfy a large deviations principle? Rephrasing, there exists a function of
Wτ independent from τ , to which τ1 log P (Wτ ) converges as τ → ∞? We
measured, to answer the question, τ1 log P (Wτ ) for several values of τ , then
plotted the outcomes together. The result, shown in Fig. 8.4 left panel,
suggests that the LDP does not hold. We found in fact that only the Gaussian tails on the right overlap, whereas, to achieve the left tails collapse, one
needs to divide the probability logarithm by τ α , with α = 1/3.

Figure 8.4: Wτ hypothetical rate functions for τ = 30, 40, . . . , 100 (simulation time
units). The curve collapses on the right side of their minima, but not on the left side. In
the left panel, log P (Wτ ) is divided by τ α , rather than τ . α = 1/3 is the value yielding
the best collapse for the rate functions left side.

Actually, the reason for such an anomalous scaling could lie in the fact
that the true rate function, which we stress is obtained for τ → ∞, vanishes
for Wτ lower than a certain treshold W τ , as it happens in the urn model
discussed in section 3.1. We extended then in time our measurements by a
decade, and obtained the curves shown in Fig. 8.5. The distibutions left
tails are not superimposed even for τ = 300, 400, . . . , 1000, yet we can make
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them collapse, as in Fig. (8.4), by dividing the probability logarithm by a
power α of τ . The α yielding the best collapse, namely 2/3, is higher than
that measured at shorter times: we may then convince ourselves that a LDP
hold, with a rate function which vanishes for Wτ < W τ .

Figure 8.5: Wτ rate functions for τ = 300, 400, . . . , 1000 (simulation time units). For
these values of τ , the left tails collapse for α = 2/3.
The presence of a linear branch in the rate function would be, as discussed in section 3.1, an ironclad proof that the system we are studying
ungergoes a condensation at the fluctuating level in the phase space region we are considering. Unfortunately, the statistics of Wτ becomes, for
τ > 1000, so poor that it does not allow for an accurate measurement of the
tails. In addition, the numerical estimate of a rate function which vanishes
in some interval is by itself a challenging task, since the rate function is
defined in the τ → ∞ limit, while numerical estimates concern large yet
finite τ values. As for the problem at hand, in fact, when one measures numerically a rate function of this kind, he will find, instead of the vanishing
branch, a branch which does not scale as the rest of the function. We show,
to this end, in Fig. (8.6), the comparison between the analytical prediction
and numerical estimates of the rate function of the urn model considered in
section 3.1. It can be noticed that the vanishing branch of the numerical
result does not converge as fast as the non-vanishing one to the analytical
rate function.

8.2. LDP breakdown
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Figure 8.6: Rate function R for the density ρ of the urn model described in section 3.1.
M is the number of urns, and K, the parameter controlling urns occupation probability
power-law decay, is set to 3, so that the rate function vanishes for ρ ≥ 0.37. The black
dotted line represent the analytical prediction, i.e. the function plotted in Fig. 3.4,
while the solid curves are numerical estimates for several values of M (details in the key).
Adapted from [Cor15]
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Condensation of fluctuations

Within this section we focus on the work done by the active force for τ = 100,
in order to show how the kinky features of its probability distribution may
be perceived as an hallmark of a phase transition. Specifically, we will show
that such transition is a condensation, occurring at the fluctuating level.

Figure 8.7: Probability distribution of Wτ for τ = 100. The vertical black dashed lines
marks the critical treshold W τ = 0.092.

Both the exponential decay of P (Wτ ) left tail and the breakdown of the
large deviations principle for Wτ < W τ are hallmarks of condensation of
fluctuations. In addition, the case we are examining displays the typical
features of such a transition: while the small fluctuations of Wτ result from
the sum of weakly correlated local event (the sum of the displacements of an
active dumbbell), in order to sustain a fluctuation below a critical trehsold,
the system self-organises into a small cluster dragging the dumbbell[HG11].
In such a configuration, the dumbbell displacements are no more uncorrelated, since they are set by the motion of the cluster.
Therefore, it is attempting to perceive all the results presented in this
chapter in terms of a dynamical phase transition. In order to achieve this
goal, we need an order parameter m(Wτ ), representing the state of a system
history of length τ in function of the active work. We found the cosine of
the angle θ between the considered dumbbell main axis and the direction of
the total WCA force acting on it to be a good order parameter. Actually,
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we defined m(Wτ ) as

m(Wτ ) ≡

+
*

P
Fa · ( j6=i Fij )



P

 − hcos θiWτ =
Fa |
Fij |
j6=i




0



if

|

X

|

X

Fij | =
6 0,

j6=i

Wτ

if

Fij | = 0,

j6=i

(8.2)
where the average is taken over several trajectories of time-length τ realising
the active work Wτ .
The order parameter just defined equals zero in the ’normal phase’, i.e.
for trajectories resulting in a Wτ around Fa2 /γ, since, in those trajectories,
the dumbbells remains isolated for the majority of time. As soon as a
critical treshold W τ is surpassed, conversely, the order parameters becomes
positive. Histories producing a Wτ < W τ , to which we will refer as the
’condensed phase’, correspond indeed to dumbbells being dragged by a small
cluster, and, as we showed in section 8.1, the WCA and the active forces
acting on a dumbbell pulled by a cluster form an angle θ > π/2, resulting
in a negative cosine, thus a positive order parameter. In order to trace
the functional relation m(Wτ ), we measured the time-averaged cosine for
several trajectories of time-length τ = 100 with active work Wτ ∈ [Wτ,i −
0.0025, Wτ,i + 0.0025], where Wτ,i has been varied from 0.0225 to 0.1175 by
steps of length 0.005. The curve obtined is shown in Fig. 8.8, and displays
the behaviour expected for an order parameter crossing a critical point.

Figure 8.8: Order parameter as a function of Wτ , τ = 100. We stress that changing τ
does not alter the behaviour of the curve.

Even the − cos θ distributions within a trajectory with active work Wτ , as
their average values m(Wτ ), exhibit the typical features of an order parmeter
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Figure 8.9: Probability distributions of cos θ istantaneous value, conditioned to Wτ =
0.1075 (top left), 0.0875 (top right), 0.0625 (bottom left) and 0.0225 (bottom right). Since
W τ = 0.092 < 0.1075, the distribution on the top left panel has a single peak at 0. Right
under the treshold, at Wτ = 0.0875, the distribution starts to develop a secundary peak
at −1. At Wτ = 0.0625 the secundary peak has grown in height, and at Wτ = 0.0225 is
higher than the primary peak at 0.

distribution. As it is shown in Fig. 8.9, the distributions consist in a single
sharp peak at 0 for Wτ > W τ , while, for Wτ < W τ , they develop a secondary
peak at −1 (cos θ = −1 → m(Wτ ) = 1). The height of the peak at −1 is
representative of the fraction of dumbbells dragged by a cluster.
To conclude, let us underline the main difference between the phenomenon
unveiled in this chapter and what is canonically intended with the word condensation. As in the liquid-vapor transition and Bose-Einstein condensation,
the system, in order to sustain a peculiar realisation of some macrovariable,
concentrates in a very narrow region of the phase space. The system at hand
is a self-propelled dumbbell immersed in an active dumbbells fluid: with respect to the classical instances of condensation, where the phase space space
is a list of the configurations allowed for the system constituents, in this case
it consists of the time-series of states visited by the dumbbell within its evolution up to time τ . Condensation, then, means that the dumbbell occupies
only one (or few) of those states for a significant fraction of the time interval
[0, τ ]. Namely, these states are those with cos θ close to −1.

Conclusions
We studied, within this thesis, the statistics of fluctuations in a system of
self-propelled dumbbells. Specifically, we considered two path-dependent
quantities: the entropy production of the system and the work done by the
active force. While the former is always relevant in the thermodynamic
description of non-equilibrium processes, the latter is peculiar to active systems. It represent, in fact, activity contribution to the entropy production.
The first two parts of this thesis have served to set up a framework for our
study, which in turn has been described in details in the last part.
One of the main results is the Isometric Fluctuation Relation we derived
in chapter 7. Such relation involves vectorial quantities, namely macroscopic
currents in the dumbbell frame of reference, having the same modulus, and
includes the Fluctuation Theorem as a corollary. We showed indeed that
the latter can be obtained from the former by marginalisation, i.e. by considering currents lying on the dumbbell main axis. A possible research
perspective would consists in checking numerically if such relation holds for
the finite density system.
The most compelling result of our work is the condensation of fluctuations the system undergo at high P e and small densities (ϕ ∼ 0.1), described
in chapter 8. Though such region of the phase diagram is out of the coexistence curve, the condensation is somehow related to the Motility-Induced
Phase Separation occuring on average1 : both the transitions are indeed
caused by clusters formation. Hence, we can argue that, even when the
density is not high enough to sustain phase separation, the motility-induced
clustering still occurs: to highlight its effects we have simply to broaden our
scope and move from average measurements to the fluctuations statistics
characterisation. Condensation of fluctuations is known to occur for certain factorised non-equilbrium steady states, and regards observables which
can be expressed as sums of independent random variables. With respect
to this statement, what makes our discovery amusing is the absence of factorisation. Actually, the condensation we found occurs when the dumbbell
of interest, by hitting a cluster, correlates its displacements with those of
the dumbbells in the cluster. We will explore further this phenomenon in
the future, by checking how its features vary with the system parameters,
possibly employing finer computational techniques, based on the machinery
introduced in the first part on the thesis, rather than the straightforward
numerical solution of the equation of motions.
Another perspective we will pursue is that of relating our two main
results, i.e the Isometric Fluctuation Relation and the condensation of fluctuations. Very recent works[LG14] showed indeed that the fluctuations on
1
In chapter 3 notation, the term ’on average’ is complementary to ’at the fluctuating
level’.
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an order parameter which marks a spontaneously broken simmetry are often
constrained by Fluctuation Relations of the isometric kind. The discussion
carried on in [LG14] refers to equilibrium systems, thus it would be interesting to extend it to an inherently far-from-equilibrium system such as the
one we considered in this work.

Appendix A

Convex analysis: a survey
The whole first part of the thesis has made us aware of the prominent role
a cumulant generating function plays in the description of the features of
certain random variables. Moreover, when the considered random variable
models a statistical mechanics observable, we have seen how this function
represent the thermodynamic potential of the biased ensemble.
A cumulant generating function displays the interesting property of being
convex. Indeed,
c(k) = log hekX i,
where X is a random variable and the average is taken over its distribution,
and, by Hölder’s inequality,
h|f (X)g(X)|i ≤ h|f (X)|p i1/p h|g(X)|q i1/q ,
where p, q ∈ [1, ∞] are such that p−1 + q −1 = 1. Thus, by setting p−1 = λ,
q −1 = 1 − p−1 = 1 − λ, with λ ∈ [0, 1], we prove that
heλk1 X e(1−λ)k2 X i ≤ hek1 X iλ hek2 X i1−λ .
Taking the logarithm of both sides of the above display yields
c(λk1 + (1 − λ)k2 ) ≤ λc(k1 ) + (1 − λ)c(k2 ),
which is, in fact, the defining property of a convex function.
Definition A.1 (Convex function). Let f be an extended real-valued function on the real line, which is finite at one point at least and f (x) >
−∞ ∀x ∈ R. We say that f is convex if
f (λx + (1 − λ)y) ≤ λf (x) + (1 − λ)f (y),
for each λ ∈ [0, 1], x, y ∈ R. When the above inequality holds in the strict
sense, f is said to be strictly convex.
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Strict convexity, in turn, when combined with differentiability brings a
one to one relation between the function slopes and abscissas. For a differentiable f , indeed, def. A.1 causes the first derivative f 0 of a strictly convex
function to be strictly increasing. Let us call s the function associating to
each x∗ the slope of a strictly convex and differentiable f at x∗ , i.e.
s(x∗ ) = f 0 (x)|x=x∗ .
Due to the strict convexity of f , we can invert s = s(x) to obtain a function
x = x(s) relating abscissas to slope, and apply f to the latter, in order to
express f as a function of the slopes.
Let us now fix x to x∗ and write down the equation of the tangent line
t(x) to f at x∗ . The latter reads
t(x) = f (x∗) + f 0 (x)|x=x∗ (x − x∗ ) ≡ s(x∗ )x + q(x∗ ),
where q(x∗ ) is the intercept. At x = x∗ the function and the tangent must
coincide, thus
f (x∗ ) = s(x∗ )x∗ + q(x∗ ) ⇒ −q(x∗ ) = s(x∗ )x∗ − f (x∗ ).
The fixed abscissa x∗ correspond, through the function x(s), to a fixed slope,
so that the intercept q depends on the slope of the tangent. If we now let s
to vary, we obtain a function
f ∗ (s) ≡ −q(x(s)) = sx(s) − f (x(s)),

(A.1)

relating, to each slope s, the intercept of the tangent line with slope s,
i.e. the tangent line at x∗ = x(s). Eq.(A.1), where x(s) can be found by
inverting s = f 0 (x), defines the Legendre transform of f .
The Legendre transform f ∗ is a different encoding of the information
provided by f . If we look at the graph of a strictly convex differentiable
function, indeed, we will realize that each point can be identified both by
its cartesian coordinates (x, y = f (x)) and by the slope and the intercept of
the tangent line at that point (s, −q = f ∗ (s)). The main properties of the
Legendre transform are listed within the following
Theorem A.1. Let f be a real-valued, strictly convex and differentiable
function on R, and denote by f ∗ its Legendre transform. Then
• sx ≤ f (x) + f ∗ (s), ∀x, y ∈ R;
• sx = f (x) + f ∗ (s) iff s = f 0 (x);
• s = f 0 (x) iff x = f ∗ 0 (s) (Legendre duality);
• f ∗∗ ≡ (f ∗ )∗ = f .
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The Legendre-Fenchel transform

Due to its characteristics, the Legendre transform appears often in Physics,
as a handy tool for expressing a given functional relationship in terms of
different variables. In statistical mechanics, for istance, this method allows to transform the entropy, which depends on the extensive observables,
in another thermodynamic potential, function of the intensive parameters
conjugated to observables. However, the previously defined transformation
works only with strictly convex and differentiable function. For a singular
point, indeed, the tangent line is not uniquely defined, while non-convex
branches causes the tangent line to touch the graph at several points.
To build a Legendre-like transform for generic functions we can proceed
in the following way. First, we observe that, for a strictly convex and differentiable f , the intercept q(s) of the tangent line with a given slope s is
the smallest between those of all the lines with slope s which crosses f . Fig.
A.1 displays a pictorial representation of the above statement.

Figure A.1: The blue line is the graph of the strictly convex and differentiable function
f (x) = (x − 1)2 + 5. The dashed lines are straight lines with slope s = f 0 (1). It can be
noticed that the tangent line (red) has the smallest intercept between all the dashed lines.

When a line sx + q cross f (x), it must exists at least one point x∗ such
that
sx∗ + q = f (x∗ ) ⇒ q = f (x∗ ) − sx∗ .
According to the above argument, the Legendre transform is given by the
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opposite of the smallest q satisfying the above condition, i.e.
f ∗ (s) = −q(s) = − inf
{f (x∗ ) − sx∗ } = sup{sx − f (x)}.
∗
x ∈R

x∈R

Now, we notice that the transformation defined in the last display can be
applied to both non-differentiable and non-convex functions. Indeed,
f ∗ (s) = sup{sx − f (x)}

(A.2)

x∈R

defines f Legendre-Fenchel transform, which is an extension of Legendre
transform for generic functions. This generalisation, however, comes at the
price of the loss of the properties listed in theorem A.1.
We can compute, to begin with, the L-F transform of a non-differentiable
function, namely
(
(x − 3)2 /2 + 6 if x ≤ 1,
g(x) =
(A.3)
2(x + 1)2
if x > 1.
This function, as shown in Fig. A.2, is singular at x = 1. To compute
supx∈R {sx − g(x)}, we refer to the right panel of Fig. A.2. It can be noticed

Figure A.2: The left panel shows the function g(x) defined in the text. It is singular at
x = 1, where the left derivative s1 = −2 differs from the right one s2 = 8. On the right
panel we build g L-F transform, by plotting some straight lines sx together with g(x) for
s = −4 (green dashed), 5 (red dashed), and 15 (black dashed).

that, for s > s2 (see the black dashed line in the figure), the supremum
is attained on the right of the singular point, so that g ∗ (s) reduces to the
Legendre transform of g right branch. Similarly, for s < s1 (green dashed
line), g ∗ (s) equals the Legendre transform of g left branch. For s ∈ [s1 , s2 ]
(red dashed line), instead, the supremum of sx − g(x) is always attained at
x = 1, thus g ∗ (s) = s − g(1) = s − 8. Hence, by computing the Legendre
transform of g(x) branches, and putting together all the results, we get
 2
if s < −2,

 s /2 + 3s − 6
∗
if s ∈ [−2, 8],
h1 (s) ≡ g (s) = s − 8
(A.4)

 2
s /8 − s
if s > 8,
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which is shown on the left panel of Fig. A.3. A function h2 (s) obtained by
substituting the linear part of g ∗ (s) with a non-convex branch is displayed
on the right panel of the same figure: let’s forget it for a while and make
some comments about the L-F transform we made.

Figure A.3: Left panel: h1 (s) obtained as the L-F transform of the g(x) defined in the
text. Right panel: a nonconvex function h2 (s) having h1 (s) as convex envelope.

First, we notice a correspondence between g singularity and g ∗ linear
branch: the left/right derivatives (s1 , s2 ) of the former are the boundaries of
the latter, while the slope of the latter is the abscissa of the former (x = 1).
Such relation reminds us the Legendre duality of theorem A.1. This duality
can be indeed extended to the realm of the L-F transform, by introducing
the notion of sub-derivative and sub-differential.
Definition A.2 (Sub-derivative). Let f be an extended real-valued function
on the real line. f is said to admit a supporting line at a fixed x∗ if it exists
z such that
f (x) ≥ f (x∗ ) + z(x − x∗ ) ∀x ∈ R,
where z is called a sub-derivative of f at x∗ . When the above inequality
holds in the strict sense for x 6= x∗ , f is said to admit a strictly supporting
line of slope z. The set ∂f (x∗ ) of all the sub-derivatives of f at x∗ is called
the sub-differential of f at x∗ .
By definition,
(i) f cannot admit a sub-derivative where it diverges;
(ii) f cannot admit a sub-derivative on non-convex branches;
(iii) a convex f admits a sub-derivative at each point of its effective domain
dom(f ) = {x ∈ R : f (x) < ∞}.
Due to the last of the above properties, we can take the existence of a
supporting line as a condition of local convexity, which becomes local strict
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convexity, when the line is a strictly supporting line. The notion of subderivative, then, allows us to extend Legendre duality to non-differentiable
functions. Indeed,
s ∈ ∂f (x) ⇔ f (y) ≥ f (x) + s(y − x) ∀y ∈ R ⇔
⇔ sx − f (x) ≥ sy − f (y) ∀y ∈ R,
which implies that sy − f (y) attains its supremum over R at y = x, i.e.
f ∗ (s) = sx − f (x). Thus, ∀t ∈ R,
f ∗ (s) + x(t − s) = xt − f (x) ≤ sup{tx − f (x)} = f ∗ (t),
x∈R

meaning that
Theorem A.2 (Legendre-Fenchel duality). Let f be an extended real-valued
function on the real line, and denote by f ∗ its L-F transform. Then,
s ∈ ∂f (x) ⇔ x ∈ ∂f ∗ (s).
The L-F duality helps us to figure out how the L-F transform translates
singular points into linear branches and viceversa. The function g(x) defined
in Eq. (A.3), for instance, does not admit a first derivative at x = 1. For
all s ∈ [s1 , s2 ], however,
g(x) ≥ g(1) + s(x − 1) ∀x ∈ R.
Hence, g sub-differential at x = 1, ∂g(1), is the interval [s1 , s2 ]. By L-F
duality, in turn, we get
1 ∈ ∂g ∗ (s) ≡ ∂h1 (s) ∀s ∈ [s1 , s2 ].
Due to h1 (s) differentiability, which causes ∂h1 (s) to coincide with {h01 (s)},
the above relation becomes h01 (s) = 1 ∀s ∈ [s1 , s2 ], as it can be checked from
Eq.(A.4). By the same argument, we see that the L-F transform f ∗ (s) of
a function f (x) with a linear branch displays a singularity at s = (f linear
branch slope), with left and right derivatives given by the linear branch
boundary points. By performing indeed another transformation on h1 (s),
we obtain g(x) again.
The argument above can be inverted, in order to show that
Theorem A.3 (Differentiability and strict convexity). Let f be an extended
real-valued function on the real line, and denote by f ∗ its L-F transform.
Then,
• f admits a derivative at x ⇒ f ∗ admits a supporting line at s = f 0 (x);
• f admits a strictly supporting line with slope s at x ⇒ (f ∗ )0 (s) = x.
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As a corollary of the above theorem, we have that the L-F transform of a
convex and everywhere differentiable function is a strictly convex function.
This statement may help in the understanding of Gärtner-Ellis theorem
hypotheses (sec 1.2).
This said, it is time to go back to the function we plotted on Fig. A.3
right panel, which we called h2 (s). The reason why we placed it there, is
that it yields the same L-F transform of h1 (s) (same figure, left panel), i.e
g(x). This an istance of another fundamental feature of the L-F transform:
it yields always a convex function. Indeed, for all λ ∈ [0, 1],
f ∗ (λs + (1 − λ)s0 ) = sup{xλs + x(1 − λ)s0 − f (x)},
x∈R

which becomes, by setting f (x) = λf (x) + (1 − λ)f (x),
f ∗ (λs + (1 − λ)s0 ) = sup{λ(xs − f (x)) + (1 − λ)(xs0 − f (x))}.
x∈R

Finally, by recalling that sup{a(x) + b(x)} ≤ sup{a(x)} + sup{b(s)}, we
prove that
f ∗ (λs + (1 − λ)s0 ) ≤ sup{λ(xs − f (x))} + sup{(1 − λ)(xs0 − f (x))} =
x∈R

x∈R

= λf ∗ (s) + (1 − λ)f ∗ (s0 ).
Since it always yields a convex function, the L-F transform is generally
not involutive. If, for istance, we double-transform a non.convex function as
h2 (s), we get
∗

h2 (s) * g(x)

∗

h1 (s) 6= h2 (s),

where the arrows denote the transform. This specific example is an instance
of the general property
∗

f (x) * f ∗ (s)

∗

f ∗∗ (x).

(A.5)

The importance of Eq. (A.5) is two-fold: on one hand, it tells us that
the double LF-transform of a generic function f gives its convex envelope,
i.e. the greatest convex function dominated by f . On the other hand, since
each convex function coincides with its convex envelope (f ≡ f ∗∗ ), Eq. (A.5)
means that the L-F transform is involutive for convex functions.
For non-convex functions, instead, the coincidence with the convex envelope is achieved only on the points of local convexity, i.e. on those points
at which the function admits a supporting line. We may now join the above
statement to the first result of theorem A.3, giving rise to the following
Theorem A.4 (Differentiability and involutivity). Let f be an extended
real-valued function on the real line, and denote by f ∗ its L-F transform.
Then,
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• f ∗ admits a derivative at s ⇒ f = f ∗∗ at x = (f ∗ )0 (s).
We are, at this stage, ready to answer the following question: what are
the sufficient conditions to fulfill, in order to uniquely and completely trace
back a function from its L-F transform? Actually, the answer is extremely
simple. It reads: when the L-F transform is involutive. The main result of
our discussion is that it happens at least in two cases: when f ∗ is everywhere
differentiable, by theorem A.4, and when f is convex, by Eq. (A.5).
We end this appendix with a remark. All the result we presented within
this section holds even with discontinuous function, provided closure.
Definition A.3 (Lower semi-continuity). Let f be an extended real-valued
function on the real line. f is said to be lower semi-continuous at x0 ∈ R
if, for every  > 0, there exists a neighborhood U of x0 such that f (x) ≥
f (x0 ) −  ∀x ∈ U . Equivalently,


lim inf f (xn ) ≡ lim inf f (xm ) ≥ f (x0 ),
n→∞

n→∞

m≥n

for each sequence xn → x0 causes f to be lower semi-continuous at x0 . We
will call a function closed if it is lower semi-continuous at each x ∈ R.
It can be shown, in addition, that the L-F transform of a generic, even
discontinuous, function, is always closed. Hence, in order to coincide with
its double L-F transform, a function must be closed and convex.

Appendix B

Differential-recurrence
relations for the orientation
of an active dumbbell
In this appendix we will derive a ste of differential equations which allow
to compute all the moments of the stochastic process θ(t) modelling the
orientation of an active dumbbell.
The overdamped dynamics of the orientation of an isolated dumbbell is
ruled, within the costant-dumbbell-elongation approximation, by the Langevin
equation
s
4kB T
θ̇(t) =
(− sin θ(t)ζ1 (t) + cos θ(t)ζ2 (t)) ,
(B.1)
γσ 2
where ζ1 and ζ2 are independent, zero mean and unit-strength Gaussian
white noises. The square root multiplying the term in round brackets depends on the parameters of the system. For this appendix purposes, we can
forget about its meaning and call it k.
The method we employ consists in deriving, from Eq.(B.1) integral formulation, an equation of motion for the sharp value θ the process θ(t) may
attain at a given time t. Then, by averagin such equation over θ, one obtains an equation for the stochastic process expected value. In like manner,
we can determine an averaged equation for any differentiable function f (θ)
expected value, especially for θn . The method just outlined is described
carefully in Coffey’s book The Langevin Equation[CKW96]. Since in the
model object of this thesis the noise is perceived in the Stratonovich sense,
we will use, in the derivation which follows, the rules of ordinary differential
calculus
First, we notice that the Langevin equation at hand has the general form
X
˙ =
X(t)
gi (X(t))ζi (t),
i=1,2
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with g1 (x) = −k sin x, g2 (x) = k cos x. Thus, the corresponding integral
equation for X(t + ∆t) − x, where x is the sharp value attained by the
process at t, reads
X Z t+∆t
X(t + ∆t) − x =
dt0 gi (X(t0 ))ζi (t0 ).
(B.2)
i=1,2 t

By substituting gi (X(t0 )) with a truncated expansion about X(t) = x, we
obtain

Z t+∆t
X Z t+∆t
dt0 (X(t0 ) − x)∂x gi (x)ζi (t0 ) ,
dt0 gi (x)ζi (t0 ) +
X(t+∆t)−x =
i=1,2

t

t

(B.3)
into which we can plug Eq.(B.2) result. We get
X Z t+∆t
dt0 gi (x)ζi (t0 )+
X(t + ∆t)−x =
i=1,2

Z

t+∆t

+

t


dt0 

t

=

t+∆t

X Z





dt00 gj (x)ζj (t00 ) ∂x gi (x)ζi (t0 ) =

j=1,2 t

XZ

t+∆t

dt0 gi (x)ζi (t0 )+

i=1,2 t

+

t+∆t

X Z Z

dt0 dt00 gj (x)∂x gi (x)ζj (t00 )ζi (t0 ).

t

i,j=1,2

(B.4)
The average of both the sides of Eq.(B.4) yields, since hζi (t0 )i = 0 and
hζj (t00 )ζi (t0 )i = δij δ(t0 − t00 ),
X Z Z t+∆t
hX(t + ∆t) − xi =
dt0 dt00 gj (x)∂x gi (x)δij δ(t0 − t00 ) =
t

i,j=1,2

= ∆t

X

(B.5)

gi (x)∂x gi (x).

i=1,2

Dividing then the equation above by ∆t, and sending the latter to 0, we
get
ẋ =

X

gi (x)∂x gi (x).

(B.6)

i=1,2

The latter is a differential equation for the sharp value x the process X(t)
attains at t. By applyng the same scheme to an arbitrary differentiable
function of the stochastic process f (X(t)), one obtains
X
˙ =
[f (x)]
gi (x)∂x [gi (x)∂x f (x)] .
(B.7)
i=1,2
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The sharp value x is drawn from the one-time probability distribution of
the process X(t), namely p(x, t). Thus, by averaging Eq.(B.6) and (B.7)
with respect to p(x, t), it is possible to derive a set of differential-recurrence
equations for X(t) moments.
By setting x = θ, g1 (x) = −k sin x and g2 (x) = k cos x in Eq.(B.6), we
obtain
θ̇ = k [(− sin θ)(− cos θ) + cos θ(− sin θ)] = 0,
so that, by averaging over θ,
˙ = 0 ⇒ hθi = const.
hθi

(B.8)

We can set, without loss of generality, hθi = 0. Then, by substituting θ2
with f (x) in Eq.(B.7), we get
[θ˙2 ] = k [(− sin θ)∂θ (−2θ sin θ) + cos θ∂θ (2θ cos θ)] = 2k,
and then
hθ˙2 i = 2k ⇒ θ2 = 2kt.

(B.9)

For the n-th moment, instead, we have



[θ˙n ] = k (− sin θ)∂θ −nθn−1 sin θ + cos θ∂θ nθn−1 cos θ = kn(n−1)θn−2 ,
thus
hθ˙n i = kn(n − 1) θn−2 .

(B.10)

Since hθi = 0, all the odd order moments of θ(t) vanish. For all the even
n, instead, it is easy to show that
hθn i =

n!
(kt)n/2 .
(n/2)!

(B.11)

We already know that it is true for n = 2, and, from Eq.(B.10),
hθ˙4 i = k4(4 − 1) θ2 = 24k 2 t ⇒
4!
(kt)2 .
2!
Eq.(B.10) itself complete the proof of Eq.(B.11) by induction. Hence, we
conclude that θ(t) has the same moment of a Wiener process with diffusion
coefficient k.
⇒ θ4 =
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